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PREFACE. 



^^fTPHE following summaiy view of the^rst jprineiples of ai- 
' gebra, is inteiMlied to«he accomrmodaitea to the metbtni 
iof instruction generally adopted in- the AiB€ri«aB cf^leges-. 

The books j»hich have'^been published, in Great-Britain, 
'On math«Biati«al subjects, are principallj of two clasi^es.^ — 
(ij X^ne c0BttstB of extended treatises, which enter into^ thor* 
^ fiv^ investigation of the particular- departments which are 

vft the objects of their inquiry. Many of these are excel- 

'^ lent in their kind ; but they are4oo voIuminous*f#r the use of 
^ die bedj^of students in .a coUege, 

* The other class are expressly intended <for be)ginners; but 

^ -many of them are written in so concise a manner, that im* 
j9 .portant . proofs and illustrations ware excluded. They are 
<meve tea^-io&k^y e^ntfldning oniy the GtiMnes of subjects 
.which are to be explained and enlarged upon, by the pjx>- 
iessor in his.^lee;tui^e room, or by ^e pn^iate tutor in his 
43hambei:. 

In the^collegts in this country, there is seneddly put into 
the hands of a class, &.book from whiqh they are expected 
t^ themsdvss to acquire r4he principles .of the science to 
M^hichtbey iace Attending; receiving, however, from tbeir 
^structor, any additional assistance ^imieh ^nay be fbund ne- 
cessary. An elementaay work Xor such a purpose, ought ev- 
idently to contain the explanations whicn ate requisite, to 
brine the subjects treated of within the comprehension of 
the body of the class. ^ 

:If the design of studjring the mathematics wer^ merely 

to obtain sueh a^osdedge of i the ffoctkal p^rts, as is re- 

,quired iofc transactiag > business ; it raigkt be sufficient to 

'Commit to memory some Aof.^he princifisltmles, and to make 

.the operations familiar, by attending to the examples. la 

.this mechanical way, the accountant, the «iavigator, and the 

land-surveyor,, maj be qualified for* their respective employ-- 

jments, with very little knowledge of the principles that lie at 

■,the foundation of the calculations which they are to makfe. • 

But a higher object is proposed, in the case of tbose who 

.4^X1^. a(^QUinng a lijbecal education. Ttie main ite&i§;n ^ouj^ 
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be to call into exercise, to <}iscipline, and to invigorate the 
powers of the mind. It is the logic of the mathematics whicb 
constitutes their principal valae, as a part of a course of coir 
lesiate instruction. T]ie time and attention devoted to them, 
is Tor the purpose of forming sound reasoners^ rather than ex^^- 
pert mathematiciaiis. To accomplish this object, it is necessary 
that the principles be clearly explained and demonstrated, 
fEOid thai the several parts be arranged in such a manner, a^ 
f o show the dependence of one upon atioUien The whole 
should be so condH<&ted, as to keep the reasoning powers » 
continual exercise, without greatly fatiguing them. No oth-!* 
<er subject affords a better opportunity for exempUfyiiM; the 
rules of correct thinking. A more finbhed qtecimen of 
idear and exact logic has, perhaps, never beien proddred, 
^an the Elenients of Geometry by Euclid. 

It may be thought, by some, to be unwise to form our ffmi<- 
eral habits of arguing, on the u^ode) of a science ki which 
the inquiries are accompanied with absolute certainty ^ while 
the common business of life must be conducted v^pon pnAa* 
hie evidence, and not upon principles which admit of com- 
plete den^onstration. There would be weight in this objec* 
tion, if the attention were conned to the pure mathematics, 
But when these are eopoeeted with the physical sciences, as« 
tronomy, chemistry, and •natural philosophy, the mind ha4 
opportunity to exercise its jiadgment, upon all the various 
degrees of probability which occur in tlie coacemsof Uf^. 

So far as it is desirable to form a taste for mathematical 
vtudies, it is important that the books by which the st^dent 
is first introduced to an acquaintance with these subjects^ 
should not be rendered obscure and forbidding by their con- 
iciseness. Here is no opportunity to awaken interest, by rhe- 
torical elegance, by exciting the passions, or by presenting 
images to the imagination. The beauty of the mathe*? 
matictt depends on the distinctness of the objects of inquiry, 
&e symmetry of their relations, the luminous nature ot the 
arguments, and the certainty of the conclusions. But how is 
this beauty to be perceived, in a work which is so much 
^.bridged, that the chain of reasoning is often interrupted, 
many difficulties left unexplained, important demonstrations 
omitted, and the transitions from one subject to another so 
^jnmt, as to keep their connections and dependencies out 
pf view ? 

It may not be necessary to state every proposition and its 
wpof, with all the formality which is so strictly adhered. VI 




hy Euclid ;' ^ it is ^mt ^$seiUiiil ta a W^ct) aa^mcnt, ths^ 
|i t»e expisesfied in regular aad.ealivej^jUo^Bins. A -step Qf a 
demQnstr&tioo may be safely le^ out, w}u>n i( is so siiapl^ 
And obW<)us9 tkajt aoooe possessing a moderate aequai^tanc^ 
with the subjects could ml to sqpply it for hiuiseK But this 
liberty of omission ought iSHOt. to be* extended, toca^esi^ 
B^hich it might ooca^ioa obscurity 9fid einhaTrassment. If i^ 
}m diesirahle to give c^iportunity for the^^^d to di^lay mi 
0Bi^ee its powGRi, by suroioiaitiag obst^uclcs; fcdl s€^p# 
may Be found for this kipd of exercise, ^^pecially i^ tb# 
\T brai^efaes of the matiiomatics, from 4ifi&cidtieft \i'hioh 
unavoidably occur, without* creating new obqs for tht 
sabe of peiplexing. 

The purpose for wbiciat abridged couipilations ^re com- 
monly made is, ^probably, to 9£am time. The expen$^ of m 
additional volume or two, in that part of a pubUe educatian 
which is to occupy a large portion of three or four years, 
i:an baldly be supposed to foe an object of gr^t eou^parative 
importance. The principal saving lof eKpe\^seJ i^ this- case, 
is included io the saving of time. But is not' the progress 
0f the student impeded, rather than ac^eiei^ed, by ubridg-* 
xa^its? The time. requisite to beeomo master of a subject, 
is not always proportioned to the number of pages which it 
occupies. Hours mav be fig)ent,iu supplying an explanation^ 
0v an article of proof, which, if it had he^a insertf»d -in its 
jpjace, m^g^>bave been re^ imd understood, in a £qw min* 
iites. , ^ , ^ y • . 

Algebra re^^rcs to be treated in a mx^oe plain ai^d di£ttse 
ms^nner, than some other parts of the mathem«;tic$ ^ tM^anse 
it is io be attionded to, early, in the ooui!<se, wlule the mind of 
the learner h^s not been habit4^ted to a mode <^ thuiking so 
abstract, as that which will now beooiue neeeasarjr^ He fasts 
also a new language to leai^n, at the same timo \m is settling 
iiie principles upon which his future inquiries Me to Jbe con« 
ducted. .These principles oughtto be ostabhsbed, in the 
most clear and satisfactory manner %vhieh the nature of ll^e 
case will admit of. Algebra and geometry may be oocisideir-* 
ed as lying at the foundation of the suc^^ding branches of 
the mathematics, both pi|re. and milled* Euclid aod^ others 
• have given to the geometrical part, a d^ree of: i4eameBs 
«ud precvaion whioh would bo very desirable^ bat isimndJy 
to be expected, in algebra. , 

Fpr'the reasofis. which h$,ve ]>eeii mentioBed^* tiie manner 
i;i which the foljowing- .ppges aro.wnttesj^ is.not. thc-awcfc 
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coiiciBe. But ibe Tforic k necessarily limited in esteift 
of subject. It is far from being a complete treatise of a1g&- 
imu It is merely an mtroduction. it is intended to con" 
tain 85 much xnetter^ as the stmient at college -can attend to, 
"with advantage, dning tbe «Iiort time allotted to this partic- 
' «lar study. There is generally but a smaj! portion of a class^ 
"who have either kisure or inclination, to pursue mathematic- 
al inquiries much 'farther, than is -necessary to maintain an 
liono^rahle «taiididg, iurthe mstitatt^^n of which-ther are mem- 
bers. Those few who have an unnsutfl taste for tfes science, 
mnd aim to become adepts in it, ou^t to be refertcd^o sepa- 
tate and complete treatises, on the different branches. No 
^ne who wishes to be thoroi^faly versed in mathematics, 
should '/look 4o compendiuras anH elementary books, for any 
thmg more, than the -^rst principles. ' As sbtm as these are 
lu^quired, he should be guided in bis inquiries^ 'by the genius 
and spirit of original anthers. 

In the selection of matertdk, those articles have been ta- 
ken which have a practical application) which are not of 
very difficult comprehension, and which are preparatory t^ 
suoceedii^ parts of the mathematics, philosophy, and astron** 
•omy. The object has not been, to introduce original mattet. 
In the mathematice, which hsre" been cultivated with success, 
from the dajrs of Pythagoms, and in which the principles a)« 
ready ^staUiahed are sufficient to occupy the most active 
mind for years, the parts to which the student ought frst to 
tkttend, are not tiiose receotlr discovered. Free use has 
been made of the works of Kfewton, Maclaurin, Saunderson, 
Simpson, Euler, Emerson, Lacroix, and others, but in a way 
that rendered it ^inconvenient to rcffer to them, in particular 
tnstancesw The proper field for the display of -mathematical 

f^eniu$j is in the region of -^invention. But what is requisite 
or an elementary woric, is^o collect, /a^rrange, and illustrate, 
materials already provided. However humble this employ- 
ment, he ought patiently 'to submit to it, whose object is to 
instruct, not those who have made considerable progress in 
•the mathematics, but those who are just commencing the 
study. Original discoveries are-not for the benefit of oegin- 
jnersy though they may be of great importance to the ad- 
^vrancemeiit of science. 

The arrangement of the parts is such, thai the explanation 
.<f( one is not made to depend on another which is to follo'w. 
The addition, multiplication, and division of powers^ for in- 
•«taaae, is placed aCt^r itivelution. In the statement of ;gep6- 



i^ ruleis, if tbey ane reduced to a smidl number, their appli- 
tatioQs-to particular cases Boaj not, always, be readily uiider-* 
srtood Qb the other hand^ u .the/ aoisVcry nuflierous, they' 
become tedious and burdensome to tiie memory. The nilesi 

fiven, in this introduction, are most of them eomf^ehensiTe; 
ut Ihey are explained and applied, in sidiotdinate articles. 
A j[)artiadar demmslraiioaris.fMimetiBMS'Mfistitated'for ai 
genenal one, when the application of die principle to other 
cases is obvious. The examines are not often taken from 
philosophical subjects, as* ther'^mer'is supposed to be famil- 
iar with . none of the scienoea except aanthotelic* In treat-<^ 
ingjof negative quantises, ffeqinent references are made to 
mercantile concerns, to debt and ciredit, &g. iTIiese afe mere- 
ly for the purpose of iHustraticm. The whole doi^ne of 
negatives is made ta depend on tlie siz^e princqsie, that 
they, are quantities to be $ubtracied. But the student, at 
this early period, is not accustomed to abstractioo. He re- 
quires {Uftirticular ^xm^)^^ to catcb^hia attention, aocbaid his 
conceptions. 

The section on j>r<mor^toi» will, peiiums, be thoi^t use- 
less to those who read the fifth book ot Euclid.' That is 
sufficient for the purooees of pure ^cm^gtrical demonstration*- 
But it is ilnportant tnat the propositions should also be pre-- 
sented, imder the algebraic to^m9^ . In addition to ijdi, greats 
assistance may be derived from tbe algebraic tu^ttdanj m de- 
moBi^trating, and reducing to system, me laws of pro^rtion. 
T^e subject, instead of beis^ broken iqn into a multitude of 
distinct j^ropo^tipns, may be ewnpreh^juled in a £bw gene- 
saT principles. 
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latroduetory Obsenration6, on the Malhematics in 
general, 1' 
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Art. i, TifATOEMATl€S is the ^ftienee cf ^tjaic-^. 

Any thing which can be increctsed or ^^tnished, or 
isrhich IS cftpubl^ of b«hig Htccanred^ h called qteantity,' 
Thus, a Km is a qiiaiitity, wecause k can be made long- 
fer or shorter; and ctin dc Pleasured, br appWng to it 
another line, ^ a foot, ai yard, dr an eft. WH^t is a 

• quantity, t«iiidi can be meastited, m pounds, o'-nces, 
and giMtt. TKint h a species of qudn'^ty, whose mea- 
i^ure csin be ekpfe9sed,in hmins^ minuted, and seconds^ 
But colour is not a qjiantityv ' It tannot be said, with 
propriety^ that bne colour is eitier greater or less thaw 
another. The operations of the mim^ ^tteh as thouffht^ 
choice, desire, hatred, fee. asfe'not quantities* Tne/ 

' are m^pable of mensuration.' 

2. Tifiosc parts of the Mathematics, on ^hiA all 
ihe others are founded, are Arithtnelity Algdfra^ antt 

* Geometry. 

^ 3* Ahithmetic is the science of nunhers. 'fls aid 
, . js required,- to complete uiid apphr the caleulatiaBS, ia 
almost every other department of &e mathematics. 

B" ' 






2 MATHEMATICS. 

4. Algebra is a method of computing principalTf 
by letters. Fluxions may be considered as belong- 
ing to the higher branches of algebra. 

5. Geometry is that part of the mathematics, which 
treats of magnitude. By magnitude, in the appropri- 
icte senses of the term,, is meant that species of quan^ 
tity, which is extended; that is, which has one or more 
of the three dimensions, lengthy breadth, and thickness. 
Thus, a line is a magnitude, because it is extended, in 
length. A surface is a magnitude, having length and 
breadth. Asolid is a magnitude, having length, breadth^ 
and thickness. J3ut motion, though a quantity, is not^ 
strictly speaking, a magnitude* It has neither lengthy 
breadth, nor thickness.* 

6. Trkionometry and CoNiG Sections are branch- 
es of the mathematics, in which, the principles of ge- 
ometry are applied to^ triangles, and the sections of a 
cone. 

7. Mathematics are eitCer pure, or miied. Jnpure 
mathematics, quantities are considered, independent- 
ly of any substances actually existing. But, in mixed 
mathematics, the relations of quantities are investiga- 
ted, in connection with some of the properties of 
matter, or with reference to the common transactions 
of business. Thus, in Sunreying, mathematical prin- 
ciples are applied to the measuring of land; in Op- 
tics, to the properties of light; and in Astronomy, to 
the motions of the heavenly bodies. 

8.. The science of the pure mathematics has long 
been distinguished, for the clearness and distinctness 
of its principles; and the irresistible conviction, which 
they carry to the mind of every one who is once made 
, acquainted with them. This is to be ascribed, partly 
• i^ the nature of the subjects, and partly to the ex- 
ll^tness of th6 definitions, the axioms, and the demon- 

strations» 

# 

*NpTB. Some writers, however, use magnitude, as sy- 
noDjmous with quantity.^ 
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MATHEMATICS. 3 

9* The foundation of all matbemsfticael knoi^edge 
must be laid^ m definitions and selfevident truths. A 
definition is an ex^anation of what is meant, by any 
word or phrase. Thus, an equilateral triangle is de- 
fined, by saying, that it is a figure bounded by -thret 
equal sides. 

It is essentia! to a complete definition, that it per- 
fectly distinguish the thing defined, from every thing 
else. On many subjects, it is difficult to give such 

Erecision to language, that it shall convey, to every 
earer or reider, exactly the saane ideas. But, in the 
mathematic^^^he principal terms may be so defined, 
as not to leave room for the least difference of appre- 
hension, respecting their meaning. All must be 
i^eed, as to the nature of a circle, a square, and a 
triangle, when they .have once learned the definitions 
of these figures. 

Under tne head of definitions^ may be included ex- 
planations of the characters which are used to denote 
the relations of quantities. Thus, the character V is 
explained or defined, by saying that it signifies the 
same as the word« square root. 

10. The next step, after ^becoming acquainted with 
the meaning of mathematical terms, is to bring them 
together, in the form of propositions. Some of the 
relations of quantities require no process of reason- 
ing, to render them evident. To be understood, they 
need only to be proposed. That a square is a differ- 
ent figure from a circle; that the whole of a thing is ^ 
greater, than one of its parts; and, that two straight j0 
lines caimot inclose a space, are propositions so mani- ' ^ 
festly true, that no reasoning upon them could make 

them more certain. They are, therefore, called self- 
evident truths, or axioms. 

11. There are^ however, comparatively few mathe- 
matical truths which are selfevident. Most acquire 
to be proved, by a chain of reasoning. Propositions 
of this nature are denominated theorems; and the 
^process, by which, they are shewn to be true, is called 
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demom&ation. This is a mode of argokig^ in whkii) 
^ereiy inference is immediately demed, either from 
definitions and selfeyident axiojpis, or from principle^ 
which hare been previously demonskaied. In tbi^ 
wiiy, cem^ete certainty is made to ^/ccomp^sxy ereiy 
step, 'm aloi^ course of reasoning. 

12. Demonstration is either diredy jot indirect* The 
Ibrmer is the common, abvious mode of conducting 

^,a demoii$tratiye argument. But, in some instances, 
it is i>ecessary to resort to indirect demonstration^ 
winch is a method of establishing a proposittoo, by 
proving that to suppose it not true, woyld lead to an 
iJisurdi^. This is frequently called reductio ad abwrr 
dum. Thus, in certain cases in geometry, ti9^ Unea 
inay be proved to be equal, by Slewing that to snigr 
pose them unequal, would involve an absurdity* 

13. Besides the principal theorems in the madiOr 
'matics, there are also Lemmas^ and GoroUaries. A 

Lemma is a prop09iti<» which i* demonstrated, Uxt 
<the pttrpose of using it, in the demonstration of some 
iither prQpositio9« This prep^tory step is taken, to 
prevent the proof of the principskl tbecnrem fronn be? 
.coming complicated and tedious, 

14. A Corollary is :an ir^ereifux from a precedioig 
|Nroposition. A Scholitini is a remark of any kindtp 
.suggested by ^something which has ^one before^ 

'. jtfaou^ not, l&e acorpUary^ immediatd^ .dependmg 
/on it . 

15. The^n!imediad:e t)b}ect of inquiry, ia the maib- 
jcmaties, is, frequently, not dte demonstration of a 
general tratii, but a metiiod of performing some opr 
oration, such as reducing a vulgar .fraction to a decim- 
al, extracting the cube xoot, or inscribing a cinde ia 
a square. This is called solving a pjpoblem. A iheor 
rent is sameitms to h^ pr^ed. A problem is somer 
.thing to be done. * 

16. When that which is required to be done, is s^ 
^/easy, as to be obvious to every one, without an exr 
idanation, it is called a postulate. Of this jxaluce, ^ 
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tike dmwing of a straight Une, from one point to aait 
f^er. A poetidale is, to a problieni, what an axiom 
is, to a theorem. 

17. A qmntity is «aiii Ia be giim, vhen it is eitluBf 
saj^osed to he already knoum^ or is niade %tonia£o% 
ID the statement of any theorem o^ problem. In the 
rule of proportion in arithmetie, for instance, three 
lerms must he girep, to «mble us to find a foi|rth.--f 
These three terms are the data^ upon iduch tbe cair 
^cnlalioin is founded. If we are required to find the 
immber of acres, ia a circular island ten miles in ci»r 
eaiD^b»enee, the circidatr figure, and tlie lesg& of tto 
•eiroimferetice, are the dala. They are said to h^ 
^ren bi} sujpp&mtion^ that is, by the coD(Htioiis of th« 
prdUiem. A quantity is abo said to be giren, when ii 
may he diiecdy and ea^y inferred^ from something; 
^SB vdAch is given. Thus, if two numbers ere gL¥-» 
en, their mm is given; because it is obtained, by 
^merely adding the numbers together. 

In Geometry, a quantity may be ^ven, either in 
fOfUi^n^ or magz»(!Qde^ ot both* A line is given in y t 

rsition, whea its akuation and direction are knoim*"-^ >« 

is given in magnitude, \dien its lenffih is knosm. A 
jeircle is given in position^ when the plaee of its centsFt 
is known. It is gi^en in mag»$^e, when ij^e ^^ 
^.its diapiietef is known, 

. Id* One 4}iiaiitity is contr^, or contradictory ^ 
another, when, what is affirmed, in the one, is denied;, 
m the other. A proposition and its contra^, caa 
aever boA be true. It cannot be l3!ue, that two given 
imes are equal, and that they are i^t, equal, a^ the 
moae tame. 

19. One proposition is the converse of aaother^ 
«rfaen the onter is inverted ; so that, what is given or 
j9ii|^osed, in the first, becomes the concmsion^ in 
the last ; and what is given in the last, is the co^ehi- 
fiion, in the first Thus, k can be proved, first, that if 
•tibe sides of a triangle are equal, the (mgles are eqio^; 
,4M secondly, that if the angles ar^ ^qual, the sides 
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are e!](uaL Here, in the first proposition, the eqinl* 
ity of the sides is given; and the equality of the amles^ 
pif erred: in the second, the equality of the angles is 
given, and the equality of the sides inferred. In ma- 
ny instances, a proposition and its converse are both 
true; as in the preceding example. But this is not 
always the case. A circle is a figure bounded by a 
curve; but a figure bounded Ify a curve is not of 
course a circle. 

2CK. The practical apfdications of the mathematics, 
in the common concerns of business, in the^ useful 
arts, and in the various branches of physical science, 
are almost inmunerable. Mathematical principles are 
necessary, in mercantUe transadiom, for keeping, ar- 
ranging, and settling accounts, adjusting the prices of 
commodities, and calculating the profits of trade : in 
JVavigcUion^ for directin]^ the course of a ^hip on the 
ocean, adapting the position of her sails to the direc- 
tion of the wind, finding her latitude and longitude, 
and detenmning the bearings and distances of objects 
cm shore : in Surveying, for measuring, dividing, and 
laying out grounds, takmg the elevation of hills, and 
fixing the boundaries of fields, estates and public ter- 
ritones : in Mechanics^ for understanding the laws of 
motion, the composition of forces, the equilibrium of 
the mechanical powers, and the structure of machines: 
in .^Ttdkc^ec^ure, for calculating the comparative strength 
of timbers, the pressure which each wul be required to 
sustain, the forms of arches, the proportions of coI<f 
umns, &c. : in Fartification^ for adjusting the position, 
lines, and angles^ of the several parts of the works : 
in Chinnerv^ for regulating the elevation of the can- 
non, the torce of the powder, and thei^elocity and 
range of the shot : in O^ptics, for traciiig the direction 
of the rays of light, understanding the formation of 
images, the laws of vision, the separation of colours, 
the nature of the rainbow, and the construction of mi- 
croscopes and telescopes : in Astronomy, for compu- 
ting the distances, magnitudes, and revolutions of tlfe 
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heavenly bodies; and the influeilce of the law of grar* 
itation, in raising the tides, disturbing the motions' of 
the moon, causing the retmn of the cometi^ and re- 
taining the planets in their orbits : in Gtographif, 
for determining the figore and dimensions of the 
earth, the extent of oceans, islands, continents, and 
countries ; the latitude and longitnde of places, the 
courses of rivers, the height of mountains, and the 
boundaries of kingdoms : in History^ for fixing the 
chronology of remarkable events, on estimating the 
strength of armies, the wealth of nations, the value of 
their revenues, and the amotmt of their pepulatioB : 
and, in the concerns of Chvemtnent^ for apportioning 
laxes, arranging schemes of finance, and regulating 
national expenses. The mathematics have also im^ 

?ortant applicatioBS to Chemistry,. Mineralogy, Music^ 
^aintmg. Sculpture, and • indeed to a great proportion 
of the whole circle of arts and sciences. 

21. It is true, that, in many of the branches which 
have been mentioned, the ordinary business is fire- 
quendy transacted, and the mechanical operations 
performeid, by persons who have, not been regukrly 
mstructed in a course of n^thematics. Machines ar^ 
framed, lands are surveyed,, and ships are steered, bj 
men who have never thoroughly investigated the prim 
ciples, which lie at the foundation of their respective 
arts. The reason of this is, that the methods of pro- 
ceeding, in their several occupations, have been point- 
ed out to them, by the genius. and labour of others. 
The mechanic often works by rule8,:which men of 
science have provided, for his use, a4d of which he 
knows nothing more, than the practio^ applioatioiL 
The mariner calculates his lon^tude 1^ tables, for 
which he is indebted to mathematicians 9»d astrono- 
mers of no ordinary attainments. In this manner, 
^ven the abstruse parts of the mathematics are made 
to contribute their aid, to the conimon arts of life. 

22. But an additional and more important advan- 
tage, to persons of a liberal education, is to be founj4 
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in the eidaiik*gefineiit and impro'^ement of liie reBsoiK 
Ifig jpowefs. The mind, like the body, acquunes 
stueftg^ by exerti^v The »rt of rewBonnig, Uke other 
aktSj is lieAtn^d by pmtioe. It is perfected, only by 
kMig continued escercke* Mathematical studies ar^ 
pe6utidlly fitted tot this discipline of the mind. They 
lire calcid^ed to form it lo habitd of fi^ed attention ; 
of sagacity, in detecting sophistry ^ of caution, in tbB 
iidmis&ion of proof ; of dexterity, in the arrangement 
df ai:guments ^ ^iHad of skill, in making aU the parts of 
a long continued process tend to a jnesult, in which the 
li^ «B clearly and fimdy est^blii^ed. When a habit 
l)f dose and accurate thinking is this acquired ; it may 
b<e applied to any subject, on which a man of letters 
xit of business may h^ called to enploy his talents. 
** *rbe youth," Bays Plato, *' who are ^miBfaed with 
l^thefna^cal knowledge, are prompt and quick, at all 
other sciences**' 

it is not pMended, that cm altentinti to other ob- 
jeiHs of imquhy, is rendered Unnecessary, by the study 
^f tlie mathematics. It is not then* office, to lay be- 
fdt^ IIS historical fticts ; to teach the principles of 
florals ; to store the fawy with brilliant images ; or 
to etoMe us to ^&piesk and write with ihetorical T%ou:r . 
ti3^ elegance. The beneficial effects which the^ pro*> 
dttce on ^e mind, are to foe seen, principally, m the 
H^giilation and increased energy of Uie rtAsmrnigpow-- 
v^. Tbeise they are calculated to call into fiiequent 
and vigoi^us exercise. At the s^ime time, mathe^- 
majtic^ studies may be so conducted, as not often to 
tequiite Excessive exertion and fatigue. Beginning 
witn the more i^mj^e subjects, and ascending gradu* 
idly to those which are more complicated $ tSe mind 
acquires Strength, as it advances ; and by a succession 
of steps, rising regldarly one above i^other, is ena- 
bled to surmount the oostacies which lie in its wa}«. 
In a course of mathematics, the parts suc<5eed each 
other in such a connected series, that the preceding' 
jNropositions are preparatory tu those wliich folIoVv 
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The sfuderrt who has made hitnself master of the 
Ibi'mer, is qualified for a successful investigation of 
the latter. But bcf who has passed over 2jiy of the 

f round superficialljf^/ will find that the ohstructions to 
is future progress are yet to be removed. In math«> 
ematics, as in war, it should be made a principle^ ndt 
to advance, while an^ tMng i^ left unconquered be- 
hind. It is important that the student should be 
deeply impressed with a conviction of the necessity 
of ^s. Neither is it iMJficient that he understands 
the nature of one proposition or method of opera-* 
lion, before proceeding to another. He ought also 
to make himself ^amt'/tar with every step, by a careful 
attention to the examples^ He must not expect to 
become thorotfdily versed m the science^by mereljr 
reading the mam principles^ rules and observations. 
it is practice only, which can put these completely in 
his possession* Tbe method of studying, here recom- 
mended, is not only that which promises success, but 
that which ^vill be found, in the end, to be the most 
expeditious, and by far the most pleasant. Wliile a 
superficial attention occasions perplexity and conse-- 
quent aversion ; a thorough investigation is rewarded 
with a high deeree of gratification. The pecidiar en- 
tertainment which mathemafical studies are calculated 
to furnish to the mind, is reserved for those who make 
themselves masters of the isubjccts to which their at- 
tention is called. 



NoTC. The . principal definitions, theorems, rule0, Uc^ 
which it is necessary to commit t9 m^mory^ are distan^ithedl 
by being put in Italics. 
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SECTION r. 

Jiotationj JVegcUive QuantUieSf Aocioms, ^c, 

A 2^ ALGEBRA may be defined, a ^en/eral 
ART. ^o. j\. jjjg^^ J fff investigating the rdationi of 

quantities^ principally by letters. This, it must be ac* 
knowledged, is an^perfect account of the subject; 
as every account must necessarily be, which is com* 
prised in the compass of a definition. Its real nature 
IS to be learned, rather by an attentive exammatioa 
of its parts, than fi:*om any summaj^ description*^ 
' The solutions in Algebra, are of a more general 
nature, than those in common Arithmetic. Tne lat* 
ter relate ta particular numbers ; the former, to whole 
dosses of quantities. On this account, AJ^bra has 
been termed a kind of universal Aritkmette. The: 
generality of its solutions is principally owing to the 
use of letters J instead of numeral figures, to express 
the several quantities which are subjected to calcula* 
tion. In Axithmetic, when a problem is solved, th^ 
answer is limited to the particular numbers which are 
specified, in the statement of the question. But an 
algebraic solution mav be equally applicable to aH 
other quantities which have the same relations. This 
important advantage is owins to the difference be- 
tween the customary use of Igures, and the manner 
in ivhich letters are employed in Algebra. C^e of 
the nine digits invariably expresses the same number : 
but a letter may be put for any number whatever^ 
The figiffe 8 always signifies eight ; the figure 5, five, 
&c. And, though one of the digits, in connection with 
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others, may have a local value, different from ito shn-* 
pie value when alone ; yet the same combination al- 
ways expresses the fiame number.- Thus 263 has one 
umTorm signification. And this is the case with eve- 
ly other combiuati(» ^ figwes. But in Algebra, a 
letter may stand for any quantity which we wish it to 
represent. Thus b may be put for 2,«r 10, or 50, or 
1000. It must not be understood from this, however, 
that the letter has no determinaite value. Its value is 
fixed fiw the occasion. i\)r the presejit purpose, it 
remains unaltered. But on a different occasion, th« 
itame letter maybe put for any other nmnber. 

A calculation may be greatly abridged by the use 
^f letters; eiqjccially when very large numbers are 
concerned. And when several such numbers -are to 
be combined, as in multiplication, the process becomes 
Extremely tedious. But a single letter may be put 
for a la^e number, as well as for a t^mall one. The 
numbers 26347207^ 68347823, anij *^462498, for in- 
fltanee, may be expressed by the letters 6, c and if. 
The multiplying them together, as will be seen here- 
after, w31 DO nothing mope, than writing them, one ai^ 
ler another, in the iorm of a word, and the produd; 
^ill be simply bed. Thus, in Algebra, muph of the la^ 
hour of calculation may be saved, by the rapiditv of 
the operations. Solutions are sometimes effiicted, m 
the eoBipass of a few lines, which, in common Arith- 
iiiietic, must be extended through many pages. 
' 24. Another advantage obtamed from me notation 
by letters instead of figures, is, that the several quaa-' 
titles which are brought into a calculation, may be 
preserved Mstinct from ^ack other, tjiough carried 
through a number of complicated processes ; where- 
as, in arithmetic, they ^re so blended togefbei;, that 
no trace is left of what they were,^ beforp the opera^ 
tion began, ^o give a veiy simple example: sup- 
pose it is required to rotiltiply together 74, 23 and 
41. By arithmetic, the product is found to be 69782. 
Tins product, however, would not of iteelf suggeit 
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the numbers vbieh had been midtijdied togeA^ to 
produce it. But in algebra, if 74 be repriesented by 
a, 23, hj by and 41, by c; the product will be ii6c, 
!i^cb not only stands for 60782; but also indicates 
the factors, a, fr, and c, which were multiplied^ to ob^ 
jaii^ t;bi3 product. 

'25. Algebra differs farther from arithjmetie, in 
maldn^ use of unknoum quantities, in canying on its 
operations. In arithmetic, all the quantities which 
enter into a ealculation must be known. For they 
are expressed in numbers. And every number must 
necessarily be a detennmate quantity. But in alge- 
bra, a letter m^^y be put for a quantity, before its 
iralue has been ascertained. And yet it may hai^e 
such relations, to other quantities, with which it is 
connected, as to answer an important purpose i^ the 
palcqif ticN^. 
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26. To facilitate the investigations in algebra, die 
several steps of the reasoning, instead of being ex^ 
pressed in wards^ are translated into the langoage of 
signs and symbols, which may be ccmsidered as % 
species of short-hand. This server to place t^e quan* 
ftities and their relations distinctly before the eye, and 
to bring them all into view at once. -Thev are thus 
more readily compared and nnderstood, tnan when 
removed at a distance from each other, as in the 
common mode of writing. But before any one can 
avail hijtnself of this advantage, he must become peiw 
fectly familiar with the new language. 

27. The quantities in algebra, as has l)een already 
observed, are generally expressed by letters, Th* 
first letters of the alphabet are used, to represeift 
fcnovm quantities ; and the last letters, tliosc which are 
ftmknown. Thus b may be put for a known, and y, fott' 
jim unknoAvn quantity. Sometimes Ae quantities, in^ 



NOTATION. 19 

stead of being iexprateed by ktttersiy $xe set dawn ia 
figures, as in cominpD aritbmetic, 

28. Besides the letters and figures, there are cerr 
tain characters used, to indicate the rdaiiona of the 
quatitities, or the operations which are perforiDed 
with theiD. Among these are the sigQS + and — ^ 
which ace iread phs and minusy or more and le$s. The 
former is prefixed to quantities which are to be added; 
the latter, to tho^e which are to be subtracted. Thus 
a + & si^fies that h is to be added, to a. If a standi 
for 10, and 6, for 6^ then « + J^ is 16. It is read a 
plus &, or a added to 6, or a and i. If the eicpresaion 
ne a — 6, i. e. a minus &; it indicates, that & is to be 
subtracted firom a. In figures iO — 6 is 10 diminish- 
^ by 6 i. e. 4. 

29. The sign + is prefixed to quantities which are 
.considered as affirmahve or positive; and the Sig^ — i 
.to those which are supposed to be negatiye. For the 
nature of this distinction, see art. 54« 

AU the quantities which enter into an algebraic 
process, are considered, for Uie purposes of calcula^ 
tion, as either positive or negative. Before the Jirat 
one, unless it be negative, the sign is generally omit* 
ted. But it is always to be understood^ Thus a + b^ 
is the same as 4- ^ + ^- For a is as much added 
to i, as 6 is, to a. Thf y are added together: a + b 
h.a and b; or, which is the same thing, b and a. 

30. Sometimes both + and -<- are prefixed to the 
aame letter. The sign is then said to be ambiguotu. 

Thus ct 2^b signifies that in certain cases, compre- 

liended in a general solution, i is to be added to a, 
wd, in. other cases, subtracted from it. 

31. When it is intended to express the difference 
i>etween two quantities without deciding which is the 
iane to be subtracted, the character (jy^or ^ is used. 
Thus a ^ i, or a a>b denotes the difference between 
a and &, without determining whether a is to be sub* 
Ifiacted from b, Of b from (t^ 
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32. Th^ *9^ity between two quantities €Hr sets oC 
quantities is exjNressed, hy parallel lines =s. Thus 
ft + b ^ d signifies that a and 6 together are equal 
to d So 6 + 3 =^ 11 i. e. S and S equal 11. And 
4i'\rd^c^h-^g^h signijies^ that « and d equal 
€y which is equal to 6 and g^ which are equal to Ji.- — 
Again « + 4 == 16 - 4 = 10 + 2 «'7 + 2 + 3 
= 12. This is read 8+ 4 is equal to 16 — 4, ifrfudJi 
is equal to 10 + % which is equal to 7 + 2 + 3, 
whicn is equal to 12; 

33. When the first of the two quantities t^ompared 
is greater^ than the other, the character > is placed 
lietween them. Thus ix > 6 sixties that a is great- 
er than i. 

If the first is less than the other, the character < 
is used; as a < 6; i. e. a is less than h. In both ca* 
ees, the quantity towards which the character openly 
is greater than the other. 

34. A numeral figure is often prefixed to a letter* 
This is called a co-efficient. It shows how often the 
quantity expressed by the letter is to be taken. Thus 
24 signifies twice 6, and 96, 9 times i, or 9 multiplied 
into i^ If b stands for 10, then 9i is 9 times 10 or 
SO. ^ 

The co-efficient may be either a whole nuhiber of 
«t fraction. Thus f J is two thirds of b. When the 
co*effcient is not expressed, 1 is always to be undSer- 
stood. l%us a is the same as 1 a i. e. once a. 

S6» The eo-«fficienl may be a letter^ as well as a 
igure* In the quantity mb^ m may be considered the 
eo-efficient of b; because b is to be taken as many 
times as there are units in fir.v If b s^nds for 6, thes 
mb is Q times b. In Sab ty 3 may be condiderednffi 
the co-efiicient of abe; 3ff, the co^fiicient of 5c/ 
©r 3<ib, the co-efficient of c. See art. 42. 

36. A iimple quantity is either a single letter or 
number^ or several letters connected together, with- 
twt the signs + and — . Thus €t, ab, abdy and 8'b 
are «aoh of them simple quantities. A compound 
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^uantHf cCmdsts ' of a numlier of simple qttanthits, 
coBnected by the sign + or — . Thus a + bj d^y^ 
b — d + SA, are each eompound quantities* Thi 
members, of wfaieh k is composed, are called terms, 

37. If there are two terms in a compound auan- 
tity, it is called a binomidL Thus a + b and a —6 ar» 
binomials. The latter is also called a residual quan- 
tity, because it expresses the difference of two quan- 
tities, or the remakider, after one is ta]fen from tlie 
other. A compound quantity consisting of three 
tennS) is sometunes called a trmomicd ; one oi fomr 
terms, ^ quadnnomid, he. 

38. Wnen the several members of a compound 
quantity are to be subjected to the same operation,' 
Aey are frequently connected by a line calTed arinctt- 

lutn. Thus a — b + c shows that the mm of 6 and 
€ is to be subtracted from a. But a — J + c signifies 
that b only is to be subtracted from a, while c Is to be 
added. The sum of c and df, subtracted from tb^ 

sum of a and ft, is a + 6 — c + d. The marks used 
for parentheses, ( ) are c^ten sabstitute'di instead of 
a line, for a vin culum* Thus, x ^ (a + c) ia the. 

same as a? — a + c. The equality of two sets of 
mantities is expressed, withoi^ using a vinculum. — 
Thus a + b=sc+d sigi^fies, not that 6 is equaltot 
e; but that the sum of a and b is equal to tibie stan of 
c and d, 

* 39. A single letter, of a number of tetters, repre- 
senting any quantities with their relations, is called aij 
algebraic expression; and sometimes a fonmdiXf. Thus 
4 + ^ + 3(2 is an algebraic expressicm. 

40. The character x denotes multiplieaiidn. Tbutr 
# X & is a multi{died into b: and 6 x 3 is 6 times 3, 
or 6 into 3. Sometimes a poiM is used to indicate 
multifdication. Thus a . i is the same as a x i. But 
the sign of multiplication is more commonly omitted^ 
lietween simple quantities; and the letters are con- 
aected together, in the form of a word or syliable.-*— 
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^us eS> is tlie sftme as <r . i or a X i. Aftd 5cc?e Isi 
the same ^h x c x d x e. When a compbtmd quan- 
tity is to be multiplied, a mncvlHmi& usea, as in the 
case of subtraction. Thus the sum of a and 5^ mut- 

tiplfed into the sum of c and df, is a -f^ ft' x <r 4- i^ of 
(a + i) X (<5 + d). And (6 +• 2) x^ S is 8 x S or 
40. Bute 4- 2 X 5^ is 6 + 10 or 16. When the 
marks of parenthi^isis are used, the siguf of multiplica- 
tion is frequently omitted. Thus (a? + y) (« — y) is 
(a? + y) X (a? - y). 

41 « When twa or more quantities are multiplied 

.together^ each of them is called ^factor. In the 

product aft, a is a factor, and so is ft. In the juroduct 

tt X a + mjxh one of the factors, and a + m^ the 
other. Hence evety coefficient mB.y be considered a 
factor. {Art. 35.) In the product 3 y, 3 is a factor, 
as well as y. 

42. A quantity k said to be resohed into faden^ 
when any factors are tnken which, b^ing multiplied 
together, will produce the given quantity* Thus 3a6 
may be resolved into the two factors 3a and ft be- 
cause 3a X ft is 3^ft* And 5amn may be resolved 
into the three factors 5 a, and m^ and n; because 5 a 
X 171 X n is 5amn. And 48 may be resolved, into 
the two factors 2 x 24, or 3 X 16, or 4 X 12, or 

6 X 8; or mto the three factors 2 x 3 x 8, or 4 x 6 
X 2, Ssc. 

43» The character -r is used to shoW, that the 
quantity which precedes it, is to be divided^ by that 
which follows. Thus a -r ^ is a divided by c: and 

a + 6 -r c + d is the sum of a and ft, divided by 
the sum of t and rf. But in algebra, division is more 
commonly expressed, by writing the divisor under the 
dividend, in the form of a vidgar fraction* Thus 

a . c^b ^ 

7 is the same as a -r ft: and TTT is the difference of 

' c and ft divided by the siim of d and h. A charac- 
ter prefixed to the dividing line of a fractional ex^ 
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pressicm, is to be understood as referriag to aU fte 
parts takea coUectiydy | that is^ to the whole raloe of 

the quotient. Thus a — — jrz signifies that the 

quotient of & + c divided by m + » is to be subtract- 

c ^^ d A + n 

cd firom a. And —- — x rr. denotes that the 

a + wi Of -^ y 

first quotient is to be multq)Iied into the second. 

44. Wken four quantities ' are propmiioncd^ &9 
proportion is ^expressed hv points, in the same man"^ 
ilfer^ as in the Rute of .Three in arithmetic. Thus 
a:b :: c :£{ signifies that a has to b^ the same ratioy 
which c has to d. And| ab z c d :: a -{- m : b + n, 
means, that a 6 is to c d; as the sum of a and m, to* 
the sum of b and n. 

45. Algebraic quantities are said to be idike^ when 
they are expressed by the same lettersy and are of the 
same j'otoer.^ and unlike^ when the letters are differ-^ 
ent, or when the same letter is raised to different 
powers.* Thus ab^Sab^ -^ab^ and — 6-0 1, are like 
quantities^ because the letters are the same in each^ 
aJthot^h the signs and co-efficients are different. But 
3a, 3y, and 36 Xy are unUke quantities, because the 
letters are unlike, although there is no difference in 
the s^gns and co*efficients. 

46. One quantity is said to be a multiple of an^ 
other, when the former contains the latter a certain 
number of times, without a remainder. Thus 10 a 
is a piultiple of 2 a, becauser the one contains the 
other just 5 times. $o^24 is a multiple of 6. 

47. One quantity is said to be a measure^ of an- 
other, when the former is contained in the latter, any 
number of times, without a remainder. Thus 3b 1% 
a measure of 156: and 7 is a measure of 35. 

48. The value of an expression, is the number or 

* For the notation of powers and r^cis^ see ^e sections ofl 
{bose subjects. 
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«mtngf J9vm dftvu/nWi^)! W* ^ that qw^itkjf.,: ^J^m 

1 
the reciprocal of a 19 ~ ; (the reeif^ioeal <if .« H- i^ i« 

t* 1 ^ ' 1* "^ 

jpqpjj t3^erec%irocalQ]f4^^^ \ , .. ,. ; ^^ 

£0« Tke fditttiont of tfttaMhsB, wbldr, iii wdntej 
kngin^, areagRified by loonb, are repTM^iJIM^te 
the algehraie iiQtaitioii, by iigm. TCbe^lmeT mode of 
enmssiflg diese rttations^ ou^ to be nlade W £&• 
miliar to the ina,thematical indent, tha^ he ea% at 
any time, substitute die one for the other. A few 
examples are here addbd» h whieh,^ wonls are to be 
converted into signs. 

I. What is the algebraic expression, fot tte lot- 
loving statement, in whidi, tl^ letters a, ft, c, ke. 
may be sQmK)kd to id^nesent vaj gtrm qumtkiee ? 

The product of a, b, and c, divided by the differ- 
ence of c and d^ is equaLto the sum of b and e added, 
to- 15 times k. 

u b ^ 4 

^^' cW = * + <^ + ^^** /^ 

JS,. 7be product of 'the. diffetcnee of ^raod Ajpttr 
4^ sum oO, c» md d^ is equal to 37 times m^ ^d^tf 
Id tt)^ qvb^iient of i divided by tbe suiq of A said &«^ 

^ 3^ Tl^ sum ,C)f tf and &, is to. the quotient of b cir 
iridedl^y c^ as the product. of aiBtoc,to 12 &a|^^» 
Ans. : • . ^ , J . v.jf,-. 

4. The sum of a, ft, said c divided by ax timet 
their product, is equal to four times their sum dimin- 
ished by d. Ans. 

5. The quotient of 6 divided by the sum of a and 
^, is equal to 7 times df, diminished by the ^otient of 
hf divided by 36. Ans. 

$1. It is necessary also, to be able to reverse what 
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b'toie kk th^ftetedih^ ^wmtj^ lAwt i% to «Mis^ 
hie llleulgebviuie isfeiiBinlo ecNiimoii koigu^ge. 

«<okCi ai>t suli^tuted for th6 tngm ? 

Abs. The sum ef'a andi dmded by ft, is eqtMi t# 
the product of Uj b^^nd c, AminisbM by 6 tii]ie$ m^ 
wiAUmi8e$B^kf.ibe^.^(kkii%€£,a An<M;b]p the 
eiiQfttKr<#<ifltil^. ' ' .' »^ •:. • ) 

4—4 
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3 4- 4 — « ** a »» • A+dfl» 

Ans. .- . 1 - . ■• . . 

* * 

/ |[a. At the dose of sd alj^bnuG firocess, k is &•• 
^i^efity^ne6esdaiy to i-estore the wmb^rt^ for wfaidi 
m(^i«^%iidheen^ttb9t^ J^do* 

iBlg tl^^, the sign of multiptiGation mu^t not oe (N»it« 
^o^'asitgeiterally is, between factors expi^fessed by 
letfi^.' Thiia if-ct ^tends Ibr 3, and ^, for fiw; die 

r duct a h '^ not 9^, birt 3 x 4 L e* ISL 



» * 






*« / -v vui^^ * 



/ \ 



Id ibe follQwil^ exavides, 

Let a = 3 And £? == 6* 

6=4 . wt = 8. 

c = 2 » = 10. 

Then, 1. —J- + ~3d""==2V6''' 3x6 • 

m 

6 + a<f , rf — 4c« 



-= — — hcmn + 



5a6 



W ■ I . I , 



db-^Sd 36n — 6c J 
8. bmi+ ^^^ ""4a + 3crf + 7="^ 

.53. ^n algebraic expressioD, in whicb pumbi^rs. 
have, in this manner, b.een sqlustituted for letters, may 
often be rendered much more simple, hj reducing 
^yeral terms to one. This can not generally be 
ilone, whDe ihe letters reinain. If ^ .+ p is used for 
the sum of two quantities, a can not be united in the 
isame term with b. But if a stands for 3, and 6, for 4, 
then A +6 = 3 + 4== 7. The value of an exprea- 
i^on consisting of man^ terpis may thus be found, by 
actually performing, with the numbers, the operations 
of addition, subtraction, multipli^cationi &c, mdicated 
by the algebraic characters. 

Find vxe value of the following expressions, in 
which, the letters are supposed to stand for the same 
numbers, a§ in the precedmg article. 

ad 3x6 

1. — + a + «in = — ^ + 3 + 8 x 10 =t 9 

+ 3 + 80 = 92. 

26 fi X 4 

^ «*^« + m3-rf + 2n = 3x4x8 + Q-:j^ 

+ 2 X 10 = 120. 

m — b 



;j, « + c X « — w + ^^-^ —ax n — « ssj 6. 



/ 
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a X d + c . J c-fJxm — (? 

r-j b aoc ^ = 

n ^ a n ^ he 



2n + 3 n 



POSITIVE AND NEGATIVE QUANTITIES * 

54. To one who bas just entered on the study of 
algebra, there is generally nothing more perplexing, 
than the use of what are called negative quantities. — 
He supposes be is about to be introduced, to a class 
of quantities, which are entirely new; a sort of math- 
ematics' nothings^ of which he can form no distinct 
conception. As positive quantities are rcflZ, lie con- 
chides that those which are negative must be imagin- 
ary. But this is owin^ to a misapprehension of the 
term negative, as used m the mathematics. 

55. A NBGATIVE quofntity is one which is required to 
Of SUBTRACTED. When several quantities enter into 
a calculation, it is frequently necessary that some of 
them should be added togeflier, while others are fteft- 
traded. The former are called affirmative or posi- 
tive, and are mailed with the sim + ; the latter are 
termed negative, and distinguished by the sign —. ' 
If, for instance, the profits of trade are the subject of 
calculation, and the ^atn is considered positive; the 
loss will be negative ; because the latter must be sub- 
traded from the former, to determine the clear profit. 
If the mims of a book account, are brought into an 
algebraic process, the debt and the credit are distin- 
guished by opposite signs. If a man on a journey is, 
by any accident necessit^tfsd to return several miles, 

♦ Ob Ae subject of Negative quantities, see Newton's Uni- 
versal Arithmetic, Maseres on the Negative Sign, Mansfield's. 
Mathematical Essays^ and Maclaurin's, Simpson's, £uler's, 
S4ilnder8on'ft and LndJam's AJgebra. 



Ais bftdrvwd molioii te to be tcmaiigiiSi n^oriw; 
Ivecaiue ika^ in detemimiigiiiikrcid ^^^;iie^^ gfoat 
be subtnu!ted, bom the di^onoe >ffeich be has tn|v«l« 
led in the<>H[Misite dbectian. If the mteiaU'4i( %\mif 
from tbe c«rth be lu^d podtive^ iU deumt will be 
negative. These are only difieFeiit examples of the 
same general principle, in each of the instances, 
one of tile quantitied is to l>e mAtraekd fiom ike 
other. 

56» The -temispontive and negative, as u6ed in the 
nuLtbeinaiics, «re merely rdaiioe, ^ey impfy thfti 
th^pe is, either in tiie nature of the quantities, orim 
tiieir circumstances^ or in the purposes which tb^ 
loee to answer in calculation, some such o^ipotftumw 
tequiresthat One should hestibtraettd from the otlieiC 
]But this opposition is not that of existence and non* 
existence, nor of ane thmg greater than nothmg, anj 
another less than no^ng. For, in many cases, ei- 
ther of the signs may be, mdifierentl^ and at^leas* 
we, applied to ^ very smpe quantity; that la^ the 
two characters may change jplaces* In deteimini]]^ 
the progress of a. ship, for mstance, her easting may 
be ma&ed "K and ner westing,-^; or the westing 
may be -f , and tiie eaaiting — . AQ. that is necessary 
is, that the two signs be prefixed to th^ quantitbs^ in 
sochr a mamier as to- show, which are to be edd&dv 
and wbicfa subtracted. In di£^i»*ent processes, -they 
Boay be diffeimtly applied* On one occaaon, a 
downwapd motion ma^ be cdled positive, and on aa^- 
•tiber occasion, negative. 

51, In ^very algebraic 4^cul8tion, some one of tho 
^uanl^^ must be fixed upon, to be ccmadc^ed post^ 
tnre. All other quantities which will tn(frea$eiimi 
must be positive also. But those which \till tend to 
dminish it, must be i^gative* In a mercantile con^ 
eem, if the ^tock issupposed to be positive, tbe fmefifa 
will be po^tive; for they iwreme the stock; iHaUby m^ 
to be odhfecf to it. But the hsiei vrill be n^ative^ 
fmr they dimmish the 6tQi<^; they are to be stmtacted 



mmtyk •eotsmnalfy d»bwi back hy m msanaA^ it 
^^profrcsss np ilam ativanis taany piVtiMilaB pobt, id 

yfard iDotioa will be positire^ while 3x9 baekumri mo^ 
tidD vvatt be n^timw ' 

69^' A negative <|ttaalit)r ig fr€<|«ently g » n n U r, than 
&0 po^^ ftoa with, which it » oomeetod. But 
how, it may be asked^ can the fonner be mb^iFmetei 
froi9» die ]a«|er F The gtowtor is OMiauriy not conlcan^ 
•#ki yi^ksfr; liow then* caa^ it b« tal^ out of it,^ 
The answer ta^bifi is, that the greater may be suppo^ 
aed? inst to eosioittl th^less^ awl then lo-leare a re^ 
a»ai&diBr« equal to the diibrence betwei^n the two. M 
aiBita has in his poidesnoifr, 1000 doDavs^ and htti 
eontpaeted; a debt o(i IMO; theiattof^btraetedfroiif 
Ibe fonuecy xiet only exhausts the whole of il, buf 
leares a bdiajMe of 660 against hiiB«~ .far oomiaoir 
language, he isr SQi^ dMws worse thaohaothii^. 
- ^dv In this way, it frequently happens, io^ tike course 
o^ %A algebraic pixKieaB, Aat a n^ffiA^m qnastity ia 
brou^t to iiami aUn€u It has the si^ of subtraolioiv 
widiout bmg eonneoted with any oth^" quantity^' 
from whieh' it is to foe subtracted. This demotes that' 
aipyentas subtraction has left a r^anaincler, whach is 
ST'pait of die ^juantity subtmoted. If ithe latitude o(^ 
%sh^ wlneh^ IS SO degrees north of the siquatoit, isr 
eons^red positive^ and tf die sails south 25 degrees^ 
hermotioa first dftnumiAet- her latitude, theh veduoes- 
it to n^^m^ and finafly gives her 5 degrees of 9MUh^ 
la|i|tude. The skn — , prefixed to the 25 degrees is 
Ktained before m^ 5, to show that this is iiwt re« 

Sains of the southward motiou, after balancing the 
) degrees, of hoilh latitude. If the motion south** 
aiaird is only IS degneea, thct.r^Bsainder must be + <fi^t 
sasjtead of -^ 5, to« 4i0w) titat it is a ptert of the ship's^ 
mu^hern latitude, which has been thus hf dkmnishedy 
but not redw^ed to nothing* The balance oi a book 
aceoifflt will be positiF^ or u^gatiYe^ aeeoipding as thr 
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debt ot. thcf. credit is the greater of the two. To dc* 

.terniine to which side the remainder belongs, the sign 

. must be retained, though there is no other quHntkjr, 

£:om which this is again to be subtracted, ,or to which 

,it is to be added. 

60., When a quantity continually decreasing is re-* 
fluoed tQ Bothing, it is sometimes said to become af- 
terwards less than nothing. But this is an exception- 
able manner of speaking.* No quantity can be real^ 
ly less than notlung. It may be diminished, tiU it 
vanishes, and siYes place to an opposite quantity. The 
latitude of a ^ip crossing the equator, is first made 
less,' then nothing, and afterwards contrary to wha^ it 
was before. Tne north and south latitudes may 
therefore be propcrfy distinguished, by the signs + 
and — ; all the positive degrees being on one side of 
0, and all the negative, on me other; thus, 
+ 6, + 5, +4, + 3, + 1,0, - 1 , - 2, -A - 4,-5, be. 

The numbers belonging to any other series of op- 
posite quantities, may be arranged in a similar m'an- 
ner. So that may be conceived to be a kind of 
dividing point between positive and negative numbers. 
On a thermometer, the degrees above maf be con* 
fsidered positive, and those below 0, negative. 

61. A quantity is sometuues said to be suhtraeted. 
from 0. By this is meant, that it belongs on the nega« 
tive side of 0. But a quantity is said tooe added to D, 
when it belongs on the positive side. Thus in speak* 
ing of the degrees of a thermometer, 0+6 mean^ 6 
degrees ahove 0} and — 6, 6 degrees below 0. 

* Note. The expression " less than noffiing*^ may not be 
wholly improper ; if H ii intended to be understood, not lite- 



sun into view." The use of it in this manner, is warranted by 
Newton, Euler, and others. 
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62. The object of mathematical Inquiry is, geiierallj, tc^ 
inr^stig9.te some unknown quantity, and discover how grtai 
it is. This is effected, By comparing it with some other. 
quantity or quantities p,lready known. The dimensions of 
a stick of timber are found, hy applying to it a i^'ksuring 
ride of known length. The weight of a oo^ is ascertainec^ 
by placing it in one scale of a Dalance^ atid observing how 
many pounds in the opposite scale, will eqnaf iir An^ any 
quantity is determined, when iit is folma to be equal tor 
soQie loiown auantity or quantities. 

Let a aiid o be known qnantiiies, aiid y^ one w^ith is un- 
known. Then y wiD become known, if, it is discovered tor 
be equal tor the suni of a and 5 : thsA is, if 

2^ =t= a + 6/ 

An expression like this^ representingf the equality bettreeor 
ene quantity or set of quantities, and another, is caHed anf 
equation. It will be seen hereai^er, that much of the busi-' 
hess of algebra consists in finding equations, in which, somcT 
unknown quantity is shown to be equal to others which are 
known. But it is' not often the fact, that ^'e first compari- 
son of tb^ quajOtities, furnishes die equation r^qtiired. It 
will generally be necessary to make a number of additions^ 
subtraction^, multiplications, &c. before the Unknown quan-^ 
tity is discovered. But in all these changes, a' constant 
equality must be preserved, between the two sets of quanti* 
ties compared. This wiU be done, if in making the altera-' 
tionsy we are guided by the following ^udoms. These aro 
rtoi inserted here, for the purpose oT being proved; for 
they arfe self-eviiJent. (Art. 10.) But as they must be con- 
tinually introduced or implied, in- demonstrations and the so- 
hitions of problems, they are placed together, foi^ the eon- 
vemei^ce of i^crencev 

63. Axiom 1« If the same quantity or equal quantities 
be cmMmI to equal quantities, their sums will be equal. 

2. If the same c^uantity or equal quantities be subtracted. 
from equal quantities, the remainders will be e'q<Qa}^ 

3. If eiqpal qua&tities be muliiplied into the sanke, or 
equal quantities, ihej^oduets wiU be equal. 

4. If equal quantities be divided by the saae or equal 
quantities, the quotients w31 be equaL 

E 
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5. If the same quantity be both eidded to and stibtracUd 
from another, the value of the latter will not be. altered* 
^ . 6.. If a quantlt/ be both wtdtiplied and divided bj another, 
'the value trf the Ibnncr will not be altered. 

7. If to unequal quantities, equals be added, the greater 
'•fclU give the greater sum. 

8. If from unequal quantities, equals be subtracted, the 
greater will give the greater remainder. 

0. If unequal quantities be multiplcd by equals, the great- 
cr will give Uie skater product 

. 10. If unequ0 quantities be divided by equals, the great- 
er will give the greater quotient. 

11. Quantities which are respectively equal to any other 
qui^ntity, are equal to each other. 

12. The wholje of a quantity is greater than apart. 

This is, by no means a complete list of the self-evident 
proposition^, which are furnished by the m^them&tics. It is 
not necessary to enumerate them all. Those have been se- 
lected, to which we shall have the most frequent occasion tb 
refer. 



If fl=5o 


And if a>cd 


Then by ar.l.a+/n=tc+»i 


By ar.7. a+m> cd+m 


ax. 2, a—m^bc—nt 


ax.S. a—m^ cd—m 


{(X,3. am==hcm 


£u;.9. am>' cdm 


a he 

axA, = 
m tn 


a cd 

ax.lQ. > 
m flt 


ujcSm ssa+w— ot 


If i=cA ^ 


am 
flT.6. fl= ^ 


Andrf=cA i 


^^^^mt 


By cfcT.ll. 6=rf. 



64. The investigations in algebra are carried on principal- 
ly, by means of a series of equations and proportions. But 
instead of entering directly upon these, it will be necessary 
to attend, in the first place, to a number of processes, on 
which the management of equations and proportions -de^ 
pends. These preparatory oppjrattons are similar to the cal- 
culations imder the common rules of arithmetic. We have 
addition, multipUcation, division, involution, &c* in algebra, 
as well as in arithmetic But this application of a commqii 
name, to operations in these two branches of the mathemat* 
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ics, is t)ften the occastton of perplexity »nd mistake. The 
learner naturally expects to find addition in algebra the samo 
OS additii^ in arithmetic. They are in fact the same, in 
many respects : in all respects perhaps, in which the steps of 
the one wfll admit of a direct comparison, vixh those ot the 
other^ But addition in algebra is more extennvCj than in 
arithmetic. The isame obseryation may be made, concern- 
ine several other operations in algebra. They arc, in many 
pomts of view, the same as those whith bear the same names 
m arithmetic. But they are frequently extended farther, 
^nd comprehend processes which are unknown to arithme* 
tic. This is commonly owing to the introduction of nega- 
irre quantities: The management of these requires steps 
which are unnecessary, where quantities of one class only 
are concerned: It will be important therefore, a* we pas* 
along, to mark the difference, as well as the nwemStencc, be- 
tween arithmetic and algebra; and, in some instances, to 
^vc a new definition, arcammodatttd'to the latter. 
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* RK T^ entering pa mi aJd^bflBaic caleuUtioDyJike A»t 
^^^' "^- ■■- thbg ta be done, is^yWeotly tox^fkaJke — 



teriaU* ;Several distinct quanUUe»;,^ato Itejcxmcaemedin * 
tho proceii^ TbkeKe must be lm>ii^ together* Thej must 
be* connect ia lOQse form of e^^pressinn, "^w hicSi .tab vre^ . 
is^9t tbeip lit once, to our view, and sboM^ the relatioDSurhkli ^ 
fhey hive to each other. Thi^ collecting of .^ouiitiesJe 
whftty la. algiel^ns i^ oalied aJl^on, lijxn^ be liefined^ the 
J!Mm^cH»g of MP^f^, mutiUiti€9^^ mtk ,^etr fignr^in-wu dge- . 

> 66, It j^.fQmmon i0 ktduAp in jthe defi^itsoQ, ^iinidng in i 
;one ;4e^' §it(ch. quontatiefiy a| wUl admit of beii^ un^ted;*^ 
But .t^ Jis not 80 mueb i p^Xi of the additipA itself, as a * 
reduUym^ which ftccom{)anies,or follows it The addition : 
may, in all cases, be performed, by merely conneetiug the 

auantiti^ by ^hefar proper mgpB^ a%us a added to b is,^evi* 
ently, a s^dvi; that is, according to the algebraic notation : 

^+b. AntXcLf added (oilie sum of & and c, is a+b+c>. 

Andjd+bf lidded to r-if^ is a+b^i-e+d* In the. same mtm^ * 
^er, if tt^e si^ of any qu^u^ties whsiteTer, be added to the 
.fium of fny QtberS; tfee expression for the whole, -will contain ; 
^1 the3fi quantities, connected by the mgn +• 

Thys the su^j of a+2i and 4<:4*<i4-» and w^+Jfj i« 

v67« Aeain, if the diference of a ajotd b be added to t ; the 

^m wiU be a— 6|iddedto c, that isu'^fe+c- And H a^b 
be added to c— xf, the sum ynll he arri+C'r A In arte of . 
the compound quantiti.es added here, a is to be dimtnished 
byebj and.in tj^e oiher, cjys to be dinunii^ed by d; the wm . 
pi a and c must therefore be diminished, both by. 6, and by . 
jdf that is, the expression for the the pum total, must contain 
— £ and — ^' On the same principle; all the ij^oantitics 
jwhichy iaj^e pai'ts to be added^ hm^ ^ qegiM ive sign» must . 
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Tttain this ingn, in the amount Thus a+Si— e, added to 

68. The sign must .be retained also, when a positive quan- 
tity is to be added, to a iingh negatfire q^kntity. If a be added 
to —6, the sum will be *— 6+^ Here it may be objected, 
ih^t the negative sign prefixed to 6, shows that it is to be 
subtracted. Iwhat pn^riely iheh ean there be in adding it ? 
In reply to this, it may be crbserved, that the sign prefixed 
to b while standing alone, signifies that i is to be subtracted, 
nfit from a, but from some other quantity, which is not here 
expressed. Thus —5 may represent the loss^ which is to be 
subtracted from the stock in trade. (Art; MJ^ * The olgeOt 
of tbe oalculationf however, may not sequire^ that the value 
of thk stock sbottld h^ specified. Bui tbeloss hlQ he cbtt* 
nected with a pr^. on some other article. Suppose die pn^i 
is 2000 doBars, am the loss 400. The inquiry then is, what- 
is the value' of SiOW idoQars pi:ofil^ w^i^ conneMerf with 
400 doBate loss? 

The answer is, evidently^ 2000*-^4i0O5 which '^o^s^tlmf^ 
2000 doHaxs aro to be uddedu di64tiMli^ and iSM ^vAtraeitA 
from it ; or, which will amount to the same, that the d^er^ 
tnce betweeii 2000 and 460 is lo iie added to Ihe sCoek. ' 

'69. ^wmtitici areadded^ then^ bf wrtiin^ t^em on0 «li& 
another J mdtout aUering their rig^sf obsemm alw^e^ that a 
quantity, to which no sign is prefia^ed) is 10 oe considered 
posidX'^. (Ait 29;) 

The Slim jof a-t^fH, and ir-'S, and 2A--Sm+<{, and A-^n, 
and r+3m-=-y, is ' 

76c It-ffi imfmaterial in whaft order the te^rms are arranged. 
The^sumof o-suid 6 aftd e is ^her -a+b+c, or «-f <r+6, or 
r-Hfi>f«a^ :For it e^dently makes qo - dilference, which of 
the quantities is added JlrUs The sum of 6 and 3 and 9, it 
the same as 9 aod 9 and 6, or 9 and ^^d 3i 

And a+wi— », is the same asii— n+W'. For it is plainly 
of no coDSeq^ience, whedier we finst add^ to /r, and after- 
wards ^siditract n} ,€ft first-subtract tr, and then add-vm 

71.. Though eonnectii^ quantities by their signs, is all 
'wbk3iues$mii€d to addi^n ; yet4t is desirable to make the 
exprofision as^mple as may be, l^y reducing severed term to 
one. • The amount of Sa, and 66, and 4a, and 56, is ' 

. . 3a+€6+4«+5& 
But this maj be abri<i^ed. The first and third ierm^ tiiay 
])e brought mto ooe; ifid so may the second- and fouttfa^-'*^ 



» 
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Tfm 3 dtaief n, tnd 4 timlil d, mA» 1 tim^'^. And ft tkner 
i» «id 5 tuMesii, make II times b. The sunv when rechn. 
ced, 18 thetiofore . - 

For mnkKig the reduetion» coteected with addition, two ^ 
ndes sre .giveii, adapted te Ae two cases, in one of which, 
the quioatities and mm:^ are dike, and in the oliier, the qoAn*-' 
tidies are alike, but Se signs ape imltke* like quantities are' 
the same ooMmrfofthe sameie^r^.' (Art. 45.) But as the 
addiUqn of powers and radical quantities wdl 1^ considered, 
in a AiWe section, the examples grren in tUs pflace, will be' 
ail of the fim power. 

72. Case I. To reduce several terms to one^ when ike qumt' 
ti^^mnettlike and the s^ns alikey odd the co-^fkierUs, anitej? 
lie eoimnvn letter or letters^ nndprdvs the eommon sign. 

Tfaos) to reduce 3&+T6, dtat is, +36+76 to one term, 
add the co^efficients Sand 7, to the smn tO, annex the com-^ 
mon letter 6, and^refix the agn +. The expression will 
then be +106. ThatS tfaries any qnanthy, and 7 times the 
same* quaatity^ make 10 times that quantity, needs no proof. 
In the saiM manner 

6c+26c+96c+3ic becomes, when reduced, 15bc. 

And«2ie!y+7<ry+^+2a:ys£sl^y. See the two first of the 
fellowing exam^es* 



be 
9bc 



3a?y . 76+ a?y ry+3a6A 

lay . 86+3cry ' 9ry+ cdih 

xy 26+2^ 6ry+4a6A 

Qxy ^ 66+£kry 2r^+ abh 



^mmmm^m^ 



^*m 



236+ U^ 



ccfey+3m^ 
2cday+ mg 
5cdocy+lmg > 
Icddy+Smg 

IBcdxy+ldmg 



> ii » 



^•■* m 



The mode of proceeding will be the ^same, if the sigos^ 



are negative. 



Thus — 36c*"6t— 54c, becqines, when reduced, —96c- 
And — oa?— 3(Wi?— 2«a?s=— 6aa?. Or thus, 



-36c 
- ie 
-56c 

-96e 



— 2flwr 

I I III II 



— 2a6— my 
— ab-^dmy 
^7a6— 8wy 

— 10«6— 12»iy 



— 3«cA— 86dfy' 
— tfcA— bSf' 
-^Sach—lbdy 



: .79. It^tniij perbtps b^ asfc^ hex^ at in^art. 69^ mkbt pvo^' 
piiet^ tbeire is^ in adding «uaQtiti«% U» wUelb die< negMiv^ 
lagn }s prefixed; a sign which denotes tubiraeiUmi .tThe w^ 
6wep to this isy that iimentbeitte|B;atjvesign is applied to sere- 
E2»l quaatitie^ il is iiHeiidied to lodieate Aat ram qmuiliAes 
are to be subtracted, wt fr^m mch aiket^ but from some eA^ 
€r qmirtily, safffi^ed with &e cMtvavy aim, SuppoR Ifaai; 
ii^ estunatiog a |yMi«'s proferty^th^'sma of mooey in his pot^ 
mmon ps, marked +» a»d ibe debts which he owes ase nnrit^ 
ed — » If these debts are 200, 300^ 300 and 700 doUats, and 
if o is put for 19P; they will together be — 2a— 3a— 6a— ?«* 
And the several terms reduced to. one, wiU evidemdy ht ^Vla^ 
that is, 1700 doUars, 

74*. Qksi:!!. To rtiiu^ set^^al tenlUf Id, onfe, vAm the 
cuemtitiejf, are aKkhf^ ^ ^gjf^ UfdUce^ taict the le$s eoH^fficimt 
friimi the^greafer; ^ ^ diffirme€i.annei^ theeammim Utter of 
tetters^ ^^ pr^ ^ 9igfi^ of the greater eo-^ffimiWL 

^X'hus instead ,of 80 — -60, we may write ia^ 

And instead of Ib^ibi we may put Sb* 
' For X\^ ^simpler expf^es^on, in eadi of these, instances, is 
equivalent to the compound one, for whidii it itaiihsfciluted. ■ 

> 

Add -46 -6i -76c -9A3» My-- m 6il+4d« 
Sum +26 -26c 3dy+5m 



■*■ 



75. Here again, it may excite suipnse, that what appears 
in be subtraction, should -be mtroduced under addition. But 
according to what has been observ^^ (Art 66,) this subtrae*- 
tioii is, strictly speaking, no part of the addition. It belongs 
to a consequent reduction. S^uppose 66 is to be added ta 
«— 46. Irie sum is 

11-46+66. • 

But this espres^on may be rendered more simple. Ai it 
now stands, 4a is to be subtracted irom a, and 60 added*<>— 
But the amount will be the same, if, without subtracting any 
thu^ we add 26, making the whole a +26. And in aU sim- 
ilar instances, the 6aZance of two or more quantitiesf, may 
be substituted for the quantities themselves.. 

76. The co*efficient of a sum when reducoi^ to one term, 
may be less, than either of the eo-efficients of tihe quantiK 
tics which arQ thns rei^ced. la one of the precediiif «»* 



umficBf i6&^4frsijafc , Hare %^ ^ co^tdfieieiii of tjic ^m^e 
term, is less than 6 or 4, the co-efficients of the two teirns^- 
to which the ain^ one J9 e^iui* The bahoMi of a book 
account may be less, than either the debt, or the credit. It 
may even laie nolbingt H^ice^ 

77. If two equal quantities hare contrary sifi^ns, they de« 
irtroy eaiA #the r,agd.may be cancelled. Thua i^Qh^Si 

'«te: And 3x6^1«3«:a: j4ml 7«c-7ic»0. ^ 

Le« there be any two qoantities "whatcTer, of which a is 
the greater, and fr tfye kM. 

Their sum wffl be a+b ' ^ ' 

And their difierenee a--^ 

1 



' The «litti ttid dMTei^ncv added, wili be 2a+0, or siiDfijr 
2a. That is, if the ntm and difftrmce of any two qttantittes 
be added together, the vfhoU will be timee the ^Mer quan- 
tity. Thisisone instance, amon^ muhitudes, of^the rafii<U^ 
with which genernl truths ar^ discovered and denranstrated 
in algebra. (Art. 2J.]^ 

78. If ser^ral positive, and several negattive qtanudtieB are 
to be redtieed to one term ; irst reduce thobe which are 
positive, next those which are negative, and then take the 
^ffhrtnee of ^ eo^«fie?entFf, of the two temte thus founds • 



• -r 



'Sx. 1. Reduce Idb+^+b^ibSb-^^b, to Me tefsu 

Byart. 72, l36+eJ+ 6=« 206 > 
And -4ft-5i-76«-16* J 



■.«M-«M**IM« 



'0f«tt. 74 2Oi-'f0i» 4i, which » the vrf- 
ue of all the given qtttnMfties, takei> together, 

'VkJL'B^me^^xff'^2xy'^7xy+4»y-^9xy'\-lxy^-€i^. 

The positive terms are Sty « The negative termsare *^ «y ' 
• • • • 2ry — 7xy 

4ry — 9a?y 



Then 1 6ry — 23ry =s — 7cry. 



ADSICtOlt. 41 

• ■ .. : .' • :* . . • •. 

.6. aocy^laxy+Gaxy^^wBy-^Soi^+QiEmysst 



^ 79. if .Ai^ ie^^nr, iit 4he^ se^^ral tenns to t>e added, t«e 
different, they ^tt:6lil]r:be jdaeed J^r ^ach '6{her, vith 
•Iheir proper fiigiKk Tn^enBoai^ht umiod m one nittple 
term. If 4^, and --^t^and 3a^ and 17A^ and -^Jd^and 6j 
be added; ditic suniiw be . 

il*^6y*(-3*+t7A-^5<f4re. (Art. 69.) 

Different 3ettef6 can no more be united in the same term, 

ihuk dcdlani and ^ufaeas caa be addad^ so as to make a^sin* 

r^e mam. Si% gumeaa and 4 doUai^ are neither ten guineas 

nor tear dcdhnu Seren buofeed, ancl.^iBXiOaen are neither 

"^13, faimdred nor 12 dozen. But, in aiioh eaaes, the algebraic 

^aignd serre to show liow tiie ^UieBeiit ^aatiti^s stand related 

to each other; and to indicate future op^rati/ms, which are 

'to be {mrformed, whenever the. letters arc ooftiFerted intp 

"luunbers. In the expression .a4-6, the two terms caa xuft 

'^ united ki cme. But X 4k * stknds far X9, -and i^ '^ the 

coorae of a caleulatiim, tthis wunber is restoied^ than a+6 

will become 15+69^2i^hid[i is equivalent to the single term 21. 

In the same^mafeilier; m-^ beeameB li^^Q, w^i<£ is e^^ind to 

9. The signs keep in inew the relations of the quantities, 

till an onportunity Oiecurs of Teducmg sfreral-.teflns to one. 

80. When ike quantities, to be added emtain seyeral 
terins wbich are mUkef and several which are unlike, it wil 
he convenient to arranee' tiiem in such a maimer, that the 
similar terms majjr stand one under tfie other. ■ '- *. 

7o- Sk-^€c2+2&*^3y ) "l^ese mayfjeianai^dtfaiu* 
Add -r.36c+a?-3rf+4g' > 36c-6rf+a6— .% 
And r 2(l+y+*p+* y-Sic— M + x^tg-^ 

2d ^ y+Sr +i 

The sum wiH be -7rf+3fr-2y+4cp+6^+4. 

» 

In the first term, ibe Is baiamced ^j — S&c, salbM^this 
term disappears in th^ general amount. (Art* 77.J 



F. 



9$^ 



). A4d and fedoee 0lli>^$Wai'^$^$aA M--4ftt4< 8; 
The sum is 6a&+7+e(I*4m. 

2. AAdx+3y--dXf to 7— a:— 8-fAm* . 
Ana. fy^dJS'-l+hni 



>•. ». ^ » « 



V A. A4A 9«wHr.9'^74y^Jto-lC)ajr-^95f-6^ 

Ann, 

«. Add 9fl%+Wrr-!4r»«y, «o 9o*y-W+17^nM?y. 

An«. . 

• ■ .. , • • . . . . 

" 6. Add Ti^—^+Sary— ai^ to 5af+4— 7w^ 

Aos. 
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A«pr i?i A DDiTIOS fe bmgmg quantilM t^geifcei^r^ 
^BT. oj. ^^ gj^ ^jjp. ^j^^nt Oa the cortmy, Sub* 

Favfictilar rtdes mig&t &ef giVeint, f&t fbe several cas^' itt 

rule, rounded^ on tlie' pnncfpte, diat taking ^tiway ipooMjf 
quaathj, from as algebraic es^ressipn, is die $a£iae in eifeir,^ 
Iti3 amneocing an equal n^d^ee qpantitj ; fusfd lalpilg^ F'"^ ^ 
negative qtmitit]^kW^«f/sff am*^'te ^i^^ 
ene., ''■*^ 

Suppose +& is fa be subtracted fronif ' a+b^ 

TaJang awsiy 4*^9 from. a+&9 leaves cl 

And annexing — i, to a+j, gives- a+&— &^ 

But by axiom 5th, a+b^b is equal ta a. 

That IS, takifig away 2l positive term, from te algebraic e:!^ 
^ression, is ihe^same in eflfect^ as anneomg aa equat ne^atfs# 

term. • • • * , ' • 
Againi, stEQfipese ^^2 is to be scibtraoted &om . a— i 
Taking away —J, from a^J, leaves a 

And annexing +b^ to er— i,.pve» ct—i-f & 

But o-*5+6 IS equal to . ,^ 

tEliat is, to/n?^ away a negative term, is equivalent to /m-^ 
nere?ig' a positive one. If an estate is ^cumbered with a 
debt; fo cancel tfab debt,^ is to add so mueh to the value of 
the estate. Subtracting aoh item from one side of a book-ac- 
count, Will produce the same . alteration m tlie balance, aa 
adding an equal sum* to the oj)pdsite ^de. 
To place this in another pomt of view. 
If m is added fi>. &, the stim* is by .the natation,. &«fm > 
But if m is subtraicted from J^, the remainder is &-^m y . 
So if m and A are each added to 6, tlje sum is h+m+A 7 
But ifmandAare each subtracted from6,therem'dr is i-^m— A > 



m- 



ei>; 



titjr and subtracting it, is, xSoM Ihe ^igfiv^ obittged fiiMft 4^ 
to — . 

Again, if W"--* is $ubtiw;ted frofti £, tbe 9emamder iS) 

FOf tike 2«f tfar quantity subtractavF, t&e ^fimofer' wffi be the 
Maainder- But in the expression m*— n^ m is c&mini^edby 
ti ; dser^ae, 6— m must be increased by n; so as to become 
ft-«ift4-H ^ ^ftt is, m-^n fa sablracted fr^m A, bjr Awapng 
+ni'inl)b ^Mi, and — n into +n, and then wricW Aem alter 
i, as in addition, ^e eaispltaatiaiii will be 9ke same, if 
there are nioertd quantities wfaieh haw t&e negative sigii^ 
Hence,. ^ - * 

82. Topeffirm subtraction in afgebm^ 4Aangfi4he tigm tf 
M the fiantiUBs t&he Mira$ted, 9rAmpa$e ihem t9 ie Aauged^ 
fiwn + io' ^f or fram-^ t^ -^-^WMihmprooUdm^m^Mk 
tton* " . '•■ 'J 

The Am&' are to be ehanged, in the Mc&M&enc^ onlji^'^^ 
fFhoi^ ki l£e minuend are not to b« altered. Although tbe 
rule here given is adapted t» ^verjr case of sobttaction^ jA 
tber^ may be an advantage in gtifng some of the examples 
in distinct classes;. y 

%. iii the 'first ptaoe, the elgns nay bc> Mce^ and the niiii- 
^^Agtem than tbfe^subtrahend. .i U 

From «f38 l$lr 14M<» -29 -I6t .>I4db 

Subtract +1& 12i 6<fo -16 -lib ,. - 6d«: 



I* " " 'w i»i*'i «* '« M l i»» tttmfitrv 



Diffel^nee +12 4& 8<2a -1£ ^4^^ • -«6Ai 

V> Here^'in tbe fin^ example, the 4-^befi>itt f6ifl stopoaed 
'io be changed into •- , and then, the 'signs 'being' unlike^ the 
t^ terms are Inrcpught into ' bne,«^^ by &; secood case ol m- 
duction in addition. (Art. 74.) The two next example* 4M 
subtracted in the same way. in Aie tineelost, the -^ int&e 
subtrahend, is sopposedlo be changed into +• it may be 
Wi^U for the ieanier, at first, ti^'WfiCe out tbe examples; and 
actually to change the signs, instead of: mc^ly donpeii^i^ 
them to be.da«^;edL Whc^ he has become fianHiar with 
the i^lNf^od, he can.sa¥e Mmidf the ti^Mble of trahseiillK 
ing. . 



Sub. +286 16i 14iAr -28 -166 -I4<2a 
©i£ -m -46 -.BAi +14 . .. . ,46:.M..;.8*(r 

/ TbBt Isame ^laadtiies are giVen bere, as m ^ preceding 
m0iide> ib^tb^{»lHpa8e of comparittg them togelaei^ . JSiit 
the mmuend «Ad subtrahend are mtt&e X^ektOge places^ 
The modr of sub.tra4c4iJH% Isi' Iht sameu fo thfecsfess a gre^tmf 
quantity is taken from hless : m tbie preceding^ a ten fisWF^ 
'gre&ier^ ..Bj eompariog them, it will be eeeo, thq^ than^ is 
HO dtlftreilce lA 4be.«wim8, except that the t«wr^ 4«]H»r 
Jil^, .Thiis. 166^.126. ia^^be jsfinievaa l^-r iQ^, . emept Jtiuit 
one is +^9 and the other —46: That is, a greater quanti^ 
cttbtt«eted iinonlta lefi?, g^n^s the same result, a« a lesp.sut^- 
Irtoted'Icoiii i^^imier,;. except thaJt-ll^e t^^ ^^posilpifi^jPli 
the oth«r DegaUye. See art.. 58 and. 59. . ..^ r; 

« • 85. In the tiburd plaee> the n^ may be an^iA;^ : 

Fconft+B +I6ft . ?fX4<2« -28 -'166 i-^l4du 
Sub. r-lP^ -1^ — :Mii.t+16 +126 +6^91 



Dm +44- 28» SQlbt^ .-t44 -:28 -.;3|Ub 



>, i- 



Frcmi theea- examples, It will be seen that the difference 
.between a ^MMative 9Q3ud- a negative quantity, may j^ gr^atpr 

than either of the two quantities. In the first example, 44 
ihedjderenee m greater, tbaa 28*. the mitmend, orlOtfaie 
jRibibrahend. In a th^rmoiaetery the difference between 28 

de^es abo«^'.eyi^r,'an4 16 b^Iow, 19,44 ^^em^J The 
'di&mnce betwieen gaanjag IQQO dollars in trade aadte^gg 

JOQ, is eqmvsdeilt to l5(Klr doHan.. 

B^* SubtractieA may Ife^ Mr^vedfUs in aiithmetie^ bv ad- 
I ding the reanaisder 'to tbei mibtraibeiid. ^ Tbe kum o^bt 4o 
^ be emial to :tbe minilend, njfm the. ebvio«& prtnciple* that 
.'the mSerenoe of two duaittilies added to one^of ^letd, is 

aquaL fr> Jhe.jNhi^r^:. llim seiyeanot ^yto-^Hifg^ any 

particular errour, but to verify the general rule. 



From Soim*- (ty «^17+4«ar <lr4 Yi ^^-oxg 
Sub. -7a4«i+6a?y -20-* am ^Aax^lA ^l^^aayf 



«- 



Rem. 10aJ«-7«y '^^ ^'''^^ ^ Voa?-** ^ 

87. When there tire 9everdl i$nn$ alikej they m«f Be redii* 
ced as in addition. 

I. From a6, sMki&W^^J^4'f^^^^ 
Am. a6--'3a»— ai»— 7a«— 2(Q0«--6ai»i=3a6--19a»i..C^t7flL) 

S. From a»-»Jc+3iQKP+7Jc, subtract 4ic-^S5aa?+5c+^ 



r V 



4. Froiir4eM<3ife>->ir,-«iibfr»et 3<R2-('7i»— dft-f «<?. 

t^nr. ^Vvlfetf ^ la^ m t&e' mfamend ai^ liferent (roia 
agm 4b:kM iSiAlfsftetid, %e latt^ are subtracted,, hy &rA^. 
olil}^^ ffi^^%]^9 and- fbm {placing &e Several t^rms on^ 
a(k^^^'a^K)ffi<§^,'«^ m «tddWori, (Art. 79!) 

^";i. From j3a5+8-«iy'-^r A subtrapl a?-4r+(%— 6m», 
c:% .l3(0k{*H^+<t^(7irfm-ay+dM*'^ 

6 1.. - . I .,♦ t 
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IIUaUTIPUCATION.^ 



Art 89 T^ addition, iiM«i|iiiiilt(^.4M«tt0et«ii vifll n<» 
' -^ other. It is firequeotltj tjie ciM^ihai the pu^ot 
titles brouefat together iwe aqual; that is» a quantity ib ad« 
4ed.tot6e{^ 

3+3+399 3+3+3-f 3+3»stflg 8z».' 

And a+tf:^&2^ «4'a+€i4*aaB:4a 



^niis repieated addition of. a.^pw)ti^.lo itaelft iff «tet 
oHguiaDyi called fluilty^Zrcatiam ^ But tba lenm a^iitp mvht: 
.U9ed, has a more ext^uave ^iff^fioatiuHU W^; ha»ni fimumH^ 
occasion la repeat, not ^y^ihf iohojU of fl fDian^j, oi|t ^ 
certain i^omon of it ff the stocl^ of an incoqiorated ^oip* 
pany iri^KWdbd faM Aa^ one man iday oiim ten of them, 
pother five, and tadtber a pturi- viAr M a dnlrfl^ uif tm^ 
fifths. « When a dividend ismade, oi a certain sum on a 
diara^ tb^^to^.^aiilitled; to-|e|K^Btes>tlm thaaeaond to 
Jive tiinesy and the third to only two Jifihs of it As thja^afh' 
' portiomng of the dividend, in each of these instances, is 
upon the safiie prinoiplf ,» il^^ia :i2al)e4 inu t ti|JM » ti Q it'ift tba 
last, as weQ as in the two firsts 

Agsin, siq^pose; a wan is obligUa4-to»{]^ an^ttuuu^^ 190 
dollars a yean As this is to be tubtracUd from his estate, it 
inay be represented by -^o^ M4^ as^-lt. is ^ba. subMctad 
f/ear efier year, it will oecome. In four years, — a*-a— a— « 
SK «-4a. This repeated iubiraetum is also ei^ed midtiplicar 
Aion. According to tfajb view of th# subject; 

. ^ Newton's Uniyersai Arithmetic, p. 4. Maseres .on flie Negative 
,jSign, Sec. 11. Camus* Arithmetic, Book 11. Ciiap. 8,. EulePs Algo- 
i>ra, Sec. I. and II. Chap. S. Simpson's Algebra, 460. IV. Madsv- 
jfb, Saundersoo, Lacroix, Ludiam*^ 



90. Miitipli^g hff a tokoJe mmlber it taking the mtit^^ 
katid m maii^ th/Oi, at there Ore Httiti m the miimflitr* 
y 1, is taking tke uiUiplicand once, aa 0. 
])■ 2, ia tsking'the midtq)lioMid turn, ai a+a. 
r 3, is taking Ae mult'd tAj-M^ifRu,es a '4- a-f O)^ 
f iy a FRACTION 'if taking a cerHan i>ORTiO!f tf 
id at titai^ timet, at there are like pot<Uotu <f €m 
'tiplier. ■ 
Mn\Ap\7ing'hy\, is txking^'of tlie mtM'd «mx, aa ^a. '■< 
"Maltiplytng'by |, is taking | of tbe muh'd tmce, as ■ffl+-J«.' 
MuM}il*Jby4,lstaKftg-JorthermriMttw«lin»e#,aa4«+Ja+^ 
Hence, if the iRultit^ier is an unit, the product is equal to 
the maltiplicand i If toe niuttipli«!r is greater tbaa aa onit, 
ffae product i^ ereater (bsn tbe mattiplicuui : And if #)»«m4- 
■tiptier is teti pui sn unit,-lhe product is lees than ihe midtit- 
plicand. ' ' ■' 

MiitdpUcation Jy a negative quantili/, hai the tame rela- 
tion to mviiiplitnfion bt/ a positive mtaniltt/, which auBriuc>- 
Ti^N teu to addition. In tne one, Ine sam of the repetitions 
oT t^e muTtipHcand is to he added, to the other quantities 
wiffi ikrlneli'tse muWpBer h .eonnectei. In (hCdttrtr, Ate 
HlHtf V>fiiKse-Tf:pemonsistO'he*abtraetbd-4nfm the Olber 
quantities. This subtraction is petformed «t the' 4fni«'4f 
multiplying, by ehanging the sign of the product. See Art. 
WJ and 108. 

- 91. Svery sH^tiplier is to be considered a nntnifr. We 
Kmetimes epe^ of multiplnns by a given u«^(, or meat- 
ttre,b BuHiof ni(miiiy,Hk. 'SUttbis i^abbrevitited language. 
IT )idn^ti%ed fiteraUy, it' k absurd.- -Multiplying is takn^ 
-eith(if th€r«h»lc or a part of a quantity, a certain fwmAw's^ 
(S?i«l. V6 BaJftlttt'One qftWithy is repeated as man^tiiHes, 
'■is'^Sk>^M%iheat>y,'is nonsMwe. Bttt If a part of tbe wwgbt 
of "a .body be ftxed upon as «n Unit, a quantity mffy te mnl- 
tiplied by ^ nunt^ equal to the number of tbese parts e>oh- 
tained 'itl the body. If a diamond is sold hy vrtngM, a par- 
tietdarptTcein^be agreed upon for each^aw. A grain (s 
kere 0i/ mil; and it is «Hdenf that the value of the dia* 
Udnil, iir'equal to the given price repet^d as mariy-tim^, 
sstbere are grains in the whole weignt. We 'say coodae^ 
tbU the price is multiplied by the ueigkt; meaqing that it 
'^^fifiupufid Viy ^number equiiJ to the number oT^^ns io 
tab weight. {n» similar manner, any quaQtity whateT^r 

"."WBieTWtrAviitflieenA- , ■ 



nlajr 1)^ai4f)^i6^d to b^ made up of parts, Mob bdbg wt^- 
sidered a vfdt^ 9niwy numoer. pf tbeie xaay become a 
muluplier^. . < .> 

32* As multiplyii^ is uJdng the v(^oie or a part of a 
qnitatiitj a c^rtaip au^iber pi, times, it is eviilent that tbe 
fradui^ must be of the swie nature as the multiplicand. 
T. If the lAidtipGcaDd is an. abstract number; the produf^t 
will be a number. 

If the multiplicand is w^ght^ the product will be weidhjt. 
If the multiplicand is a Kne^ tne product will b^ a line^ JU- 
^ting a quantity does not alter its nature* It is frequent^ 
said, that the product of two lines is a sutface^ and that the 
j^duct of three lines is a, solid. But these are abridged e^^- 
pressioosy which if interpi^ted literally are not correct, Se^ 
the section on the application of Algebra to Gepmetry. 

93. l^he multiplication oi fractiom will be the subject of 
^ future section. We ba^e first to attend ,to multiphcation 
Jby positive whole numbers. This, according to the defini- 
^on (Art*: 9|0) ts taking the muhiplfcand as m^y timejs, as 
j^9^ iare iinit^ in, the, multiplier. Si^ppose a is to be muItipUed 
•by &,.aa(} that h stands for 3. . There are, then, three un^s 
.4n;tb&: multipbet!&» The multiplicand must therefore b,e 
Xs^m three \m%^ ; tbui^ 

J 

II 

'. ' ' ■ '. 1 : ""^ « . 

. .The finiQunt. 13 3(¥, that U|<3 timed at which,, if I staQ^? 
r .fii^:3, is the same a9 6 x ^ or ha. (Art. 40.) Or thus, af^^^yi 
Y«=3ii,, iKh|cfa U the same as ^fi. So. tliat, multiplying tuno 
^mtkf^i^^er i$ nothing more^ than writiay^ them one aji&r the 
joiAcTy either with, ot witbout^ the' sign or multiplication •be- 
tm^u .th<&m> Thus b muiltipUed inta e^j^bxe^^ovbc^ Ajid 
jlinto^, i&«X.yiOr«?.y^p^ay. . ^ , ^ 

. . . 84. If mpre tha^ two letters are to be multiplied, they 
^^u^t b^ comiected in the same maimer. Thus aiiito h m\d 
.f I is ^4 , For by the last, artide, a into i, is ba. Tins pr9- 
, «hict; is now t9 be inultiplie4 into c^ If c stands for $y th^n 
'.{#is,tQ.be.|iaJ5Wfive tii»^ tjbs,. 
i , ba-^ia+ba+ba-^rba^ShayOT cba. 

•,71^;. ^ok^ exj^iuoatii^n may b^ applied . to any number ^f 
^.feUers./ ,Ti]ius am into W Is am^* Aiid 6^ into .ffircr, is 
. mmrx. 

95. It is immaterial in what ord$r Hx^ }«tte^iN^.tmDgedi. 

Q 



« • ALGEBRA. 



)>rpduct ba is the same ais ab. Three times fire kf 
equal to five tim^s three. Let the number 5 be represented 
by as many points, in a.Aon2(OfttoZ line ; and the number Sy 
by as mariy poiiits in a^erpeiMKcttZar Ifaie. 



Here it is evident thi^t the tvkoh number of poiStts is equiy^ 
either to the number in the horizontal tow three timetf tepe%iSh 
ed, or to the number in the perpendicular row five times re- 
peated; that is to 5 >c31» or 3x 5» This e^jdanatidn may be 
extended to' a series of factors consisting of any numbers 
whatever. For the product of two of the factors may be 
'eo^dered as one number*. This may be placed before or 
after a third factor: the product of three, before- or after a 
fourth, tzc. 

Thus 514=4x6 or 6x4=4x3x2 or 4x2x3 or 2x3x4» 

The product of a,' &,c, and d, is abcdy or licdb^ or dcbaj or bade. 

It will generally be convenieiit, however, to place the letters 
in alphabetical order* 

96. When iht letters have numerical co-£fficients, ihete 
must be mtdtipUed together^ and prefixed to the predmtof t&e 
letters. 

. Thus 3a into 2jk is 6a&. For if a into b is oi, then 5 
times a into 5, is evidently Sah : and if, instead of multiply- 
ing by 6, we multiply by tmce by the product must be twice 
as great, that is 2.x 3a& or 6ab. 

Mult*y 9ab Wiy, Zdh 2ad Ibdh 3fly 

Into Sxy ittx )ny IShmg- x 8wa? 

■ ■ i ■ I I I- II III I iBMiaaaa— ■ T 

Prod* 27a6«y « 3^% ' thdhx 



97. If either of the factors consists of figtares d«fy, these 
nmst be multiplied into -the co-efficients and letters of t&e 
other factors. 

Thus 3a6 into 4, is I2a5. And 36 into 2r, m 7ar. And 
24 into Ay, is ^hy, 

98. IT the multiplicand is a compMmd quantity, l^d^A-df its 
terms, must be multiplied into the multiplier. Thus b+c^d 
into a is ab+ac+aa. ' For the whole of the muljdplicand'is 
to be taken as liiasiy limes, as 'there are units in me multi* 
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plier. If thea a stukda for 3, th^ sej^tidoBS of |he jnuki* 
plicand are ' 



And their sum is 3i,+3c+3c?, diat is, ub+OQ-^-aJL 

ibiti d-k^axg Sh+m SU+l SAm-fS^A- 

iiito 3^ Idy mjr 4fr 



-•**• 



Fh>d. 3&d+6&E!y aUfliy+fl^ 



99« Tbf preceding iostancesf flGm«t nsBt be eoiifouBdied 
^A those in yifbick BermJt jaeior$ arecoimeeted b^tbe 
-aign X 9 or by a point. In the latter case, the nudtipHer is 
to be n^Uen before the other .factors mthoui being remaici. 
The podwst pf i x c^ into; a, i&db^d^ and i&ot dfx ajL f (mt 
hxd IS hdj and this into a, is abd. Qlrt. 94.) The expression 
ixdis not to be considered, Vke b+d^n, compound quantity 
'COn^sting of two terms. IKfferent terms are ali^s separa- 
ted by + or — . (Art. 36.) The product of 6xAxmxy 
intaa, is axixhXmXy or tAhmjf. out h+h+m+y into a, 
^is ab+ai+am+ay. 

100. If both ike faictors are eompoimd ^aiitides, each 
term in the multiplier minstie nvfdtipKed into each in ike mtdti^ 
flicand. - ' 

Thus a+b into c+rf is ac+ad+&c-f (<?• 
.. .For tb^ units in the multiplier a+i are equal to the units 
4nit added to the units in b. IRierefore the product produ- 
ce4 by a^ must be added to the product produced bj o. 
The product of c+d into a is oc+mJ ? An* oft " 
The product of c+d into 6 is ic+M 5 ^^' ^^' 
The product of C'\-d into a+6 is therdEoite 4K+<u''1-^+^ 

/Mult. ac+J *ay+2J :a+l 

Into 2a-\'hm Sc -fro? dxrf 4 



l4x)d. 6(Kc+2ai+3Aini+d^»» 3aa?+3a?+4a+4 



f « 
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Mfttf 2h+lmio M + h Prod. lftfli4-4a*4-2»+?. ^ 
Mult, djf+rx^h into 6w-f 4+7^*. Ptod. . ' 

Mult. 7+6b+.pi inta 3r.+4r+2*, Prpd* 

101. When seve^ tcnrms ia thc^ product arift «Mbe, it wiH 
be expedient to set one imier the other^ voA then to* luite 
€bem, d^ the roles for reduction in addition* > 

Mult, b+a 5+c+«. ' «l+ 9+1 

Into ft+fl i+c+3 3J+a»+* 

bb+ab bb+bt+2b 

+ab+aa be +cc+2c 

+3i +3c+6 






Ptod. M+2a&4-aa hb+%c+Bi+ec^6c+B 



■** ■liiMi M i Wi nn M l »| iiT<piw<1*»»—— .^ t II III l i^»»iW»»»» 



Mult 3a+c?+4 into 2a+3d+l. Prod. , 

Mtdt '6 +crf4.2 into 3&+4crf+7. Prod. 

. 102. Hi^irPy as in Art* 99, care ini^t be ta]^n not to aaa^ 
SfmiAtarms if^fmon. / ,, . ... 

The product of axb into cxd/is axbxcxdy or aid. 
But tne product of a+& into c+dj is ac+cul+bc+bd. 
: .Theproouct of 36+2c into Axm, is 3iAm+^Amw 

The pro^jtct of axbxc into &+4|^ is ahch-^-l^pfi. , , 
... 1D3» ii 3yill he «wy to see that when tb§. ijiultiplier and 
multiplicand copaist of any quantity reftatti. m a faeto^^, thfs 
i^Ctor Fill be repeated in^e. priCKiuct« as Qi^^y .tiipes as in 
• the multiplier and multiplicand together. 

Mpit .a X a X a H^re a is ^'epeated ^&refi,/t4»ef .a3 i^ ijic^^. 
*i^ip. if^X/^ . Herp it is repeated. <;u^ .,;. . . 

>ii . m ■■ I L 

'Prod, ax ^ X a X a X a Here U is. jcep^aAed ^i?e timei. , , . j 

I MH ^.1 , M I I L I t 
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^: Tbepjr^duct of J}JJi5ito,f[i6j,js&i(^5W. . ,^. . .♦ 

The piquet /of !2|^3^x.4^ijatp 5£J<64^^is 5^ 

104. But the numeral co-ejjidents of several (eUow-iai^tofa 
may be brought together by -multip^cation. 
pm34f^3/>uAoM^Sb'^ 9a,x2ibxAaxU^Pfl9Dfflth* 



For ^^^-^BlqBta «?i JS) 
terial in what order ibe» are-i 

The product of SaxMh int 
■ The xMiOst'OtMx-Mmtii 

-confined to jioHfwe.QVlKtiittcSr .- U mllnovr be iMK«sai^.lt>' 
consider, in what manner the result will be affected, by mul- 
liplying positive and negative qUantitieA together. : We ^^ 
faids- - ■' - , ' 

Tbftt 4- into + produces -f . . 

— into + ' — 

+ -iit*o,- - 

' , — into — . + 

. All these m^he compiisediu on&geneiAl. ruin, which it 

wiUbeimportBntla'li»v«alwaj9 6aiiiliar.- J^ tkLttatu^:^ 

fiutort w AUKB, A9-mg»-ef ik« prodact-mll be-tmnnatitie ; 

but if the i^ai of the faetort are unlike, tke rign of the pro^ 

duet ii)^ be n^atiee. ■ : - • ■ r , i ,- -' 

106. The m^ ca«o, -^i&t -of + into +, needs np farf]^ 
Hlustration. The second is — into +, that is, the multipli- 
<itmd'^& negative, and the multiplier positive^. Here —or in- 
to +4 is — tlo. For the repetitions of the miitlipncand are, 

Mult 8-90. 2o-ftt' R-S^-ii • (t-3)-^tf^x 

Into 6y 3A-f* '^ ' ' ^-^h 

•Vioi:6by~l6ay 2Ry-6rfy-^8y 



107. In the two preceding cases, the ^mtative sini pre^- 
Iidto tfie uuhipKef shows, that ne' repetitions of uie mutti- 
plicand are to be added, to the other quantities with v^dl' 
the multiplier is connected. But in the two remainfaig cases, 
Ae negtrtive sign OTcfinc^ to the miillipHer, faidicatesuit the 
sum of the repetitions of the multiplicand are to be tubtract-^ 
*d from the other jquantities. (Art. 90.) And this subtrac- 
tion ifi perfonaed, at the time of mnhiplyiiig, by maldogthe' 

'^j^'or die product' oppo^ to that of the rauRipIicand. 
Tbu$ +a into —4, is —la. For the repetitions of the tmd- 

^^HCaudare, ■ .' 

^'^B^-tUs8Un^is^he*uftft-ar(f(f;fn)mifa'e othdr qvkntities 



r 

^iskbiribicb Ae muhipUer is connected It vrffl then become 
--4«^ (Art. 82.) 

TboB, ki the expresBion S -*- (4 x a), it is manifest that ixa 
iir to be sobtrtcted from b. Now 4xa is 4<i, that is, +4a; 
But, to subtract this from 6, the ^gn + must be dianged in* 
|0 -*. So that 6-*(4xa) is 6— 4a. And aX —4 is there* 
fore —4a. 

AgaiD) suppose the multipHcand is a, and the muItipHer 

£-4)^ As (6—4) is equal to 2, the product Mrill be equal to 
This is les9 than tne product of 6 into o. To obtain 
then the product of the compound multiplier (6^4) into a^ 
ive must subtract the product of the negative part, from 
fliat of tihe positive part 
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And the. prod. 6a— 4a;, is the same a& the product '2a» 
Therefore a into —4, is— 4a. 

* 

But if the muItipKer had been (6+4), tbe twp prodii^ 
.must ha^ been added, 

AxA the pr^d. 6a+4a is the same as th^ product |0« . 

This shows at once the diflference between multiplying by: 
ajpoM^pe factor, and multiplying by^a n^atiot one. In the 
former case, the sum of the repetitions of the multiplicand 
k to be added l9, in the htter, ti^racttd from, the other 
qmntities, with which the muhiplier is connected. For even- 
ly n^ative quantity must be supposed to have a refereji|ce 
la flome etiier which is positive ; though the two ma^ not al'- 
wvfs^and in cooneetion, mdien the muStiplicalion is to be 
pmormed. 

9hi%. m+h .3<Iy+&D+2 3ft +3 

Imo fr— iP «r— ai orf— 6 

Prod. a(+M— oo^— &i^ Sadk+Sad-^l^^lS 

: lOB* U two negatives be mult^Iied together, the' product 



-multiplScation. ja 

will lie aJBrmative :— 4x — a=+4a. In thi« GaBe, W i&the 
precedbg, tbe rapetkicmy pf^ the muUipUoml are 4o be itA^ 
traded, becattse the multipliec has the nesative 8^. These 
Tepetitions, if tb^ jouiltipbeand is «— aaaa Ae ]nii]:tipl]er-*-4| 
"are ^a^a-r-a—azsz-^ia. But this is to li<fr etiblFacted Iqr 
changing the sign. It then becomes + 4a. 

Suppose —a is midtipKed hitO (6'^4)- As 6— 4«2, the 
product is evidently, fwiee the midtipticand, that is ^--aB; 
But if ifre multiply —a into 6 and 4 separately; ^<i into-^ 
is —6a, and —a into 4 is —4a. (Art. KM.) As, in this bom)* 
iipUer, 4 is to be subtracted from 6 ; so, in the product, ^4# 
inust be subtracted iSrom —6a. Now —4a becomes by sub« 
traction +4q. The whole product then is — 6a+4a, which 
is equ^l to 2o. Or thus, 

Multiplying ^a > j ^ ( Multiplymg -a 

Into 6-4> '®^®^™®** ilnto 2 

I 

'And the prod. — 6a-|-4a, is equal to the product —2a. 

In Double Fellowship in arithmetic, each manV^tockts 
to be multiplied into the time for which it is employed. Sup- 
pose there are two partners A and 0; thiat B's Ktock is 300 
dollars less than A's^ and #tfft the time of 'the form€ir iB two 
y^ars less, than that of the latter : then 



If A'a share is equal to e; B's share wi)l eq^uMil'C-^909'^ 
Andlf A's time is equal to d*y B's time will equal a— 



2^ 



•1 



Multiplying c— 300 
Into d-2 



mi'''»'mi9$mmtmtfm'^mmt^mmmm^Ugmmnm^m^ 



Tlie product will be . cd-300d— 2c+(>a0. 

Here the two first terms ^re obtained, by multiplying 
(c— 300) into dy that is, B'b stock into the whde time repre^^ 
sented by d. But this time is two years too much. The pro- 
duct is therefore too great. It ou^ht to be diminished, by 
the product of.the stock (cr-^30p) mto 2. The yrbo)e pro- 
duct will then be 

(cd-300d)-(2c-600>=cd-30Qrf-2c+600. . 
Here Sc— 600 is. subtracted by changing Ihe sig&S (Art. 88.):* 
so that — 300x —2 is +600. On the same principle, it is 
necessary to cbioo^ the signs of einery t^mn-in » compound 
quantity which is multipliea by a negative factor. 



4ft AL43&BBA* 

: It to dftw d^knlictwed ^ gn^t iii|fi^i^, tllaA^the {Hroduct of 
two aegitmssjshouU b» affirmftlire* fiutit WBOoimlia.tQ 9^ 
thing more tban this, that the subtraction of a negative 
quantity, b equivalaal; ' to: the addkion of an Affirmatiire^ 
(Art. 81|) and, therefore, that the repeated subtrietion of k 
negative, is equivalent to a repeaui additMMM>f an affirma^ 
tive. Taking off fiEQizi a man's hands a debt of ten. dollars 
every, month, is addiog ten dollars' a month to the value of 
his property, ... 



' 1 



Mult. 4r«--4 3c?— Ay— 2» Zay^h ^ - ^ 

Into 3i-6 46-7 6cr-l 

^r^****-**^'— *■—'■■ 1 '■ I'll mimmmm^^mmmmtm mmmm^immmmi^irm''yfmm^mm^ | k ' 

Pi!od^j3aJ-iai-an+24 18«afyr-6ter-3<v+* 



I t 



Multiply 3arf— oA— 7 into A-^dy-^hr. 
Multiply 24y+3ni— 1 into 4d^ — 2a?+S. 
' 108. A;s a ne^ive. multiplier changes the asa of thtt 
quantity which It multiplies; if there are aeverizi iMfgatiif<e 
meters to be multiplied together, 
.< Tim two first will make the poroduct- pmliv^ 

The third will make it negative; 

The fifurth will make it jpos^t^e, &c* , 

Thus —a And — oJc 

Into — i Into — rf 

[factors. 



CSves +a&, tl^e prod, of two Gives i-alcdyfour facPs. 
This into -c This into -e 



Gives — a6c, ^Ar^e factors. Gives —«5crfe,j5re fact's. 

Thatia, 

The product of any evan number of nmitive factors ist. 
p^itive; but the product of any oifd mmm^r of negative 
factors is iz^^o^W; 

Thus —ax —a=?aa . And — aX — ax — «X -^a=^aaa 
—ax —ax — a=-aaa —ax— ax— ax -^ax-a^s^-aaaaa. 

,^ The product of several factors which are €M positive^ is 
invaHably po£titive. . 

110. Fositive and negative terms may frequently bcdcmce 



mjiamuiemioji. m 

star k sMMtn^d pttl> b &« 'plitte 4lf m idiftfisk^ 
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Prod, aa * —66 aoo * * —666 

■ I U ■■ ' ■ •■ I "ii r-ri " • : Mil ■ i»i llitt 

", UK For iiiftuj pufposm^'ittS'Siiifficient Hicrelr t^ ^ndtcctic 
^ ^tikipfidstiofi af compound qufijathiM, trithoul aetiialiy 
Hi ultiplyiHg the sereral tc r iua, --/«»» the product -rf- - 
a+6+cmto k+m+y,is (a+6+c)x(A+«i+y)- (Art 40.) 
The product of 

«+m into A+a? and rf-*|^y,-is{a+f»)x(A4'a?)x^(i+^* - . 
Bt this mediod' of vepresentng multipUcfttioa, m itopottant 
MisatatBge m o&en gained, in {Hreseinng the factors dtttitM|l 
from each other. 

When the several tehna are mnkiplied in fonn, die ex^ 
pression is said to be expanded. Thus [Aiti 100. 

(a+6) X (c+d) beco^ie^ when teKpaiid«d:iw+CMJ+6«4^6d. 

112. With a riven multiplicand, the less the multiplier, 
the less will be the product. If then the multiplier be redu- 
ced to nothing, xUxe product will be nothing. Thus a x 0=0. 
And if be one of any numler of fellow-lactors, the product 
of tile whole will be nothing. 

Thusa6xcx3dxO=3^cdxO=0. 

And (41+6) X (c+d) X (A-m) X 0==0» 

lis. Although, for the sake of illustrating the different 
points in multiplication, the subject has been drawn oat into 
tt OQDdiderable munher of piorticulars ; yet it will scarcely be 
necesswy: for the leamer, afiker.he: has become jbioiUar with 
the examples, to burden his memory with .any thing, mioftt 
than the following genersJ rule. 

Miiliiply the letters and cO'^Mdents of each' term in the miiU 
tiplicana, into the tetters ana co-efficients of each term in the 
multiplier; and prefis^ to each term 6f the p^odmet^ the sign 
reqtured by the principle^ that like signs pr0du^ ^\ and ij^ 
ferent stffns -*-. 

H 
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Mutt. a+3i-2int<y:4a-6fr-4. 
Mult. 4abxxx2mto 2my-^l+h. 
Mult. (7aA— y) x 4 into 4r x 3x5 x d. 
Mult. (6ai-Ad+l) x*2 into (8+4r-l) X rf. 
Mult Say +y-4+A into {d+x) x (&+y)- 



n 



• * 
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DIVISION. 



^n 114 T-N multiplication, we hare two factors gireii, 
^^*^* ' -■- and are required to find their product. By 
ifl^ditipliang the factors 4 and 6, we obtain the product 24^ 
But it is frequently necessary to rererse this {process. The 
number 24, and one of the factors, may he given, to enable 
us to find the other. The operation by which this is effect- 
ed is caJled Division. We obtain the number 4, by dividing 
'Sliby 6. The quantity to be divided is called the dividend; 
the £ftVen factor, the (Uvisor; ^d that which is regutredy the 
quotient. 

115. Dm^ioisf is finding a ^[uadenty which multiplied into 
the divifor unU produce the dividend,* 

In multiplication, the multiplier is always « number. (Art. 
dl.) And the product is a quantity of the same kind, as the 
Biultiplicand. (Art. 92.) ^e product of 3 rods into 4, is 
12 rods. When we come to division, the product and either 
of the factors may be given, to find #» other: that is. 

The divisor may be, a nuTnber, and then the quotient will 
be a quantity o{ tiie same kind as the dmdend; or 

The divisor may be, a quantity of the same kmd as the div^ 
idend; and then :die qua^ent wsll be a number. 

,_ 12 rods , , « 12 rods 

Thus —^-=3 ro&. But -37:^=4 

, 12 roii , ^ . , 12 rods 

And -24-^=^ ^^' * ^^ 247oA=* 

In the first case, the divisor, being a numher^ shows int# 
how many parts tlie dividend is to be separated j and the quo*- 
iicnt shows what these parts are. 

• ' 

^ The rematWer is here supposed to be includedln Ihe ^ofieti^^ 
as 19 commonly the case iu algebra. 



m AEOISKIL 

^ If 13k reds be divided mtowl ]^irt%eacliwSl b^ 3ro^loi^. -^ 
And if 12rods be divided into 24parts,each will be Ao/f a rod long^- 
In tbe cddoter qiuhb^ if the* dirisorvi less&Kn the dividend, 
the former shows into t^slo^ipeiets ifaft Utter is to bedivided^^ 
and the quotient shows how many of these parts are contain- 
ed indie dividend, in other words, cUvision In this cas^' 
,consists in finding ho^w often 4>ne quantity i$ contained m an^ 

oib$r, .... 

A iiae ef 3 rods, is conlmiaed In one of 12 rods, four iirm^ 

But if the dii^sor is greater than the dividend, and yet a 

quantity of the same kind, the quotie^it shows what part of 

Thu^ ^ne ka^ of St4 jrods h »^^<^ l^ ranis. 

1 1$^, A^ th^ pro4»6l pf Ihe divi30rBndqitotie»tiaiequil4» 
t^e divid^»d) iJoie quoti^t ipaay he ibstiid) by ^resolving lim> 
.4iTi4^^n^ P^o such £si<^lora, thai one of them j^all he thit^ 
^vi^oif,. The^tfif* will, of eours^lMS the qootiant ^ 

^jii»jp0fie gjbd IB ta be difiidiad by a. The fadomvcsaA 
6^ ^ p^do^e. the diyidenci fShe tot of dieae, being ^ 
divisi^r, may be set asid^. Th^ q1Ji6f is the quotient. Hweel 

When the dmiior U found m afofStar^ m Ae.dmd&^J^Aiidi^' 

mviie-ex dh drx hmy ihey tdfci . ^^^ 
T^f^ : c , ^ dr J^ . dy b a»*^« 



^■♦^» ^ MMM^ ..^B^iV*^^ ^^^^^^^^ ^^^^^^^^ ^^^^^^^^ ^^^^^^^^ 

* ' , »^^ ^^^^^^ ^^^^B5t T^^^^^F ^^^^^^" ».^^^^TP^ 

In ea^h of ih^m tnmples, the letters which are Gommm^ 

t&rs tovok the ..^HQtieat . It willbft..fi«ett at once, dUct, die 
pi?odact of the (|UQtioQtend divisor is equal to the dividends 
117« If a letter is repeated iathe dividend, caape m^lfjbe 
iaken that the factor rejected be only equal to the divisor. 

Div. jaab bbx ^qdddx aammyy aaaxxxh yyy 
^By 41 . b, ad amy ] aaxx yy 



" ■ . - ■ . ■ . J ' ". ■ LV 



fjjipt. cijt gdddQ cktA 
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,..^,^]fch 4nst|»pe»,,it..i^ 'phv^pus that we are no| to reject 



irery kfttetia.tlie dintkad vbich h^Ait tame viA' om in U10 
divisor. ...■». 

118« If the dmdend eomists of any fadors upkatenHrj ^^ 
ptm^jogiiCtf^ of them IS #laiihig faf 

By a 6+d b+x d-^^^h • ^ 

Qiftot.&+({{ a c+d (6+y)x« 

♦ . m i w t n II I I ii MM n i im ii i .jijj i j i i ,w ui h i . ■ > ' . ii ' ii ' ii 

In all these instances the prndnct of the quotient zAd diti* 
«pr is ^4]mal to the <^iiidend of Ajf. 111. 

. 119. in performing multi{nication, if the factors oontain 
mmterml ^figttiBesyihwm ai« nndtiplied jnto eMh e^er. (Art; 
^ Thus 3a into 76.18 2Ub. Now if thisproeess te lob^ 
fxversed, ilu- evidaiat Ibat dmdiMlhe-namDepiii the pro^ 
4ueif by: the number in one 4^ the meters, will give the ntun-: 
h«f m Al? otbieriBMator. The ^otient et^abyr-S^ is 7^. 
Httiee^ 

-.In di?idifN»i if there we numeral cd-^tffitimf9 i^fcred te 
the letters, the cth^pjcieni qf ^diniimimu^ ht. iS^ded^ ffff 
the co-^ffiaeni of the divUor* 



<j)aflt. 3a • V. .1^ 9l6r dm 



Tm 



.» il90. When % diaiple &etor is mnklplied into a c<Nnp(mnil 
one, the f(Winer enters iiito every terra of the latter. (Art. 98*) 
Thns m into b+d^vs/A^ ad. Such a produet is ea^Iy tesoW 
ycfd' again kito its .original factors. ' 

Thus a6-|-«<^=«X (&+<^ 

a6+ac+aA=aX (A+c+A) 
aw A + ami? + owy = «nt X ( A + 0? + y) 
; ; 4^cf+8aA+l2aw+4«y=4aX (/+2i+.3|»+y) 

Now if the whole quantity be divided by one of these fifce* 

;|oi^ lipcofdii^ 4o Aftv IIB, the quotient wHl be the other 

factor. 

' Tbui (ai^r«i)»Tra«a+ij And («6+o<?)-T-(a+Y?)«a. 

HeAce, 



a JdJWNUL 

If the diTisov iftconla&ied in every^tettDof « cMfMiAirdBT- 
idend, t^ miM^ &e caneeUed in each. 
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And if dMPe U9e tQ iffiHrnUj thMe^ rnm^ he ^divided, in 
each term also. 

Dk. Qab+12«e tQdry+l6d li2kc4-8 3Sim-fl44r 
By 3a W 4 W • 

■^^WM>i«BaMaMMa ^i^BiMMMMMMaaaMB aaMHaiaaa^iaaMMa. artMkMWBMtfMOHBaMaBM 

121. On the otber hhnd, if a emnpound expression e9ntain^~ 
%ng any factor in every term^ he divided by the other qtuiniSXi^ 
connected by their signs^ the quotient wiU be that factor. See 
the#stpartof.tbep«cedas«ticl^ . 

Diy« ai+ac+ah imh+am4:-^amjf . Aai+8ay ahm+^thif. 
By 6+C4-A A+»+y *+% i»+3r' ' 



■•— w^"..* «>—*—* " I 'III mmmmmmmmm mmm^l 
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» 

122. In diyidon, as weU as in multiplication, the caution. 

must be observed, not io confound termsynth factors. Seei 
jj^s. 99 and W2L 

Thusfa6+acJ-T-a=4+c. (Art. 120.) 
But ((xbxac)'^a=^aabc'7'a=^abc. 
And {ab+at\-^(b+c)=a. (Art. 121.) 
But [ah X ac)-^ [b x c) =:aab€^ b€:=£UL 

123. In division the same rule is to be observed respecting 
the signs J as in multiplication ; that is, if the divisor md div" 
Uefid are both positive^ or both negative, the quotient must be 
jsasi^e^: if one is positive and the other TtegaHve^ the. quoti&U 
must be negative. (Art. 10£r.) 

S^t» fe manif^ ffOiQ the oonsideration th«t die prodnot of 
die divisor and quotient must be the same as the '" * 
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tt¥y -"tAm ^— iOwy- Sao?— 6flJr-^6lmxd^• 
By — o —2a ». 3a — 2la 
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Qfiot — &r — 4-}.5y — 3mxelA=-3£fll3» 
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124. J^ iJie letters o^the dim&r are not to be found in Ae 
iMdei^dj iki dimion *i eapresiediy wrtdng ih^ uimor undeit 
the divideftd, in the forvk of a vulgar fraction* 

Div. wy 6hr d^^ 2d-^r d— A+3y * r^X'^%> 
By- a My —A- — 8» in — x rf+2A--y 

...... \ . . . . 

I 

This is a method of denotif^' Ainiioh, rather than an acta* 
al performing of the operation. But the purposes of divisioj^ 
m9,y frequently be acBSweired, by these fractional expressicms. 
As they are of the same nature ViA other vulgar fractions; 
they may' be added, subtracted, multiplied^ fi^e; See die nexit 
section. - ' 

*^' tSS^' Whcftitbc" dtviijcndis a' compound qtxanfity^' thfe divi- 

formay^ either be placed under ^e t^^AoJe dividend, ^ in the 
ptecbAiog instfttices, or it mtif be repeated under edch term^ 
ttkfen separatdy. Ther^ arfe occasions trheii it will be' con- 
venient to exchange one of these forms of exj^ression' for 

the other. ... •. 

i+c be 
Thus b+c divided, by a?, is either , or ■^+"r' 

/ a+5 

Anda+i divided by 2, is either-^ Aat is, half th^. 

suni of a and l; qv -^^--^'th^ is, the sum of half 0' snd 

hal£'6. For it k evident that he^ th^ Mm of two or vtkwm 
quantities, is equal to the sum of their hidires. And the same 
pridoijfle i|s lij^DKeable, to 6i third, fourth^^ fifth; or aiiy other 
fert&m cf tbr^vidtoii 
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• 9o i4so «— ft divided 1^ 2, is eilbwr-g^, or 2"'-"2* 

For Aa(^ rAe diffefenci o( two ^iZkBiRifie^ is etfiH U 

difference of tkeiriitihBs. ' 

^ a— 26+A a 2b h , 3a— c 3a c 

- S^ — *~: it — •* — 4-—. And 



^<h _ 



126. If f09)te of the letters in the divisor axe in each tetni 
•5f the dividend, (he fractional expression may be rendered 
Inote simple, by rejecting equal factors from tbe numerator 
and denominator. 

Div. tA ihot ahmSay al+Sx 2am 

Bj ae t/y iti hy 2a]f. 

a& 6 ^ hrn'^Sy am 

^ ao c o OJjf 



■^W*" 



These reductions are made upon the principki^ that.lt 
given divisor is eoAtained in a ^ven dividend, just ^ many 
times,, as double tbt diyisor in aouble the dividend ; triple 
the divisor in triple the dividend, S£C. See the reduction of 
fttkCtions« 

129. If th^ divisor is fai isoih^ of fh^ term^ of the dfvid6hd, 
but not in all; those which contain the divisor may bt^ divi- 
ded as in Art. il6, and the others scft dowtiin the tettii &f si 
.faction. 

S+d a5 "^rf . d 
' Thus {qb+d)^a k eitheit , of — -p— dr 4+— - 

Div. is^-^rx^^hd 2ii6+ad4'aJ 6m4-3y ^^ih 
By X a —6 2wi 



•*^ 



. hd &y . 
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In the four last articles, more than «sual caution will be 
to^Mt^V ifi i^l^ytng the signs. On tiiis mibj^ct, see the 
nextseetioa. 

128. The quotient of atny quaatity divided by :u$\f or Us 
tjfiM^ ^ obviou^y a "mk. 



^ . tt 3ax 6 «+^-SA 

By a? 9i 4kf. . $. 
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* Coi^. If t!ie dividetid^s gredfer than the divisor, the quo« 
tient inu6t be greater than a utiii: But if die di^^deHiif is Ua 
than the diTisor, the quotient qpost be lestjhan a u^iU .. , i 






^ftOMlSClTOirs ^eXAJfPLElS. 

" 1. Diyide 12<i&y+6a&9^16&(M+24&, by ^h 
^ CL Divide 16a— 12+8y+4-2aa<£i7+iii) bj 4/ ^ 

- A Divide («— 2A)xf3»r+j^xap, by (a^2A)x(An+y). 
4. Divide oAd—AoJ+Sfly.— fly by &?-*4J+3y—l. 

^ 5, Divideaa?--?74Taflf--4iay---6+a,hy —a- . ^ 

€• Diyide «»iy4'3'ny*infl^rir4ffii'^^ kry ^drnj^ - . ^ 

129. From the nature of division it isr evident^ tbait ^^ 
vahie of tbue quotient ,4e^i)dfl bcrfh oo the divisor and the 
dividi^nd^ . With a ^ven disviaor^ tke g^reater the difideni^ 
the gceater the quptient. And with a givien dividend^ Am 
greater the divisor, the less the quotient. In sevend of ifie 
succeeding jMirts et a^ebta, particulai^ the subject9 of 
fractions^ ratios, and proportion, it wiB be important to be 
able to determine what change will be produced in the quo- 
iient, by increasing or dimitiisbh^eithet the divisoip or lUe 
divideiid. 

If the given dividend be 21^ a»d the diviBor #; the qno^ 
tient will be. 4. But this same dividend may be supposed to 
be multiplied or divided by some other number, before it k 
divided by 6. Or the divisor may be multmlied or. divided 
by some other number, before it is used in cuviding 24« In 
each of these ct^es,^ the quotient wiD be altered.. > 

130. In the first jplaco, if the ^ven divii^ is contained in 
the giveh dividend a certain number of times, ix ^obvioMH 
Jhat the same divisor is contained. 

In Sottble that dividend, iivice as mai^ timefi f . / 

In triple the dividend, thrice as many times> &c» 

I 



IQ ALGEBRA. 

That is, if the divisor remains the same, multiplying the 

^vide^ffl^y ^ny qix^tky, i^ in effect, nkvitiflyi^Ae^^i^itiem 

by that quantity. 

,. . 24 ■ . 

Thusi if tb^ constant divisor is 6, theii ■jr=4 the quotient- 

,v' i^- ; * • • • V' ' 3x24 

Multiply ing the d^vid^od hy^^ — g — s!s2x 4 . 

Multiplying the dividend by 3, "'r^ =3x4 

^, , ' '» nx24 

Multiplying' by^ toy number «, — g — ^n x 4. , ; 

131. Secondly, if the given divisor is contained in the giir* 
en dividend a certain number of times^ the same divifo^, js 
aontained, 

In half that dividend, half as many times ; % 

In one third, of the dividend, one third as many times, ^|cc.. 

r That ifl^ if the divisor remains the same^ dividtfi^ the mji- 

dend'hy any other quastity, is, in, effect, dividing the q^otieni 

by that quantity, " ; '•^' ^• 

24 
Thus y=:4. 

424 
Dividii^ the dividend by 2; -g- s= |4. 

^ |24 

Dividing by 3, ——=^4, &c. 

132. Thirdly, if the given divisor is contained in the giv-- 
.en dividend a certain number of times,^ then,, in the same 

dividend, 

Tvnce that 4ivisor is coiitain'ed only half as many times; 

Three times the divisor is contained, one third as many times. 

That is, if the dividend remains the same, mtdtiplying the 
divisor by any quantity, is^ in effect, dividing the quotient by 
that quantity* 

^ 24 

Thus -|-s=4 

/ 24 

Multiplying the divisor by 2^ 



2x6""^ 
24 
Multiplying by 3, 3x6 ~» ^^' 

133. Lastly^ if the given divisor is contained in the give* 
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JiTideod ft certain number of times, lli^n, in the e&mt divi*. 
tdend, 

Hidf that divisor is contained,, turipfi as manj timfs;. 

One third of the divisor is contained thrice as many times. 

That b, if the dividend remains the same, dividing the di- 
visor by any ether. quantity, is, in effect, mtitiplying tkt quty- 
4ient by that quaQtit|r^ 

™ . 24 ^ 

Thus *^ "fi"^^' 

Dividing the divisor by 1^ -jj ==2 X 4 

"wy > ' ' 
24 
Dividlng1)y 3, T«=3>c4 



For the method o( performing diviaon, when the dii iscor 
and dividend wii^, both compound. qutmtiHeSy 4Nse one of th^ 
following sections. 
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Aat 134 EXPRESSIONS in the fona of fractions ec^ 
' -"^ cur more fre<jueixtly in algebra than in ?Lntti-- 
metic. Most iiistance^ in division belong to this dasa. In^ 
ileed the nnmenitpr of every .fraction maj be considered ziA 
a imdendij of which the denominator is a dm$or^ 

Aceording to the coiQmon definition in arithipetic, the 
4enominator shows into what parts an integral uiiit is sup- 
posed to be divided ; and the numerator shows how maiir of 
Ihese parts belong to the fraction. But it makes no diSbtv 
cjice, wbetheyr the whole of the numei^tor is divided by the 
denominator; or only one of the integral units is ditiefed^ 
and then the quotient tpjken as many times, as the number of 
units in the ninneratpr. Thus ^ is the same as ^+7+7* A 
fourth part of three dollars^ is equal to three fourths of otie 
dollar, 

135. The valiie of a fraction, is the quotient of tji^ numcV 
rator divided by the denominator. 

Thus the value of -^ is 3. The valuaof -v- is a. 

From this it is evident, that whatever changes are mdde ia 

the terms of a fraction; if the qtwtieht is iiQt alt^tiedrtha 

yalue remains the same. For apy fraction therefore, we may 

j^ub^titute any o/Aer fraction which wiH give the same qnotient* 

i id 4Aa Birx 6+2 

T»^' 2^T==26^=^4S3="3+T*^^ ForAe^otieM 

• fa each of these instances is 2. 

156. As the value of a fraction is tlie quotient of the nu- 

. inerator divided by the denominator, it is evident, from Ajft. 

r 128, that when the numerator is equal to the denominator, 

ihe value of the fraction is a unit; when the numerator u 

• 

*Hor8ley'B Mattiematics, Camus* Arithmetic, Emersotn £ider« 
li^Q46rsooj ancl Ludlan^ - 
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|c#t IkvBk ibft denominalor, ihe value is lu$ then a unit ; and 
when the numerator b greater than the denominator, the vslt 
ue lAgreater than a tun?. ^ 

Hie oalenlations in filielions -d^end on a few general 
principles, which will here be stated p connection with each 
qtben 

137. ^ l&^ denominator of afractwn remains the Bom^ 
9inltiplytng the KUME&ior^ii ivraoy mantity^ ii multiplying the 
VALUE 6y that quantity ; and diviaing the numerator j i$ dim^ 
4m^ the value. For the numerator and denominator are a 
4iin^nd and diinsoiv of wbieh the vahie of the fraction is 
the quptienL And by Art.'l30 and 131, mUltip|ring 4be ^i^ 
idehd is in eJKbct multiplying the quotient, and^dividing the 
jdiv^end is dividing iSie quotient. 

.^ . , . , fli 3a6 labd 4«6 \abd 

Thus, m the uwtioxis -^^ -;-— j — -, — r, — — , ba 
. aaaa^a 

TPtcquot'sorYjJuesare 6, 36^ 7W, j6, ; ^irf, &c. 
'. ' Ilere it wjU be seen that, x^mle the denominator is not al- 
lered, .the value of the fraction is multiplied or divided bv 
th^ w»e auaBtit;|r as the numerator. 

\ Cdir. mth a given denominator, the greater the numera- 
<tor, the greater will be the valm ot the miction j and, on the 
other . hand, the greater the value, the greater the nume- 
rator. 

138. j^ the numerator remmns the same^ multiplying the de- 
t^nmator hy any qaantityj is dividing the value ^y mat quan- 
tity; and dividing the denominator^ is multiplying the value. 
For multijplTing the divisor is dividing the quotient ; and 
dividing; tae divisor is multiplyiiig the quotient (Art. 132, 
J33.) 

•' ■ ^ 24ai 24«6 24<rA 24^S ' 

• Iri the fractions-^, -j^j-, -^, -^,&c. 

^ The values are 4a, 2a, 8a;, 24a, kc. 

Cor. With a given numerator, the greater the denomina- 

/.ior, ^ ksM will be the value of the fraction ; and the less 
the value, the greater the denominator 

139^ From the two last articles it foHo^vs, that dividing the 
jnumercUor by any quantity, will hsve the sam^ effect on the 
Value of $be (taction, fts multiplying the denominator by that 
.quantity; Kad multmlying the numerator vfUlhtfXe the same 

'effect, $s dividing the denominator. 
.\ 140, It is also evident, from the preceding articles, that 
if the numerator and denominator he both multiplied^ ^ both 
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JtW^ed^ 'iy the same 'quantity y t%e value of Ae fnution mlk 
not be altfr$c(. \^. . 

\Z, i^ ohx ' 2hx ihx iabx * . 

tbese instances the (]^iotient is x. v • - . ^ •' * - 

141. Aay integral quanitily may, vithout alterip^ ijs j^^e^ 
he tiirowri into ftie forin of a iri^Qn, by xnv^tiply^ng the^ 

Suantity ioto the proposed df>nowbator,jBmd taiS« ibe pro*:, 
act for a nuraerator. 

a <w ad'\'ah Qadh , • « • . » 

Those =Ys=y== ^ ■ , ="ft;^i ^- Fo'^ t**^ quotient 

^f e^Lcb of these is a, 

. So d+h^—^ Aii4r+1=— 2^— . 

142« There is nothing perhaps, in the ealculatioh of dlge- 

braic fractions, which occasions more perplexity to a leanv- 

«r, than the positive and negative signs. The changes in 

these are so irequent, that it as necessary 4:0 heeome familiar 

with the principles on which they are made. The use of 

the sign which is prefixed to the dividing line, is to show 

whether the value of the whole, fraction is to he add^d .tOj pr 

subtracted from, the other quantities with wjiich it is con- ^ 

nected. (Art. 43.) This sign, therefore, has ao influence on 

the several terms taken collectively. But in the numerator 

^d denominator^ each sign affects only the single term to 

which it is applied. . . . .; ^ 

ah 
The v?lue of y is a. (Art. 135,) But this, will biecowie- 

negative, if the sign — be prefixed to the fraction. 

___ ab ah * . 

• Tnas y+"r^y+«« But y— -r=»y— <«. 

So that changing the sign which is -before the whole frac- ^ 
tiott, has the enect of chan^ng the value fcom positive to 
negative, or from negative to positive* 

Next, suppose the isign or signs of the numerator to be 
^ai^d. 

okb — ab 

By.Art. 123, y=:+a. But-g-s^-ria. 

al-rhc — flJ+Jc 
And — T — =+a— c. But T =— fl-fc. 

That iS) by changing all the signs of the ]iiimeFa^o|>Mt^ 




Talue of the fraction is changed from jiositire to iiegativey Of 
the cdntrarj*. ^ ' '" ; 

Again^ suppose the sign of the denominator to be chan- 

"'^ ' 'ah tt& 

As before -7-2= +«. - - Btil' "I^TX"***^^ '' ' ' ' 

I49f. We bave,flien, this 'general proposition} l^'tJie${ 
p^^ejpatd io a Jhiction^ &r dll'tke signs ojthe numerator^ ^^ < ^ 
the Agns'ofmt dendminator ie changed; the value of thejrdc* 
thn wiU bechanged/froM.po^twe to negative^ or from nega^ 
t^ve to ]f09itiv^. , r \ , - . ■ ' 

/ From this is derived another important principle. As 
each of the cnanges mentioned here is from po^tiie lo neg^ 
atire, or the-^cimtiraiir; if any tvop of them b^ mad« at the 
fame time, l&ey.tMU Wanc^ eocAo^/ler. 

/I9zu9^l)^ cl^gli]^ tihe f^'ffi of the nrnnerator, < 

06 . -r*ab . 

y=+a becomes ^"^7-?=— a. . . ■ ^ 

i Buty/bj cbaagbig both the nmnerfttdr and daiomi!ttltor,1f 

becomc^s ""[ill"^ +«> where the positiiv'e value ie lestored. ♦ ' - 

By chan^g the sign before the fraction, ' 
it& ab 

' Butj by changing th^ sign of the nui^erator also, it bar:; 

eomes y — - i — where the quotient — a is i^yi^svbtr acted from 

y, er wUcb is Jdie sfeune thing! (Aft, 81,) -Ka id to be odUtld', 
making y+a sts at first Henee, . , ' v 

144. If ail the sign» both of the numerator and iienominar 
#9r, or the signs of one of thes» toiAjhe sign fr^&d ta lAe 
ioAo2e fraction^ be changed at the same time^ the vglye 4jf He 
fracHon tcSl not be altered/ 

Thus 2-=3:^=-^==.-^^=-+3. ; ;-;: 

Hence tiie quotient in division may be set ddwn in d^eiv 

a — c a c 
ent ways. Thus (<»-*c)-7-i, is either X+"7r'/^i*"^Tv 

The latter methodls the most common* See the etna- 
lA»i in Art 127. ' ' 






145. TVom the principles which have heen stated, are de- 
rMb^tliBttiileiffdr Ae jRaidttatwn ef .fi^timB^ .whiob «i# fiub*- 
s^tisjlj ti^ saipe in algebra, as in ari&metic^ \ 

A Jrcittm ^j be nducei to lower ternii, hy dihjiSng hoik 
ike numerBtor una d^nxmintaw^ hv any qudnxity vihtck u^'iif- 
vide tht/A withoia a tMaSmder. According to Art. 140| thil 
iW?i*t»>A4fthl^i>8itjf]t>ftfofito^^ \'_; '^' 

v^.ffbte.^*tr:^. And-g^^^. Andy^^/i jO 

In the last elcample, both parts of the fmctidn jaie dividra 
by the numerator*- The rechiced numetator must therefore 
be a milt. (Art J28.) \ . ^ r' \ 

.A8^ (^ft)^^-« (^ »«^) ^ ?SH=1S?-n' ;<^ 

If a letter is in 'et?ery temi both of the nXimeratQt^iirid dtf- 
iWmi^or^ it;^Biinr 1^^ i;99«47e^..A^:thi«i»,i8^;4t^ 
letter. (Art. 120.) ~ ! 

]^^. jPrac<io9». o/* d^erent dencminatars vfifty tt reAfced i0 
A common denomintxiory by mvltiplytng each numer^dr ia(o,uil 
the denominatOTM excq^t its ot&n, Jbr a new numtratof f ^ndjvfl 
^Aeden9mina^ant»g^het/fi>ta4€mm&ndeiv^^ 

IBk. 1. Rednce -r-, and *j, and tf to a common de- 
nominator. . ' "' .! .. T 
axdxy^ady ^ 

tyb ^y^dby > the lti«e« deHomii^ators. 
mxixd^md) ., ■ ^ '♦ 

bxdx y^bdy the common denominator. 

The fractions j^uced are -rr-V and* t^, \ aitd -rr^. 

. ; ^ete it will be setn, 1|iat the re4uGtioR oonsists m multi- 
plying the numerator and denommator of c^ach fraction, into 
iU^e4>dnei? 4B>^<»3<>iMitor». »< This ^<ms hot alter Uie value. 
<Art. 140.) 

^ *^ 1 * s 2A 6c 

2. Reduce -^, and — ^ and ■*".' - 



f 

Hcmnaicr, hy cancelling the denominator* 

Tim jWb^i^^ Pot-^yih^-j^ B«t tibe kUtef &^ l»#f 

lo^in l^oth t^^ Quip^fatot dxA deiakmimafpt, mar te set 
Me. (Ajft. 145.) 

Od the same priodple, a fraetipn k MiviApMi iold 'any 
^Si0or in its denoBMnalor) by cancelli]^ ttidrt faclpn . 

'16a From tbe deiiii(IJ^ti;Qf Aildtii^catioR by a fitustkk^ 
ii follows itrat wHt is eomioofily called a comjpotfnef^ac^cm,^ 



« *- . ^ a ... a 



I X -J- For 4 of jr IS I of y talcen lliree times, 4^at is^ 

\ a a a ' 

M'^^^jH' ^"^ ^^* is tie same as -r- multiplied by^ |* 

Hence^ r$Sism^ a MttfOimdJmetumie u dmph one, it Ife 
jome, €» mukiph/ing fractions into each oAer. 



^ 2 fl ■ '2a 

Ex. 1. Reduce vofn-s* Ans« 



• .J 



1 Reduce 3 of^of^;;::;:;;^ ^- 30a--15«^ 

^. Reduce Yof-^ofaZrf' -^"^-im-m/ ' ; 

i6L The exfniesnoiis |a, |$, fy, fee, are e^qtHvalent fc^ 

Sa J % ' 

-|- (Art. 1«8.) «o|8=*xia=j^ 

*Py a compoond fitic^Q is met^i afrac^ori^a fitffcfion, apd ool 
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DlVISICm OF FnACflONS. 

• * • • ' 

162. To divide one fraction by another, invert the divi»$r, 
and then procked^as in mtdtiplication. (Art 155,) 

' , fl • . c ad ad 

jEx. 1. Divide J by -^- Ans. jX-=^- 

To understand the reason of the rule, let it be premised^ 
thst &e product of any fraction into the same fraction ii)' 
rerted is always a unit 

a b ab d A+y dh+dy (Art, 

^^ 6"^7=^=^- ^^A+^^"^=5H^^^- 128.) 

But a quantity is not altered by multiplying it by a unit. 
Therefore if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself, the last product 
will be ^qual to the .dividend. ..Now, by the definition, ait. 
115, *' division is finding a quotient, which multiplied into 
the divisor will produce the dividend." And as the dividend 
multiplied into the divisor inverted iar such a quantfty, the 
quotient is truly found by the rule. 

This explanation will probably be best understood, by a#- 

tendins to the examples. In several which follow, ik^procf 

jo( the division will be given, by multiplying the quotient into 

the div]«;or. This -mn present, at one view, the dividend 

multipKed into the inverted divisor, and into the dhrisor 

itself. , • , 

m 3ft m y my 

2. Divide 3^ by— Ans. 25X3^=^ 

my 3A SAwy m , . * , • 

T» P ^y+rfy &d Sdxy+5ddy r+rf 

Proof. — r-j — X — s=s' — ' g - j : = ' 

oar y ^Bdry r 

^. . , 4d* ^ 4Ar . 4dh a ad 

4. Dmde -^ by — • Ans. -^ X 4a;:^^ CArt.l5f7.> 

_ ^ ad 4hr 4fadhr Adh 

ProoL —x-—==^— —==:—- the divukiMJ. . 
Tx u aroQ X 



c rk M 36<; X.' ISA • 36«l lOjf 4<iy ^ 

5. Divide -J- by j^^- Ans. -j- X j^^ =-^- 

' Ady ISA 36<; 
X Proof -T—X|Q—=~c-, the dmdencl. 

6. Divide —57— by 1, Divide — ;; — by — rr' 

163. When a fraettpn is divided by an integer j the de* 
nominator of the £raction is multiplied into the integer^ 

Thus the quotient of y divided by m, is 7— 

^ .«*.,_, flfwal fl 

For m =» Y ; ^'^^ "^7 ^^ "^ article, y-i* T ^y X ~ = r^* 

^1,11 1 .3 3 1 

In fractions, multiplication is made to perform the office 
of division j bec;ause division in the usual form often leaf es 
^troublesome remainder. But there is no remainder m 
multipHeation. In many cases, there are methods of shorts 
ening the operation. But these will be suggested by prac- 
tice, without the aid of particular rules, 

'164. By the definition, art. 49, "the reciprocal of a quaji-» 
tity, is the' quotient msing from dividing a unit by that 
quantity;** 

a a ^ ^ n, 

"Therefore, the lecipsocal/of y^ is 1 -t-*r=l X^^sc-'Tbatis, 

The reciprocal of a fraction is the fraction inverted. 

b m+y . 1 

Thus the reciporocal ^i ZTjOn '^ ~h^ > ^® reciprocal of ^r 

3y . . 

as I or 3y; the reciprocal of ^ is 4. *Henoe the recipro- 

<>2l of a fraction whose numerator is 1, is the denominator 
of the fraction. 

1 . ' I . 
Thus the reciprocal of -r- is aj of rjTIj is a+6, &c. 



IBS. A fraction sometimes occurs in the numerator orde- 
nommitar of another fraction, as -r~* It is ofteo convenient 



in the eoilrlw of a -calclilatioi^ to trafisfer 'imeh a fractioiY 
firom the numeratpr ti^ th^ denominator of the prineipfel 
fraction, or the contrary. TUat this majr be done, without 
^ idtering th^ ^fl^e? if the fraction traasfj^C bje ifft^eTi^e^i i$ 
evident, from the foHoi^iKig principle's; 

First, Dividing by a fraction, is the siame as multiplying by 
the fr^tion tnrerteo. ,(Art.^l6%) . . . . ' 

Secondly, JDividing the iuwrnerator of a fraction has the 
isaine affect on the value, as mvkixi^i^ At defmmin0or;md 
multipl^g ^ikern^imerator has the s,anie e&ct^ 9s ifividing 
|he dehoinihatQr^ (Art. 139.) 

Thus in the expression — , the numerator of — is nuilti* 

plie^ into |. But the value will be the sa^se, if, instead 
of multiplying the numerator, we divide the denomi- 
nator by j9 that is, mnltiply the denominator by |. 

Thewfore ^^77 So i" =^- 

166. MnlUplying the numerator is in effect multiplying 
^he value of the fraction. (Art. 13*7.^ On this principle, % 
Iraction may be deared of a frtK^Uonal co-efficjent whic^ 
pccnrs in its mnnerator. 

^^jT-T^T-jr And— =5-FX~=K- 
b ^ 5b y 5 y 5y 



•r 



Oft tfcc other hand, ;=--=-;irX— = — • 

Wty But multiplying the i^eaomtno^or/by another fractioi^ 
is in effect dividiw the value ; (Art. 138.) that is, it is mu/^ 
plyi^ the value by the fraction inverted. The principal 
JractioQ may dierefore be cleared of 91 fiMtipnal co-effieien^ 
frJIncpbi occurs^ jts denojninator. 
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On the other hand, 5- =5:1— 
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SECTION VIC. 



SIMPLE EqUATIONS. 



Art 168 T^H^ subjects of the preceding sectiaas are 
■*• introductory to what may be considered the 
peeuliar province of algebra, the investigation of the vahies 
of unknown quantities^ by means of equations. 

An equation is a proposition^ expressing in algebraic charac-- 
ters^ the equality between one quantity or set of quantities and 
another. Thus x+a^b+c^ is an equation, m which th« , 
sum of X and a, is equal to the sum of b and c. The quan- , 
tities on the two sides of the sign of equality, are sometimes 
called the members of the equation ; the several terms on 
the left constituting the first member, and those on the rights 
the second member. Ih the equation fl+y=(i— a?, the first 
member is a+y, and the second d^x. 

169. The object aimed at, in whs.t is called the resolution 
or reduction of an equation is to find the v&lue cfihe unknown , 

Santity. In the first statement of the conditions of a prob- 
n, tne known and unknown Quantities are frequently 
thrown promiscuously together. To find the value of that 
which is required, it is necessary to bring it to stand by it- 
self, while all the others aare on the opposite side of the 
equation. But, in doing this, care must be taken not to , 
destroy the equation, by rendering the two members une- 
qual. Many changes may be made in the arrangement of . 
the terms, li^tfaout Meeting the equality of the sides. 

170. The reduction of an equation consists^ then^ in bring* 
ing the unknown quantity by itsdf on one side^ and alt me 
knovm quandties on the other side^ without destroying the equa- 
tion. 

To effect this, it is evident that one of the members must 
be as much increased or diminished as the other. If a quan- 
tity be added to one, and not to the other, the equality will 
foe destroyed^ But the members will remain equal ; 
If the same or equal quantities be added to each. Ax. 1. 
If the same or equal quantities be subtracted bom each. Ax. Z 
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If 6aeh b6 mtUtmlied by the same or equal quantities. Ax. 3. 
tf each be diviMi by the same or equal quantities. Ax. 4. 

171. It may be farther observed that, in^ general, if the 
unknown quantity is connected with others by addition, mul- 
tiplication, division, &;c. the reduction is made by a cetUraty 
process. If a known quantity is added to the unknown, the 
equation is reduced by subtraction. If one is multiplied by 
the other, the reduction is effected by division^ &c. The rea- 
son of this will be seen, by attending to the several cases in 
the following articles. The knovm miantities 'may be ex- 
pressed either by letters or figures. The unknovm quantity 
IS represented by one of the last letters of the alphabet, gen- 
erally a?, y, or zi (Art. 27.) . The principal reductions to 
be considered . in tliis section, are tnose which, are effected 
by transposition, mvltipliccUion, atid division. These ought 
to be made perfectly familiar, as one or more of them 
will be necessary, in tlie resolution of almost every equa- 
fibn. * 



Tbanspositiov* 
172L In the equation 

X-7==:9, 

the number 7 being connected with the unknown quantity « 
by the sign — , the one is svitracted from the otnen To 
reduce the equation by a contrary process, let 7 be added to 
both sides. It then becomes 

a?-7+7=9+7. 
The equality of the members is preserved, because one is as 
much increased as the other. (Axiom 1.) But on one side, 
we have —7 and +7. As these are equal, and have contra- 
ry signs, they balance each other, and may be cancelled. (Art* 
77.) The equation will then be 

ir=9+7. 
Here the value of x is found. It is shown to be equal to 
9+7, that is to 16. The equation is therefore reducedl The 
unknown quantity is on oile side by itself, and all the knowa 
quantities on the other side. 

In the same manner if «— J=ct 

Adding ft to both sides <r— 5+&=a+& 

And canceDing (—6+4) ar=a-i-i. 

Here it will be seen that the last equation is the same as 







80 ALGEBRA. 

tbe first, except t^Lat 6 is on the opposite sid«y with i Wtt^ 
traiy sign. 
Next suppose 

Here e is added to the unknomi quaittity y. To- reduce the 
equation by a contrary process, let c be subtracted from both 
•ides, that is, let — c be applied to both sides. We then hart ^ 

The equality of the members is not aflfected, because one is^ 
as mudi diminished as the other. (Ax. 2. J When (+c— c) 
is cancelled, the equation is reduced, and is 

yssd^c. 

This is the same as y+c^d^ except that e has heeb 
transposed, and has received a contrary sign. We hence 
obtain the following general rule : 

173. When Jcnavm quantities are connected mth the unknown 
quantity by the sign + or — , the equation is reduced by 
TRANSPOSING the Tcttown qvnntitics to me other side^ and pre^ 
fixing the contrary sign. 

This is called reducing an equation by addition or «*J<rflc-' 
n*on, because it is, in enect, adding or subtraclmg certain 
quantities, to or from, each of the members. 

Ex. 1. Reduce the equation a?+36— «s=&--d 

Transposing +3i, we £avc a?— »^;=;^— d— 36 

And transposing — »», x^h-^d-r-^i^m 

174. When several terms on the same side of an equation are 
dUke^ they may be united in one, by the rules ipr redu^stion ;» 
addition. (Art. 72 and 74.) 

Ex. 2. Reduce the' equation a; +55— 44=^75^ 

Transposing 64 —44- x^=slb — S4 + 4A 

Uniting 7ft— 56 in one term af=;26+4i 

175. The unkn&icn quantity must also be lannsposedt^ 
whenever it is on both sides of the equation. It i^ not 
material on which side it is finally placed. Forii a?ss=3; 
it is evident that 3=j?. It may be weU however^ to 
brmg it on that side, where it will have the ihe^ affirma-' 
tive sign, when the equation is reduced^ . 
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Ex. 9. i|€du4;ethc[. equation 2x+3h9h+d+3a^ 

By transpositioEt ' 2A— A— d=s3a?— 2i 

Uniting teFms A— ({s=,r. 

» 

176. When the same term is on- oppotite sides of the eqtta* 
timi^iiKlead of tramp^sing, we may expunge k from ^adif 
For^sisis' only subUractii^ the S9m» qupotity from eq^ui 
fimtities. (Ax,s3.c) - 

£x. 4. Reduce the equation ^-^Sh+d^h^Sh+ld 

^ Transp. and unithig tenns^ 9s6«f-6<^^ 

177. As (dl the terms of an .equation may be transposed, 
^'4LinppsQd;ta b^ transposed; and it \s immaterial which 
l)ak^«[|ber. IS written firsts it is evident ttiat the signs of all th0 
terms may be changed, without affectii^ the equality. 

Thui^ if we have a?— J=sil— tf 

,Tl^n by transposition ^d+a^—x+t 

Or, inverting tne members *-a)+6= — d-f «* 

. 178. If all the teixns an. one side of m equation be trans^ 
posed, each memlter will be equal to p< 

Thus if x+bszdj then o^+ii— c?stO. 

It is frequently convenient to reduce an equation to this 
form, k> which the positive imd negative terms balance each 
other. In the example just given, x+b is bahneed by — ^ 
For in the first of the two equations, ^+i is equal to a« 

Ex. 5. Reduce a+2a?— 8=6— '4+a?+«. 

6. Reduce y+a6— Am=a+2y— -oft+Am^ 
- 7. Reduce A+30+7ap=8— 6A+6a:— d+6^ 
8. Reduce bh-21-Ax+d^l2Sx^d+'7bh. 

t 

RcDtTcrroif ok" E^vatio]sf» bt MiAn^iPiscATim. 

179. The unknown quantity, instead of being connected 
' wfth a known quantity by the sign + or — , may be dmded 
^ by it, as in the (Dquation 
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H^re the jneJuctfon can not be made, as in the preeeding 
instances, by transpositionv But if both members be muUi" 
plied by a, (Art. 170.) the equation will become 

For a fraction is mvltwlied into its' denominator^ hy remov- 
ing Ae dmorn'MOoT. This has beev proved froin the pf^* 
erties «f fractions. (Art 159.) It is ako evident from me 
soxth axiofift. 

__, ax 3a? (a+i)xa? i4»+5a? __ . , 

Thus a?= — =-;s-= n — =« j , a , &c. For m eaca 

a «> a+o a-ro 

of these instances^ x is both multiplied and divided by the 

same quantity; and this makes no alteration in the value. 

Hence, 

180. When the unknown quantity is i>ivided hy a knovm 
quantity^ the equation is reduced hy multiplying each side hy 
this known quantity. 

The same transpositions are to be made in this case, as in 
the preceding examples. It must be observed also, that 
every term of the equation is to be multiplied. For the sev- 
eral terms in each member constitute a compound multipli- 
cand, which is to be multiplied according to art. 98* 

X 

Ex. 1. Reduce the equation --'+o*i+«^ 



e 



Multiplying both sides by 



The product is x+acszhc+cd 

. And transposing ae x^ihe+cd-^ac. 

2. Reduae the equation — g— +5^20 

Multiplying by 6 a?— 4+30=120 

Traqsp. and uniting terms d?.ssl20+4-*-30sp94. 

X 

Z. Reduce the equation — T4-rf=A 

Multiplying by a+b (Art. 100.) x+ad+hdszah+bh 
By transposition xssah+hh^ad^hd. 

181. When the unknown quantity is in the denominator of 
a fraction, the reduction is in'ade in a similar manner, by mul- 
tiplying the equation by this denominator. 



Ex. 4. Reduce the equation mZI""^'^^ 

Multiplying by 10 —a? €+ 7Q— 7a?B=8<>--ap 

Tran^ and uniting tetms x=4. 

182. Tiiougfa it is not generally necessary^ jei it is •fteK 
^sonveni^nt, to reaiove the denojIiiiiator'TroHi a fraetion con* 
sisting of hnnim quantities only. This may be done, in the 
same manner, as the denominator is removed from a fraction 
which contains the unknown quantity. 

m 1 !• > X d k i 

Take for example — s=-r+-- 

ad Cut 
• Multiplying bj a (Art. 158*) a:=-T-+ — 

abb 
Multiplying by 6 fcc=arf+ • - 

Multiplying by c icx::=^acd+abh. 

Or Vfe may multiply by the product of all the denomina- 
tors ^t once. .... 

, , . X d k 

In the same equation • • •~-=-t-+— 

,, . . , _ obex abed abch 
Mukij^jFingby^ofrc ^*^^"T~"^' 

Then by cancelling from each term, the letter which is 
common to its «^um^tor and denominator, (Art 145,) we 
have hcxvst(acd'\-M.f as be- 

fore. Henoe» 

183. An equation may be cleared of fractions hy muUpUf^ 
ing each side into att the denominators. 

' • • . X h t k 

Thus the equation ^~^"^ a^'^ot 

Id the same as Jgmx trcuhgm + adem — adgh 

5f 2 4 6 
And the equation ^~^'^T"'"^ 

Is the sajne as 30;c=40+4S+l80. 

Reduction of Equations bt Division. 

184. When the unknown quantity is multiplied into any 
known quantity^ the equation is reduced by dutjdino both sides 
hy this known quantity. (Ax. 4.) 



JElx. 1. Reduce tlie equation ux+b-^-dk^i'^ 

Bj transposkiei^ ax^sd+Sh'-b 

^ .,. ' d+'SA-J 
Piyiding by a ^ x^ =— * 

.ad 
2. BeduQe the equation . 2«f«;tyT--^+4J 

Clearing of fractions (Art. IBS.)' 2chx'=i'ak—cd+^bch 

> * . ah'-cd+Abch 

Dividing by 2ca Af-fe " ■ ' ^^ ■■■■ — • * 

185. If thp unknown quantity has co-efficients in severed 
terms f the equation mui^t be divided by oUthe^e co-efficients, 
/connected by their signs, according to art. 121. 
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£3t. 3. Reduce the equation Sx-^-dp^bx+a » 

By transposition 3^— i^^^sd-^d 

That is, (Art. 120.) (3-J) x Arjcpar^d 

. Dividing by 3 — i x =3^ 

* 

fix. ,4. Reduce the equatiw <rA?+4axA'— .jp 

By transposition 4i^+^=A--*4 

That is (a+l)x;c=A-r4 



Dividing by a+ 1 



A -4 
^ a+l 



Ex. 5. Reduce the equation ^"~"T~^''ir" 

Clearing of fractions. See art. 142L 4A:(r— (4a:— 46)5saA+(ni 
That is (Art. 82.) ^ 4A;c— •4«'+4A3=aA+^fA 

Transposing 46 4Aa;— 4x'=oA+rfA— 4^ 

Dividu)g^y4i-4 .^^ ^^4 , 

186. If any ^antity, either known or unknown; is found 
lis a factor in every term^ the equation may hedimded by it. 
On the other hand, if any quantity is a divisor in every term, 
-the equation may be multiplied by it. In this way, tne fac- 
tor or div:«pr will be rein^ved, so as to r^end^r the expressiopi 
lacNre 9a|iple. 
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£:& 6. Reduce the equation ^4-3o&^6ft(I+a 

Dividing by a (Arts. 120 and 128.) x+2b^6d+ 1 
And transposing 36 :ir=6d+l— 36 

x+1 b h^d 
'^' 7. Heduce the equation — — = 

^ X X X 

BfnItijAyiilg by x (Art. li^;) y + 1 — 6=i— rf 

And transposing 1—6 ;e=sA— d+6— L 

8. Reduce the equation Jtf X (a+6)— «+6*=dX (a+6) 

Dividing by a+6 (Art. 118.) A?-l=d 
. Transposbg —1 ;r=rf+l 



187. Sometimes the conditions of a problem are at first 
stated, not in an equation, but by means of ^proportion* T# 
show how this may be reduced to an equation, it will be ne- 
cesdafy to anticipate the subject of a future section, so far as 
to admit the principle, that " when four quantities are in ge- 
ometrical proportion, the product of the two extremes is 
equal to the product of the two means :" a principle which 
is at libe foundation of the Rule.iptf Tbr«e in aritlimjetic; $et 
WebW's Arithmetic. 

;. . Thiji$tf0;6::es<f, Then arfa^c 

Andif 3:4::6:8; And 3x8=4x6. Hence, 

188. A proportion is converted into an equadonj by making 
the product of the extremes, one side of the equation; and the 

i^roduct of. the means, the other side. 

]^^. 1 . Reduce to an equation ax\b\\ch\d<» 

The product of the extremes is adx 

Tlie product of the means is bch 

The equation is, therefor^ adx^bch. 

2. Reduce to an equation a+6:c::A— m:y. 

The product of the extremes is ay+by 

The product of tlie means is 'ch^cm 

The eqqation is, therefore ay+by^eh^cm. 

189. On the other hand, an equation maybe converted i$tto 
"0 proportion J by resoUnng one sid^ 4jf the equLOiion into two 
factors, for the middle terms of the proportion; and the other 
tide into two factors, for the extremes. 
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As a quantitj may often be resolved into different pairs of 

factors; (Art. 42.) a variety of proportions may frequently 
be derived from the same equation. 

Ex. 1. Reduce to a proportion ubc^deh 

The side abc may be resolved into a x ic, or ab x c, or ac X h. 
And (JeA may be resolved into dxehy or dexh or dh X e. 
Therefore a: (/::eA: &c And ac:ctt::e:i 

And ab:de::h:c And ac:d:;di:biic. 

For in each of these instance^ the product ef the ex** 
tremes is abc, and the product of the means deh. 

2. Reduce to a proportion ax+bx=cd^ch 

The first membtjr may be resolved into , xx{a+b) ^ 
And the second into e x {a—h) 

Therefore x:c:: d—h :a-\-b And d— A :x:: a+b : c, &c. 

190. If for any term or terms in an equation, any other 
expression of the same value be siibstiMed, it is manifest 
that the equality of the sides will not be affected. ^ 

r«t . ^ . 64' 

Thus, mstead of 1 6, we may write 2 x 8 or "x? or 25 —9, &c. 

For these are only different forms of expression for the 
same quantity, 

191. It wiU generally be well to have the several steps, in 
the reduction oi equations, ^icceed each other in the follow- 
ingorder. 

First, Clear the equation of fractions. (Art. 183.) 
Secondly, Transpose and umte the terms. (Arts. 173, 4, 5.). 
Thirdly, Divide by the co-efficients of the unknown quan- 
tity. (Arts. 184, 5.) 



Examples. 

« % » . Sx 6x 

1. Reduce the equation -^+6=^+7 

Clearing of fractions 24;c+ 1925:20^+224 

Transp/and uniting terms 4Arss32 

Dividmg by 4 xtsB. 



SIMPLte EQIJATIONS. 87 

2. Reduce the equation — + A=-t-— — +i? 

Clearing of fractions hex + ahch = acx — abx + ahcd 

By transposition bcx+abx—acx:=iabcd—abck 

abed — ahch 
Dividing by the co-ers of ;^, ^= ic+fl6-ac ' . 

3. Reduce 40— 6a:— 16=120— 14v. Ans. ;c=12^ 

„ , a:-3 a: Jc-19 ^ 93 

4. Reduce — o~+"q=20— — ^"^ Ans. a? =-7- 

JJf v» v» I ft 

5. Reduce -^+-p=20— -r* 6. Reduce —4=5. 

o o 4 X 

„ , 3 6a? 

7. Redupe rrri— 2=8. 8. Reduce 7rr7=»I* 



Solution of Problems* 

192. In the solution of probtems, hj means of eqaatIoQs=, 
two things are necessary: First to translate the statement 
of the question from common to algebraic language, in such 
a manner as to form an equ^tioii : Secondly, to reduce this 
equation to a state in Tdiich the unknoTvn quantity will stand 
by itself, &nd its ^alue be given in known terms, on the oppo- 
site side. The manner in which the latter is effected, has al^ 
ready been considered. The former will probably occasion 
m6t*e perplexity to a beginner ; because the conditions of 
questions are so various in their nature, that' the proper me* 
thod of stating them can not be easily learned, like the re- 
duction of equations, by a system of definite rules. Prac- 
tice however will soon remove a ^eat part of the difficulty* 

193. It is one of the principal peculiarities of an algebra- 
ic solution, that the quantity sought is itself introduced into 
the operation. This enables us to make a statement of the 
cond^ns, in the same form, as though the problem were al- 
ready solved. Nothing then remains to be done, but to re- 
ince the equation, and to find the aggregate vritie df the 
known quantities. (Art. 53.) As these are equal to the ttn- 
hwvm quantity on the other sid« of the equation, the value 



Problem 1. A md^bdtt^i&^i^^oW Aliafh^]f«f ^^fot^^ 

der will be equal to 220 dolls^rs. . , . « !^. ^ >i - f* '-* 
To solve this, we must 4rSr<raii^a!te~the ^ondifidn6*T)f tfe 

equation. 

Let the price /pf the watch be represented by x 
Thisjpfftte is to Be%nult'd byj4, iraichmriBesoj ^jdkX'i «'''"i* 
To the product, 70 is to be added, making. .. 4^:^70 j » 
From thipj $6 is ta be subtracted, ra?tkip^ 4a;+.70-:;^ 

Here we ha^e a number of the condition§i,y expressed. in 
alfl^raic terms ; But have as yet no equation. Vfe hiust oB- 
Bep^4kii^ that by the last condition x)f iSo^ problem, the 
pr^eding terms are said to be equal to 220. 

We have, therefore, this equation 4^;+ 70— 50=220. 
^''Tt^f^duce^thfe;-'-^/- ^-^:'..^-^:.../- -.. , / .. .' . 

Transpose and unite the terms, then -' 4#i**2li0 ' 
Divide V ^'(Art. 184.)alKl ' " x^6b. * '* 

Here- thWaiue of '«^« fo6tidWbte 50 d^ti^^^ wM(ih'is the 
price of ^tM^'Wfchi ■ :^ ' ..;!»^ 4,.* , . « 

194. To prove whether w<e*hf!iveobta&ied the' true value 
Si?tte^fe<t<?r whifcte^ifes^fe ihc tinfehteirft quantity, we ^ave 
only to^jubstifhte this va^ue,'Toij the ^^tjter HseUi in the equa- 
tion \«hiai coiitaihs' the lirst. statement of .^ihe cdnditioiis bf 
*4fa^fir9Ub«»;i;2^dif»soe.Tri¥eiiien;th6^^ sra) equ|]^i^ter 
the substitution is mad«. For if the answerxthii&.sfttisfi^ 
the conditions proposed, it is the quantity sought. Thus, in 
thepre^eding example, y. 
''^^^lltegri^kSleguAtion'k"' . - P4»^4-W^SO«220 
Substituting 50 for a?, it be9omes 4 X 50+70— 50=220. 
To se^. JslKtter^ £i^4n^ber of ^tbi^ J^fj^^^dy^w i^^eq^ 

tothesecowdj " ~ .. 

MuIfi^ly^Mo'Sot; SiekiJduetis ^- - 2d0 

- Tothisadd ' < 
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Trom this subtract 
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mspjjt tiQifJMnovts. *» 

Pi4k. ft Wbftt iiwiber is thM^ to utach If its half U 
added, and Horn the sum 20 be subtracted, the remainder 
nillh^ a 6>urth pari of tbenaaaber itself? 

In statiiig questioos of this kind, where fraetlOBs «re eoB-^ 

eemed, U sbauld be recoBeetedf that ^x is the same ae 

X 2x 

J- ; that Jirey, t». (Art. 161.) 

In this problem, let x be put for the number reqmred. 

fw^ X x^ 

Then hf the ocniditioDs proposed, ^+"2 "^^^ 4* 

Qearixig of fractions 8;c4-4^— 160s2^ 

Transp. ancf uniting tenlis IOjc'sIGO 

Bividiogby 10 ;r=sl6. 

Proof W+Y^^^'T* 

Prob. 3. A father dirides his estate among his three sons, 
m such a maimer, that. 
The first has $1000 less than ha^f of the whole ; 
The second has 800 less than a tl^ird of the whole } 
The third has 600 less than a fourtl^ of the whole } 
What is the vatue of the estate ? 
If the whole estate be reprei^joted hj x^ then the aeret^ 

X X X 

diares will be -^^IW^ and ^—800, and j— 600, 

And i|S these cnstitute the wMe estale, thef ate tegetk- 
CO" equal to ;ir. 

X XX 

We hare theo tlas equation -^ — 1000+-g-800+-j-600«=rat 

XXX 

Or, by unitii^ terpis, "2 '^''s + 4:—**®^** 

Clearmg of fractions 12p+8x'+6;r-57600sp244v 

Transp. aiid uniting terms 2a^s57600 

Dividing by 2 Ar»28800 

^ ^ ISSOO 28800 26800 ^ 

Proof. —2^-1^0+— y— 800 +— 4—- 600=28600. 

1^. To aroad an unnecessary introduction of unknown 
quantities into an equation, jt may he weH to observe, in this 
place, that when the turn or d^erence of two quantities si 

41AA 



giTei), both 9f tjjiain < mftj. .be . fii^crwd Isif iMiid oft A« 
sKm« }^^r-. . Ppr.if one. of. Xvm qvw^iitm he.jmnbtms:^ 
f^oopa tb^ir sum, it is evidm^K^tit^ ramaJiider ^iH M e^u^l.t^ 
tbe.olb«f* i Ai?4 if the.differ^ee of two quMMit^ M m%h^ 
tmcted froiQ the greater, the remaindeir wiU be.tbaJe;^^. . : ^ 
Thus if the sum of two nuixibei^ be ^ 20 • : 

And if one of tbent be represented by I ^ , 

TW^therwaibe equ*l.to :• ,, . , ^ ao^^r^*^ 

I , . • .... 

Prob. 4* Divide 48 into two such parts, tha^ if the le^ be 
Avide^d bjr A wd ,tbe greater by £, tae sum ^ t^, qfioti^U 
wBJbeQ. ' , ^ . '. 

Here if ^ be put for the smaUer paurt, the greater will b^ 

■ X, 48—^ J 
By the conditions of the problem T"'""~6 — ~^" 

Clearing of fractions ^x+ld^—ix ^%1^ 

TranspjQsing and uniting terms 2xse^2A 

Dividmg by 2 •^=^2, the less. 

,. ^ Tben , , 48-jy=s49-.12=3e,the greater. 

«. ' V* • * 

196^ Jictters ,may be employed to e;ipreaa th^ fcnQwn 
cjuaiitittes in an equation, as well as the unknown* A! jiar-- 
ticular value is assigned to the numbers, when they are ioti'o- 
duced into the ca&ulation: and at the close, the numbers 
are restored. (Art. 52>.) > 

F/ob, 5. If, to a certain number, 720 be added, and the 
sum be divided by 125 ; the quotient will be equal toi 73921 
divided by 462. What is that number ? 

' ^I<et.a:= the number required. 

a=;p720 d=7392 

•r i=il25 Ap=462 : . 

Th^n by the conditions of the problem -r— ^j- ' 

Clearing of fraotiona ; « ^ kx-^ah^hi v 

Transposing oA ^ h^ssM-^-^ih 

Dividing by A Ar:= — g — 

„ ', , , (125x7S92H'72ax462) ^^^ 
.Hestonng th« numbers, ^= j ■ . ■■ — ^ — j^ ^»1289. 



SIMPLE EqUAHONS. «f 

' 191;' When the resolution of an equation bfiilgs out a tieg^- 
^Ue answer, k shows that the value of the tuiknown quMti* 
tf is tomtresry to the quantities w^h, in the statement of th« 
qtlfestiM, are considered positive. See Negative Quantitiea. 
(ArtM, &c.) 

Prob. 6, A merchant gains or loses, in a batffaio, a Denaifl 
sum. In a second bargain, he gains 9S9 dollars, amd, in a 
third, loses 60. In the end, he finds he has gained 190O dol- 
lars, by the three together. How much did he gain- or lose 
by flie'fiwt? 

In ihisr e'staraple, as the profit And loss are opposite h theit- 
nature, they must be distinguished by contrary signs. ' (Art. 
B7.) If the profit is maii?ed +, the loss lijufet be -^. 

Let xsx the sum required. 

■ » 

Then accoitling to the statement a?+350— 60=206 

' By transposition a?=200-f«0— 35<!^ 

And unijting the terms x r^t —90. 

' "Rie negative sign prefixed to the answer, shows that there 
was a Iqss m the iirst bargain ; and therefore that the proper 
sign o^ X is negative also. But this being determined by the 
answer, the pmission of it in the course of the calculation 
can lead'tOiid mistake. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N, then 19 S. and has finally 11 degrees of so0th latittidfe. 
What was her latitude at starting f 

Let xis^ the latitude sought. 

Then marking the northings +, and the southings — ; 

By the staleipent ;c+4-13+l7~19as-ll 

. By transposition ;r=:l3+ 19-11-4-17 

And uniting terms x=Q. 

The answer here shows that the place from which the slup 
started wasion the equator, where the latitude is nothing* 

Prob. 8« if a certain number is divided bjr 12^ the quo- 
tient) dividend, and divisor added together will amount to 
64. What is the number ."* 

v^ Let:r=: the nuipber sought. * '...,.. 



a? 



" ■ »•• '7 ao-iT 



Them *' - - '•■ • • * jjffA^4*i«rta«t!i'.;4 

Multiplying by 12, (Art, 180.) ^]'x4iix4,iM'^!i^^j 
Transposing^hd uniting terms 13r3s624' -^-i 



J. 



PT6hl9:'!^'esm j^96viaed.aib6ng fob dhildi«)i? in 
such a maftiiA-i ftat ^-' '^ ^^^ Htv. ly.cP :c -^r- • - u. ,:u s- 

"Jlieilrst'has 200'dbllifttidre iSftn \ of the wbole, 
,rr ?The-|»c9ii4 lifts 34e doHp^t^MOic? tibwuf/.rf t)mw^«il^i 

WhUcJbm^ lm400 dollars more than 4 of the whql^ . i 
What is the value oLthe estate f .> Ans^jlSQQ doUars. 

.^bibi 500^91 0^ fiftl>|H«rt Qf il<iF£reater;di|p»i«9i Jtm* 4&i;t« ^ 
t4{)I): if.' mim'th iWd^mVik whose diffef^^nceifr «0, 

B^.)o 9p£ i'^® «rrf<W)= the less. (Art 195.) " ^ , , r 
By the conditions of the question x : 1;— 40 : :6 : 5 

Itei^ 
less* 



* - -i. 





Prob. 12. Three j^j^RSW%>jB>«^ C dt^w maft?,jVia 
lottery. A draws 200 doOars ; B draws as much as A, to- 
gether with a third of what C draws ^ apd C draws as milch 
as A and B both. What is the amount of the three prizes.^ 

Ans. 1200 doluunu 

Prob. 13. What number is that, which ^ ;t9 l^ increased 
by thrc^ times the number, as S^ to 9 .^ ' " Ans. 8. 

Prob. 14. A ship and a boat are descending a liyer at the 
same time. The ship passes a certain fort, when 4he boat is 
13 miles below. The ship descends five miles, while the 
4)oat descends three. At what distance below the fort, wiH 
jthey be together.^ 

Let Arcs the distance xe^tiired. 



SDIPI^nJ^pii^ONS. 



n 



Then bj the question 

Traxm. and upi^g. terms ^, 
Divicmig by 2 



dp:d?— 13::5:3 
5x— 65=3;c 

a?=:32i. 



.-f "> 



Sf 



Prob. 15.;Wha!t noinber is that, a axth'partrof wh|ch e^ 
eeeds an eighth p&it of it by 20? A&s.' 480. 

,^ Prob. 16. J)iTide a .priae of 9QQ0 doUap auto two s^ick 
-parts, that one of thiein shall be to the othi^*, as 9:7. . 

Aii3. . The parts aie 1 125, and 875. 

P^b. 17^' What'Btmi of ttoaef is diat, whose thnrd ]||«rt, 
fourth part, abd* fifth "plot, •added' together, amoont id '94 
dollan? V^. - Att. ifi»do]itili. 

Prob. 18. Two travellers, A and B, 360 miles apart, trar- 
e»4o#«Mk <€i«di iotHet tlH Ihey meet. A's^progtess t9 10 
m&^ai) Moor, «tfd !B^ '8; HbMr ftr dd^s each tmjrAheSi^tfb 
,^«y ^^M'r...> , ; . Ajw, a goes 200 mUc?, ni B 1^. 

''^Trelh la A ttto s^ent one third of his life in Enghod, 
one fourth of it in Scotland, and the remainder of it, wUdi 
was 20 years, in the United" 'Sffttes; - Tb* what age did he 
lire? ( -'' i "J . >' = • Ans. To the age of 48* 
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/Y6*l?9fl t))f^ sQ^iqi^ or many ^%el)faic prpbhuns,. an aCj}uaJH^- 
^fj|Cf %i^the fi^pi^i^ns of powers and radical quanti^iei^is 
reaulred. It wdl therefore be necessary to attend to these, 
'']»|([fiA^ai$slfi!^ t^ l^'e^ of 
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SECTION vnr. 

V , , ... 



INVOLOTJON AND POWERS. 



^» 



jL iga TIJITEN a quantiti/ is multiplied into k7SE|«f». 
A* • * "f f ' ^^g PRODUCT » called a fower. ^., 

' Thus • 2 X 2=4, the square or second power of 2. , 
2x2x2=t8, the cube or third jpowec ^^ 

2 X 2 X 2 X 2 = 16,. the foi;rth powqr^ &p., 

■ ■ 

So 10x10=100, the second "powet of 10, 

10x10x16=1000, the tliird power, 
10 X 10 X 10 X 10=iOOdO, the fourth power, &c. 

And axa^fta^- the secOi^dpo^er of a. ' ^ 

: * ttXaxa'ssrffaft, the third J)0wer. 

ax ax ax a^aaaa^ the fottrth power, 8:c. 



• • • - • . 

1^. Tnhe' ori^naT quantity itself, though not, h'ke the 

powet^ proceeding from it, produced Ify multiplication, is ' 

nevertheless called the first power. It is also called the root 

of the iothet' powers, because' it is tteit fnim. which they arfe' 

»U derived. '• ' * 

200r As it> is in<?08venient, especially- ki the case of high 
powers to wirite down all the letters- or factors of which the 
powers are compos^ed^ lui abridged method of notation isH) 
generally adopted* The root is written only once ; wd tbei).'? 
a number or letter is placed at the right hand, and a littia eli, • 
evated, to signify how many times the roQt i^ employ^ tt^n^ 
factor J to produce the power. This number or letter is call- 
ed the iru^ or exponent of the power. Thus a* is put for 
aXa or o«, because the rootw is ^ce repeated' as a factor, 
to produce the power an* And a^ stands for oifa; for.hefe 
« is repeated three times as a factor. 

The index of the^r^ power is 1 ; but this is eommodly 
omitted^ . Thusa^ is&e same as a. 

201. Exponents must not be confounded with co-rfficienisy^ 



A co-6fficient Aoiws iiow often a quantk^ ii taken as zpart 
of a whoIe.v An exponent shows how often a quantity is ta- 
ken as 2i factor in a.produjct. -' . y ' 

Thus 4fa=:a+ja+a+a. But i]L*z:zaxaXaxa^ 

!202. The scheme of notation by exponents has the pe- 
culiar advantage of enabling us to express an unknown pow* 
en For this puippseithe index is. a litter^ instead of a nu- 
meral figure* In the solution of a problem, a quantity 
may occur, which we know to be »<nne power of another 
quantity. But it may not be yet ascertained di¥hether it is 
a square, a cube, or some higher power, ^ils in'tbe^iL^ 
pression a', the index ^ denotes that a is involved to some 
power, though it does not determine wkat power* So i*^, 
and d^ are powers bf b and rf; and are read the mth power 
of ft, and lSi6 niti power of d. When the value of the. index 
is. found, a nwnber is generally substituted' for the letter. 
Thus if m==3, then J** =^» ; but if m=^5, then 6"=:6'. 

!S03. ,Th^ method of expressing powers by exponents is 
also of great adtantage' in the case of compound qmntitiesl 
Thu3 

a+h+d\\ova+k+d*x^a+b+d)\hU+b+d)x{a+^+d) 
X{a+b+^) jbat is, the eube,of -(#H-J+d). . But this in- 
volved at length wovid be^ - [d^ 

,204* If we take a series^ of powers whose indiees Incre^^e 
•r decrease by 1, we shall find that the powders thejniselves 
increase by ^ common: multiplier^ (ht, decrease 'by # .c^rtufi^^. 
divisor; and that this multiplier .or divisov iath^ vrigiiial^ 
quantity from which the powers are raised. ^ . . ^i f 

Thus in the series omuia, asutay «air, aa, ^ <i; '* 

^Or o* a* ft* »♦'«*; 'T 

Se indices counted from right to Idft are 1, 2l,\3Jlj S ; aiidf J 
c common difference between them' is a unit. '*lf 'we begiii^ 
oti'ihti right f'tA&mnhiply by a, i;ire produce the seVferal poir-' 
ers, b^ succession, ftotrt tight to left. "' \ 

, . Thus a ^ a?**^ the Ski term- And a* X a«^«*. 

II * X a «5sa ? , the 3d term. a^, x a.55six * , &«% ^ 

"Jt, We begin on the ?^, and divide by a," ' * 1 ] , [ . \ 

^Nevs« l^e term^d^ is'appHed tQ'anumb'i^i^of^^htitfes suc- 
iteedine each other, in some regiuar order. It is nottOhAned'td atiy^ 
pailticwar.Uw of incr^itia or decrease* - ....... 
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WchaTe»'4-fl=!a*.. And a*-^<«=Hl•. 

205. But this divbjion ,nmj be carried still farther; mt 
we shaU then obtain a ttew set of quantities. 

a 11 

T3iu$ rt4.fl=— =1. (Art. 128.) And — -^a= — (Artl63.) 

a aa • aaa * 

The whole series then 

Is aoMo, MM, aaa^ oo, a, 1, -t — • -^j iic ' 

^" . • . 111. 

Or a«, a*, aS «*,«, 1,— » ^» ^ &c. . 

Here the quantities on- the riffht of 1, are the rmprocah 
of those on the lefi. (Art. 49.) The formeiv therefore^ may 
be properly called reciprocal powers of «r ; while the latt«r 
may be termed, fior distinction sake, dir^ fov^ers of u. It 
may be added, that the powers on the left are als» the reei}!* 
rocals of those on the right. 

la} 1 ^ 

For l^--=l XT=«- (Art. 162.) And I--, =a». 
a ^m m ^ a 

1 a* 1 

906. The same plan of notation is applicable to con^uni 
quantities.. Thu^^ from a+b^ we hare the series, 

(«+4)», ia+b)\ («+i), 1,^' ^^.' ^jy,' tc' ^ 

207. For the eonrenience of calculation, another form 4>f 
notation is given to reciprocal powers. 

11-1 11* 

According to this, —or -r = a • And or ~, = a *^ » 

° ^ a a*^ aaa .a'. 

11 -» 1 1 i;i 

— 'or~^=a . ^or~r=a .Sec* 

aa a^ aaaa a* 

And to make the indices a complete series, with 1 for the 



cohimM dMrerebcie: %he tenn — or i, wMc^'is e^ixfid^fed an 
no power, 19 wyittcjn a^. 

Instead of maa^ ackij.aa. a, --> ~-> , — » ^T' :::z::;> *®<- 

Waibe . a*, a! a*,a^,a^,(r^,ar^,^*, or*, &c. 

Or • ;,a+*,a+*, a+»,a+Sao,a-Sa-«;^-*, (T*, to- 
And the indices taken by themselves wpl Ij^^, .^ . 

+A +?t +^^ +1» 0, -.1, -2, -3, -I4, to. 

208. 'The root of '« pow^drjnqr bd^^lqlBBattedfa)^. moire let- 
ters than on^r ' ' 

Thus oaxoo, or oikI- is^thie «^on4 po^r of fia^i^) 

And aa X aa X aa, or aaj is the third power of aa^ to. 
A Hence a ddrtx' i ]^%er of^onl; qammy^fmfj^hb ^ Mer^ 
^ent power of- anothet taofldtity. ^Tivk a^ito di^ de€OBd.|^ovr- 
er of «*, and the fourth power >0f> a. ^vj. ■ ^0 

'i 269* M ihe pccwete of I v»' die teiti«f. ^FopU^>C i^^r 
• l'x]^Xl9toi*-i»BliIi*'l;.v * '. •• • * . < i^y'i^ ^j i^.-\ 

210. Involution is finding any power of a l^uantitj, by 
nfraltiplying it iito itself. The reasi66 of ifaeHbllQwiiig gen- 
eral rule is manifest, from the nature of powers. ^ 




which the qwmtity tsto be ra^ed, 

Tliif rme conapi^ends^all the kn^tadc^^li^ieh^h^JitoGdur 
^n involution. But it'wilf be proper to give an explanation 
of the manncET 10 whSsh it is ap{diBd tDrpartidllitr das^^' 

211. A siBgle letter is'^invomdv by 'S'^^ if theiiide:]C.of 
the proposed power; or by repeating it as many times^ at 
there are units m ths^^ind^x. /. , : :-^ ^ 

The 4th power of c, is a* or ctttaa: {Art. 198.) 

The 6th power of y, is y« or yjyyyj/i 

The nth power of jp, is a" or xxgo... n times repeated. 

.♦ Sec -note b; ^ v ' ' ^'"^ •-.' ^ ^ '' 

N 
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* * ' 

212. The method of involving a (quantity which consists of 
•everal factcrBy dependi on the principle, that ^ power (f 
the product of several factoTM is equtd to the product of the^r 
pqwers. 

Thus (ay)*;=a«y*. For by wrt. 310; (ay)*=ayxay. 
But ay X ay :^ayayssaAyysa^y'. 

And (arfy5* i= arfy x ady x ady . . • a* times =ia* d" y** . 

Tn finding' the power of a product, therefore, we may ei- 
ther involve the whole at once ; or we m^y involve each of 
the factors separately, and then multiply their several powers 
into each other* 

Ex. 1. The 4th power of dhy, is (dly)*, or d^h^y*. 

2. The 3d power of 4A, is (4A)S or 4»4«, or M6^ 

3. The nth power of 6arf, is (6aiif)« , or G'* o« d" . 

4. TheSdpowerof 3f»x2y,is(3i»x2y)»,or27m* x8y«. 

213. A compound qu^ntitv, consisting of terms connect- 
ed by + and — , is involved by an actual multiplication of 
its several parts. Thus, 

(a+b) * sza+h, the first power. 
+ ab+b^ 



(a+i)2s5a* +2dft+6*, the second power of {a+b). 
a +b 

a»+2a"i+ oJ* 
+ a*t+2ai«+i* 



(a+6)«=a»+3a*ft4-3ai*+6», the 3d power, 
a + 6 . 



a*+3a*J+3a»i*+ai» 
+ a*i+3a*i»+3a6*+i* 



(«+J)*=a^+4«»J+6«»ft»+4aiH6*, the 4th power, tp. 



INVOLUTION. . n 

. ' * ' 

1L l%e lEtqnare of a-^h^ is a* -^2a&4<&^. 
3i The cube of a+1, is a'+3a*+3a+l- 
^ 4. Thesquareo+i+A,i8a»+2oi+2aA+J*+2Ji+A*. 

5. Required the cube of a+2£f+3. 

6. Required the 4th power of i+2. 

21 4« The squares of hinomioL and renduci quantities oc- 
cur so frequently in algebraic processes, that it is importont 
to make them familiar. 

If we multiply a+A too itself, and also a— A, 



We have a+h 


And a— A 
«-A 






a*+2aA+A». 


o^-2aA+A«. 



Here it will be seen that, in each case, the first and last 
terms are squares of a and A; and that the middle term is 
twice the product of a into A. Hence the squares of bino- 
mial and residua] quantities, without multiplying each of the 
terms f^paratdy, !may be found, bj the tblloiving proposi- 
tion.* 

The square of a Knamiali the ierms of which are both post- 
ti/vCj is tmuil io the square of the first term, -h twice the pro- 
duct of the^two terms ; + the square of the last term. 

And the square of a residual quantity, is equal to the 
square of the first term, — twice the product of the two 
termS; + the square .of the last term. 

Ex. 1. Thesquareof 2a-|-J, is4««+4al+J^ 

2. The square of h+h is A*+2A+1* 

3. The square of oA-l-crf, is a*6*-|-2aicrf+c*rf*- 

4. The square of 6y-|-3, is 38y»+38y-h9. 
if. The square of SJ— A, is 9rf*-6da+A'. 
6u The square of a— 1, is a* — 2a+L 

For Ae method of finding the higher powers of binoim* 
als, see one of the succeeding sections. 

* Euclid's Elements, Book ii. Prop. 4. 
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215. tor many purposes, it will T)c imfficimt t6'«g>rtai 
the powers of coinpoimd quantities by exponenU^ without an 
actual multiplication. 

Thus the square of a+b, is a+6|*, or (a+i)* . Art. 203. 
The nth power of bc+8-^x^ is {bc+Q+xY . . 
In c^es of this kind, the vinculum must be drawn over all 
the terms of which the compound quantity consists. 

216. But if the root consists of several factors , the vincu- 
lum which is used in expresang the power, may either ex* 
tend over the whole ; or may be applied to each of (he fac- 
tors separately, as convenience may require. 

Thus the square of a+ b xt+d^h either 

' ' a+hxt+d\ or a+bf Xc+d\* . 

For the first of these expressions is the square of the pro- 
duct of the two factors, and the last is the product of their 
squares. But one of these is equal to the other. (Art. 21^.) 

Theeub^of ax6+rf, is (ax6+d)*,or.a» x(i+d)^ 

217. When a quantity, whose power has been expressed 
by a vinculum ana an index, is afterwards involved by an ac- 
tual multiplication of the terpxs, it is said to be expanded. 

Thus (a+ft)* , whea expanded, becomes a* +2ai+6* . 
And U+b+kf, becomes a» +2ai+2aA+6« 4-2AA4-A' . 

218. With respect to the sign which is tp b^ prefixed to 
quantities involved, it is import^t to observe, that when the 
root is positive^ all its powers are positive also ; but when the 
root is negatifoe,^ theoBB powers are ry^gativey whUe ^ bteu 
powers are positive. 

For die proof of ihL^ see art, 109* 

The 2d power of —a is +«* 
The 3d power is —a* 

The 4th power is +a^ 

The 5th power is — a^, 4ec. 

219. Hence any odd power has the same sign as its root. 
But an even power is positive, whether its root is positive or 
negative. 

Thus +ax +«=*=«* 
And — ax— fl=o*, 

220. A quantity whidi is already a power^ is involved by 
multiplying its index ^ into the index of tke power tB which ii ts 
to be raised, 

1. The 3d power of a* , is c*«'s=a* 



Fof a' ^=\fa'y jind the Qube of aa ificutxaax aa^aaoAaasza^ j 
wbkh is the 6th power of a, but the 3d power of a* . 
For a farther illustration of this rule, see arts. 233, 4. 

SL The 4th power of a« J* , is tf»^*^==a*%*. 

3. The 3d power of 4a' at,* is^4«*A:*.' 

4w The 4ih power of 2o« x^x^d, is I6a**xSl3f«il^, 

5. The 5th power of (a+ J)* , is {a+bY^ 

6. The nth power of a*, is a^\ 

7. The nth power of (^— y)"*, is {x-^yY^, 

8. a^+fc^ =a»+2fl^^^+i^ (Art. 214.) 

221. The rule is equally a{^pitcable to powers whose ex- 
ponents Are negative. 

Ex. i. The 3d power of a"^, is ar*^:ttar*. 

For «-*=:— • (Art. 207.) And the 3d power of this is, 

111.1 1 ^ 

aa aa aa amaaa a* 

• 3. The 4th power of a' &"*, is a* 6"^", or ni» 

' 3, The cube of 2x^ jT", is Sx^y^^. 

4. The square of b^x''^ is 6*ar*. 

'• ' • . 1 . 

6. The »th power of ;c"^, i» a?"^", or. — ,i^. 

222. It must be obeerred here,, as in art. 218, that if the 
«gn which is prefixed to th^ power be — , it must be chan^d 
to +, whenever the index becomes an ev^n number. 

Ex. 1. The square — a^, is -+€t^. For the squure of —a* , is 
-a^ X -a% which, accordisg to the rules for tlie signs in mul- 
, . tipUeation, is ,+ a • . 

2. But the cwJeof --a^is-a^. For-a* x-a^X-«'s=-a*. 

3. The square of — :v* , is +x^\ 

4- 

4. The nth power of — «','is ]_V". 

Here the power will be positive or negative, according as 
the number which n represents is even or odd. 

223. A FRACTION is involved^ by involving both the numerch 
tor J and the denominator. 
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1. The square of yis tj-' For, by the rule for the multi- 
plication of fractions, (Art. 155.) 



a a aa a* 



b^ b -bb -i» ' [{Art a09-)i 

1 11 1 

2. The 2d, 8d, and nth powers of ~, arc ^9 -7 and -r* 

2xT* 8j^*r* » 

3. The cube of -^, is ^^ . - 

4. The nth power of ^, is ^^' 

- ^ *., — a»x(d+»»j . «*x(rf+m)* 
S2 The square of — ^J^rj)! , » (j.+ i). ' 

6. The cube of -^=5-. i» -t.-:^- (Art. 221.) 

.;SS24. Es^amples of &ut«iitab,.in which one of the terms h 

aTraction. 

1. Find the square of jc+ J, and :v— |, as in art. 214. 



i««"W 



2 4a 4 

2. The square of o+"t> is «* H-'T'^'or 

8. The square of ^+^j i^ ^ +5^+"^"* 
4. The square of 'SC— — , is ar *~~^+]^~' 



225. It has been shown, (Art. 165.) that a eth^^igM may 
be transferred, from the nunoerator to the denominator of a 
fraction, or from the denominator to the numerator. By re- 



1 



z^ 



INVOLUTION. lOB 

ttirriog to tbe scheme of notadon for reciprocal powers^ 
(Art. 2Q7.) it \vill be seen that any factor may also be trans-- 
lerred, if the sign of its index be changed, 

1. Thus, in the fraction — , we may transfer x from the 

numerator to the denominator. 

^ a;v"^ a . a 1 a 
For— 5s:-rx;ir*sB:-7X-r— 



% In the fraction -Trr» we may transfer y from the de* 

nominator to the numerator. 

d II I a 4tjr^ 

dtr* d h Jy* 

226. In the same manner, we may transfer a factor which fatti 
a positive index in the numerator, or a negative index in the 
denominator. 

jL. Thus '~f~^IZ^' For Ap' is the reciproca] of ;^~*, 

1 UO^ ft 

(Arts. 205, 207.) that is, «* =7p" Therefore -y f^^jpir 
h Ay* cwP fly* 

827. Hence, the denominator of any fraction may be eiH 
tirely removed, or the numerator may be rctduced to a unit, 
without altering the value of the expressieji. 

1. Thus y= j;ii4> pr «6-\ 

2. -^^-^^-^ or h" ^. 



1«4 



5228/ It 19 oIMdus that powens itffty be a(idcfd,'ik^ oiher 
quantttitiesy by writing them one a/ier mut^^Aer^ with their eigm, 
(Art. 69.) 

Thua the sum of of and 6* , k cP +fi*. 

And the sum of o? —l^ and A' — d*, is a* —6* +A' — <I*. 

229. The samtpowtrs of the same letters are like quantities; 
(Art. 45.) and their co-efficients maj be added or subtracted, 
as in arts. 72 and 74. 

Thus the sum of 2^ and 3a' , i^ 5a* . 

It is as evident that twice the square of a, and tbnee times 
the squareiof m^ are five times the square of a^ aa Umt twice 
a and three timse^ a^ are five times a. 

To -^3A:«y* Si" 3a*y« -6a^.A« 3(/i+y)'* 

Add-2^»i/» 6i'^ -7a*y* 6a^AV '^(«4'yr 

iai.B'.>>i>*>iiB>«B« .^MMBiB. akMviMBMMMHM. m^m^^mm^m^m^tmi ^mmmm^mam^t^mmrmm 

Sum -*-5a?*y* — 4a*y'» 7(a+3r)* 



230. But powers of different letters f and different powers 
of the 5ame Zertcr, must be added bj writing them down with 
fte}rsign«» 

The sum of a* and o^ , is a^ +a' • 

It is evident liiftt the square of a, and the cube of a, are 
neither twice the square m a, nor twice the cube of a. 

Tbe sum <)f it' 6* and 3«^«^, is a» i^ +ia»6« . 

231. S^traetion of powers is to be performed in die same 
manner as addition^ exeept Aalf th^ lagni^ of the subt^AeUd 
are to be changed aocordmg to art. 82. 



From 2a* -36» 3fc*6« a' 6* 
Sub. -6a* 4i« U^b^ a»6^ 



5(a-A}* 
2(a-A)« 



■•r 



Difil 8a* r-A»6« 3(a-A)' 



«•■»< 
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* flSSL foweiB ma^ be ni^%Iied, like oib€t quintifie?, by 
imtiiag fli^ lactws one after another, eitkpr with, or without, 
tjie sign of mtiltiplication between them. (Art 93.) 

Thus the product of a' into i'l 13 a^i', or.aaM. 

Mult, sr^ h^"^ 3a»y» ia»;r* a*i«y« 
Into a"* o* — 2y Hy^ a^b*y 



Prod. o"»Ar-3 — 6a«;cy« o*i*y»a^6*y 



mW<4<M^ 



The i^roduct ki the last example, mey be abrfdged, by 
bnB^i^ together die letters w^l^ jftre i^pea^ ' 

It wm then become a*6'y'. 

The reason of this wiH be eridenlt^ by recurring to the se- 
ries of iKiwers in M. 207, viz. 

#**■% a*', c'*'', «**■*, a% >a""\ <r», a7*, a*^, *««• 
Or, 'wUeh is Ae iBUfivey 

By comparing the 'Several terms with each other, it will 
be seen that if a&y two w more of them be multiplied to- 
gether, their |»od|Li0t v^ be a power whose exponent is the 
sum of the exponents of the factors. 

Thus a*xa^(=aax aaa =aaaaa a=a* . , 

H<^^ 5, the eiiippnen^t of the {icodu^ i» eqvixl tgi 2+ 3, the 
6um of the exponents of ^ &ctoriv> 

For a^ j is a taken fer a factor as many times, as there are 
nmtsinn; 

And a^j t« a taken fer a fa<^or as many times as tbei% are 
units in m ; 

Therefore the product must be a, taken for a fa^or as ma- 
ny times, as tiiere are units hrboth m"and n. Hence, 

233. Pmmrt of Ifte «ame roid may 6e mtdtipJied^ by adding 
their exp<nmts. 

O 
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Vivia a' xa* ssa'** =a*. And a;* X** xa:s=*»+*+*=«*l. 

Mult. Aa' 2x* b*y* , a*b*y* (6+A_y)» 

Into 2o" 2x* h*y a^b*y 6+*— y 



Prod. 8a*» .,,. 6.«y* (6+A-y)"*' 



■tta 



234. *lTie riilfe is equally appncal)re to powers wKose ex*' 
ponenls are neguiioe* 

I It I 

1. Thus a-* xa-» =<»-*• That is — xti— =» 



(ux cui(t aaacM 






^aa aaa ^cumaa 

1 <xaa 

4. a""*xa'=a*"'=a^ Thatis — xotfos**— -«?i|. -'^ 

<la cut 

hk this example, the exponents are +3» &nd —2; and the 
sum-of these i» 1, according to the second case of tieductionr 
in adioKtibn. (Art 74.) 

5. a"*xa'"=o'"~*. That is -s"Xo*ss— • ■• 

6. Sr*Xj(»=jtO=L Thatisp^xy*'=V=l.. 

235. If a+b be multiplied into a— 5,. the product will be 
a^ -6>: (Art. 110.) that is, 

The product of the sum and' Hfference of Mo quHMkieSf i$ 
eqml to^ the difference of their squares. 

This is another instance of the facility with which general 
truths are demonstrated in^algebiV See art& 23 and. 77. 

If the sum and difference of the squares be multiplied^ 
the product will be equal to. the dmerehce of the fourth 
powers, &£c. 

Thus (fl— y) X (a+^) a=a* — y* . 

(a*-y*)x(a^+j^)=5a*-j*, 
(a*-y*).x(<i*+y^*)=sa»^-y», kc 
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■'©nnsioN OF Towers*. 

5236. Powers may be divided, like other quftfitities, hy je- 
TPcting from the dividend a &ctor equal to the divisor; or 
« by placing the divisor under the dividend, in the form of a 
{fraction. 

Thus the quotient of a'6* divided by V , is a'. (Art.lrt.) 

Divide 9a' y* 12J';e" o*&;f3a»y* Jx{a-h+yy 
By -3a^ 26» d» (a-A+y)* 



^MMMIM • ^— •IWfi— i«— IW^W 



Qjuot. — 3^* i+3yt 



jmmmmmimmmmmmm 



d* 



The qiiotient of a' divided by o^ , is -f* But^this is equal 

to a* • For, in the series 

o+*, a-" , a+* , a+% a*, a-% a-», ar^, ar^, to. 

4f any term be divided by another, the index of the quo* 
tient will he equal to the difference between the index of iiie 
^Tidend, and that of 'the wdsor. 

Thus a'^(^ =*-- — jssaassa*. 

JUUL 

a"* 
So a'^-i-a^ss-^ssA*"^. Hence, 

■ - o 

237. A power may he divided iy anoAer power of: the same 
.Tootj hf eubtradifig tie index ^ the dipieor from thai of the 
^vidend 

yyy 

.Thus y» 4^3^ « j^^«y*. That is ~«y- 
Jlind a^»-r a=o«^»^ =o» . That is — "=«" • 



Divide y* h* 6a^ o^ 12(b+yY 

By f I* M* tf 3(J+yr 



Qjiot. y» 2a" 4(6 +y)! 

238. The Tu]^ is equally ^pj^able to poifin^ whose ex* 

1. The quotient of cr' by «r*, is ar*^ 

_ , 1 1 1 • ctaa aeta 1 

Thatis— nr-4'nT'»mrrX"^'~"=s — -^esc 



4 

a. ^;^^^:^^;^. That is ;;~^-r^===^:;^--^^^ 

1 Jl 

In this example, ->-l ibe i^deit erf" die 4ivis0r « te^btl stib- 
tracted from +2, the index of the dividend* But "^^ bo« 
conies by subtraction +1. (Art, 82.) 

6. 6« 4-6^ =6»^«»:6-^. 7. a*-r c^ =flr^ 

8. (a* +j/» )"-=-(«' +»• >" *(<»• +»^ )**^ ' * 

The multiplication and division of powers by adding aii4 
subtracting their indices, should be made very familiar ; as 
they have numerous and important applications^ in the high- 
er branches of al^bra. 

ExAVPLES OF Fractions contaikino Powebs. 

239. In the section on fractions, the fi)8oM^n^ examples 
were omitted, for the sake of avoiding aa anticipation of 
the subject of powers. . . , 

1. Reduce o^ tq lower terms* Ajbs. -^— • 

5a^ Saima Baa ^ . 

^<^' 3?"='3Sr=T" (Art. 145.) 



2. Redace -s^ to lower tenxuu ^ Aiml -|- or She 

„ , 3a*+4a« 3a+4a^ 

3. Reduce — ^3 — to lower temuu Ajas* ""g -^ • 

^ , 8a*y— 12a*y* +6ay* 

4. Reduce 6fl» y+4fly' *^ ^^^^' *^™** 

40* — 6ay+3y* 
Ans, — — 0^,0. obtained by diiridbg each term bjSay* 



a» _ fl-^ 



5. Reduce tt. and ~zrf to a common denominator* 

€f« Xfl"* 19 a""*, the first numerator. (Art. 146.) 
«* X a""^ is a^ =sl, the second numerator. 
«« xc"* is «^S the conimon denominator. 

a * a. 

2a* a* 
C Reduce ^^ and 3^, to a common denomipator. 

^ 2i* fe' 2a» , 5 ,^ 
^"^•l^*"^ ^^' ^^ fi^««* Ta'^' (^- 1*5-) 

7. Multiply ;^ mto 2^ • ^*^- "8x^=8^' 



'6, Mubi^y -T4— jinto — s — ^' ^ 

«• Multiply -^^^to -^^^ • 

i* A-* a« 

10. Multiply — i^,into -^,and -izr * 

11. DiTide -T- by ~r' Ans. -rXT»='~;Ps*- 

(j5 — x^ ' x^ —a""* 

12. Divide - ^^ - , by — ^ 



*«« a 



itv 
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14. Di?ide 






X 



« i 
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^BVOUmON 4HD^ RADICAL QUANnTDES^ 



^ 240 T^ ^ quan^ is multiplfed into ifsdfy the prd^ 
* -*- duct is &.jM)irer. On the contrary, if a quan- 
is resolred kato any number of equal ybetort, each of t&ese 
is a root of that quantity. 

Thus b is the root of btb ; because lib may be resolTedl 
into the three equal ftustors 6, and &, and b. 

In subtraction,- a-quantity is vesobred into two parts* 

In division, a quantity is resolved into* two fadon. 

in evolution, ar qjaao^ b resolved into equal facton. 

241. Aroot of a jruan^'tjf, then, if afaetor which muU^ied 
into itsdf a certain number of times wiU produce that quantity* 

The number of times the root must be taken as a factor, 

to produce the ^ven quantity, is denoted by die name of 

the root. 
Thufl'2 is the 4th root of IS; because 2x2x2x23sie, 

where ST is taken four times as a factor, to produce Id. 
So a* is the square root of a' ; for a*Xa^ =:a*.(Art.23S.)* 
And a* is the cube root of a^-; for a*-xa*^Xo,*=sa*. 
And a is the 6th root of a^; for axax<»xaxaxas9a*v 
Powers and root& are correlative tenns; * If one quantity 

is a power of another, ihe latter ia » root of the former; 

As 6' is the cube of & ; 6 is the cube root of &*•> As 9 is 

i3nte square of 3; 3 is the square root of 9; 

242. l%ere are- two methods in use, for expresnng liie 
roots of quantities, one by means of the radical sign Vt ^^ 
the oUier by a fraletional index. The latter is generally to^ 
be preferrea.. But the former has its vses on particular oc^ 
eaSions. 

When a root is expressed by the radical sign, the dgn 
is placed over the ^ven quantity, in this manner V^ 

* Newton's iLritbmetls, HaoIauriB, Bacrsos, Ealer, Sauadiisom 
3Bd Stnpsan. 



. 
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Thus 'Va is the 2d or square foot of Ok 
^^a is the 3d or cube toot^ 

Va is the nth foot. . . * 

f .1 1 111- 1 

And . /«+ J^ is the nth root o{ a+y. 

243. The figure placed over the radical si^, denote^ the 
number of factors into vrhich the given quantity is resolved ; 
in otbeir mitis» tfae number of tines the toot fiifttt be triLen 
as a factor, to produise the ^ven quantitjCi. 

Sothat V^^ V«=«- 

. . Xke figiwe for .&e ^auar^ toot is ^^anmoiilf iitai{lie4f ^W^ 
i3£ein|g put for ^y/a. Whenever, tber^one^ tho« radical .sign 
IS used witbont a figot*^ the square root is jto be undowtoi^. 

244. When a figure t)r letter is pr^fised to the radical sign, 
mthoutiar^<;l«itBCt)fr between tban; the tyo quantities are 
to be considered as mMflied ^oge&er. 

Thxs 2 v^a, is 2 X ^ti^ that is, 2 fi^ti^iod into the nyot 
of .«! or whidiis Ike Baioe thing, Impe the root of €K. 

And X V^, is :v X V^9 or a? ticnes the root of &. 

When no ^^^fieient isffefin6d4o^e radibal^sign, 3 is 
ahirais to be unierstQod ; %/abea«g thesmae^as 1 ^n, tfiot 
is, (mce the root of a. 

2i45* IliB mc&od of w^3|}f«0ssiag;: i^o0t§ hr radicd s^s^ 
has no Teff apparent •conDeotion witli the otaer parts of tfao 
iidinftio «i(f ^^braic aoiiBliDii^ ^ Buttbe flaa of iiKfieaifaig 
i^iem-y^ frammoAin^ ttom ^e«io^ 

£# expressing jfwnen h^ uaegrnd indices. T^i eqplaim.lUB, 
let o« be -a gitien qnantity. U »tlio sacks teditided init^'any 
nmdbc^ ef eqpial farts^ eAek of thnae .nill belhe iftdeKtof :a 
tO0t.df«^.- - ;•• I ♦' = ^» ii; . ^. •». .0 

Thus the square^wwAvttt^fiBmK F^ <i6 <!bfA ta yi » ike 
dttfinitirai, {AiL-Mh) the s^iaie mot of; o^ : is a &ettlf ,Miuch 
multifdied dmo itadU n«iU ^duGe«fw>i Bmn^iXk^ma^. 
^Art 233.) Ttorefore, a^ is ^* aqpnm^t»«t^f «^j iUte 
index o£ the given qfiaoii^ o?,is here.daridedinto the two 
equal parts 3* and 3. Of course, the qi,^«tit7 it^etf : iscesolv- 
raintothe tvvb equal fitetovi d^aadtt^ ' * ^ m ^ 

The €«^ wot «f a* is «»• Fora* xtt»xa«wa?.. 

Here the index is divided into ffn^ee ec^nal par^, and the 
^gamsSty ks^ v^oived :Bito three aquid" faetbinsl 

The square root of a* is a* or a. Foraxa=«*v. 
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My extendine the stmt pbn of notation^ fraefiowi tn(fi- 
lief are obtainea. 
Thus, in taking th^ square root of a^ or a, die index 1 is 

divided into the two equal parts ^ and j^; and tlie roof i««^* 
Oh the same princpfe. 

The eube toot of ir, is aJ ?= * Va 

iTie fourth root is e^^^^a 

.1 
The nth root, is a^ 5= */<*> 8w?* 

X n y 

Affd the ttth^ root of ft+jp, is (a+A?)" = v «+Ar. 

246. In aB these cases, the denominator of the fractional 
index, expresses the number of factors into which the (iven 
fuantitf If resolved. 

So that d*x fl*=a. 

a" xa"....n times^ sa. See M« 243. 
i^. It follows from this plan of notation, that 

a^xa'ssa^"*""*. Fora**"*'^?=a* or a. 

a* X a* X a^ rfc a*+'^^****=«aS «MJ. 

wfcere Ale mubiplieation is performed in the same inami^, 
as the jnultiplioatieii of powers, (Art. 2^) that is^ by ad-^ 
dkg the imdicts. 

248. Evcrf root as weU as every poiri^r of 1 is 1. (Ait. 
2BD9.) F07 a root is a &ctor which multiplied into itseli w3I 
pft>duce the men quantit]r. But no factor except 1 ca» 
^rodude 1, by oehig multipiied into itself. 

Sothatr,l,yi4 Virtei-sreaBeqmd. 

249. NegcAu^ indices are uaediaUie notatioD ^ rootsi «» 
Well as of powers. See art^ 207. 

Thus — «« * ^«« * 
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Powers of Roots.* 

250. It has been sbe wn in what manner any power or roof 
may be expressed by means pf an index.. The index of ^ 
power is a whole number. That of a root is a fraction 
whose numerator is 1. There is also another class of quan- 
jities, which may be considered, either as pollers of roots, 
or roots of powers.. 

Suppose at is multiplied into itself, so as to be repeated 
three times as a factor. 

The product a?"''.^^^ or a} (Art. 247.) is evidently ^% 

€ube of a?, that is, the cube of the square root of a. Thi^, 
fractional index denotes, therefore, a power cf a rooU Th^ 
4enomin9,tor expresses tlwe root, and the numerator tjie pows- 
er. The denominator shows into how many equal factors OjP 
roots the given quantity is resolved ; and the numerator 
shows how maijy of these roots .aure to be multiplied to?' 
gether. , 

Thus a^ is the 4tb power of the cube root of «. 

The denominator shows that a is resolved into the Uiree 

factors or roots a^, apd a"^, and a^. And thie numerator 

jshows that four of these are to be multiplied together^ \duch 

■ J. 

wiH produce the fourth power of a* ; that is, 

11114 

• « 

251. AsaF is a pow:er of a root, so it is a root of apow^. 
J^et a be raised to the third power a^. The square toot of 

this is af. For the 3XK>t of a* is a quantity which rtmltipB- 

-cd into itsel/ will produce a^ , 

« 1 I 1 
But according to art. 247, a^ = a? X €l? x a? ; and Ai^ 

multiplied into itself (Art, 103.) is ^ 

1 1 J 1 1 1 
c^XdfX(i^Xa^xd?Xa^=^(^. 

Therefore aJ is the ^qufire root of the cube of a, 

tn 

In the same manner, it may be shown that «" is the »ith 
ippwer of the nth root of a ; or the nth root of thie mih powr 
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icr: that is, h root of apoiPer is equal to the same power of the 
9ame root. For ipstance, the fourth power of the cube root 
jof a, is the same, as the cube r6ot or the fourth power of a. 
252. Roots, as well as powers, of die same letter may be 
multiplied by adding their exponents. (Art. 247.) It wul be 
easy to see, that tlie same principle may be extended to 
powprs of roots, when the exponents hare a common de- 
i)ominat(»*. 

9 3 2 _L 3 M 

Thus aT X «T_ aT+ t= „*. 

1 

For the finst numerator shows haw often a^ ia taken as a 

s 

factor to produce aJ. (Art. 250*) 

And die second numerator shows how often a^ is taken as 

3 

■$, factor to produce a"^. 

The sum of the numerators, therefore, shows how ofteH 

tSe root must be taken, for ihe product. (Art. 103<) 

« 1 1 
Or thus, a^ssa^x a^. 

3 1 1 & 

And a^^a^xa^y. a^. 

13111110 

Therefore a^x a^ ^ a^ x a^ X a^ X a^ x a^=s a^. 

^S. The value of a quantity is not altered, by applying 
to it a fractional index whose numerator and denommator 
are equal. 

s 3 n 

Thus a = a^;=>^^sai«. For the denominator sl^ows 
that a is resolved into a certain number of factors^ and the. 

n 

numerator shows that all these factors are included in a^ . 



3 



^J 



Thus fi* = a* X a^, which is equal to,a. (Art. 246.) 

3 111 

And a'^^s^a'^xa'^.x a"^, .which is alse equal ta a. 

n i 1 X ^ 

And a« = «** X a^ X a" . . . . n times. 

On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression 
may be rendered more simple by rejef^ing the index. 



n 



Instead of «« , we may write o. 

254. The index of a power or root may be exchanged, 
lor aay other index of tbe^am^ i^ue. 

Instead of a^, we may put a^. 



IIS Mj&SBR/iu 

. For, m the Utter of these expressions, a is. supposed to 6e 
resolved into ttmce ;bls maay fa4;tois as in die former ; and th« 
numerator sbe^^ that twice as many of these factors are to 
be multiplied together. So that the whole value is not al- 
tered. 

lit 

The one lis a^x a^ = a^. 

The other is «• x «"• X a^ X a' =s «^*. 

S %n 

On the same prinoiple <i^ sa'^. 

Thus x^ss x^ssx^f kc. that is, the square of the cube 
root is the same, as the fourth poorer of tiie sikth root, thi^ 
sixth powef of the 9th root, &€• 

So a* sd^ssa^ss a. n. For the value of each of these 
indices is 2. (Art. 135.) 

255. From the preceding articfe, k will be easilj seen, tha^ 
a fractional index may be expressed in dedmdt. 

1 . Thus a* s= a^^ or c<* • ' ; that liB, t&e sqiiW^ root is equal 
to the 5th power of the tenth root. 

2. a*ssa^^^ or a*'* ' ; that is, the fourth root jb equal tu^ 
the 25th power of the 100th root. 

in na»y ewes Ekywever fhe decimd can be oidy an c^ 
jpvxmadon to the true index. 

Thus a^=a- neady. 

f a'»=a'**** more nearly. 

a^=a*** ^^^^ very nearly: 

In this manner, the approximation vi%j br carried to ; Mf 
degree of exactness which is required* 



Thus a^=tt«^-«*««^*. 

These decimal indiceaform m very iflaportgal^clMl 
^en^ called hgarithmt. 



•\ 



KroLTmiaN. tit 

It Is fiSequelftly convenient to vary the no^afioii of powers 
* t/i roots, by maidng use of a vinculiun, or the radicial sign >/• 
In doine this, wie n!kust' keep' in mind, that the power of a 
iroot is Uie same, as the root of i^ power; (Art. 251.) and 
abo, that the denomnatar of afractioniJ exponent expresses 
E root^ and the numerat<fr, Kp&wer. (Art. 250.) 

Instead, therefore, of a%we ipay write(a''^)*,Qr(a*)*|0r 

The first of these three focmst denotes the square of the 
cube root of a ; and each of the two last, the mibe root of 
-Iha sqnam of n* 



So «« = a" =s a 



3. 



I — 



And (iar)^ « (6>;c')^ s= V^**'. 

Anda+y\^ssa+y*\ =s '^m+y^ 

• ■»'••-.- 

Evolution. 

257. Cv^lutionr i9 the opposite of inrolutibn. dne is 
finding a fotier of a quantity, by molti^kig it into itself. 
The other ^s fincfing a root^ by resolving a quantity into 
equal ftelailsi. • Aquantity is resolved into any tnun^er of 
equal faetoni} by 4ii(i4iiHS i^indesB inla as mmtyefml parts. 

Evolution may be performed^ then, by the following gene- 
ral rule ; 

Divide the index iff the quantity, by the number expressing 
the root to be found. 

Or, place over the quantity the radical sign belongmg to 
ifae required root. 
' 1.- ^us the cube root of a* is a*. For a^Xa^Xf^^ =c*. 

Here 6, the index of tiie riven quantity, is divided by '3, 
die number expressing the cube root. 

2. The cube root of a or 6*, is a* or '%/a. 

For a*x a^X a*,or Vax V«X Va=a. (Artfc 243,246.) 
H6iie«^ Hider 1 is dittdeti by 3: 

3, The 5th root of c*, is (ab)^ or 'V^. 
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^ i 

4, The ttth root of a? , is a« or v a^. ' ' 

' ■ ■ . ■ ; » ■ » ,• » 

1 - .-:. 

6. The 7th root of 2d-TX, is (2i-a?)^ or y2d^o(, 

«. 'Rufe 5th root 6fa-^x\ ; is a— A^f^or ^a- a?l .* 

7i The cdbye ropt of a^, is a?. (Art. J53.) 

8. The 4th root of a""^ is a"^ 

9. The cu,be root of ft' > is «^. . < > . .. > 

0. The nth ropt of a?*", is a:*. 

• - • . - . • . 

2£d« Actco^lng to the nim jiwt glvto, the cvbe rool of 
Jthe square root is found, by dividing the index -I by 3, «3 iQ 
/example 7th. But instead of dividing by 3, we may mt^it- 
ply by i... For HSii^i^ixf (Art 162.) 

Ill 

So -"-T-«==t: X — Therefore the .mth root of Ac nth 
TW ' ' m ' ft 

jroot of d is equal to a^ ^. 



rm ivX X 



That \S(f\ -^^ ^ 5»« 

H^re^the ti^o fractional indices aire reduced to one by 
multiplication. . 

It is sometimes necessary to riercr*e this process ; tore.- 
^l\ne a^ mdex into two factors. 

ThviB xT=ss^^^ :=z J^l ' That is, the Stb root pf « i* 
equal to the square root of the 4th root. 



Imn . .'. 1 iw* '^ n ill** 



X 



So a+4r « a+6r " = a +6i 

It may be necessary to observe, that resolving the index 
into factors, is not the same as resolving die ^uantt^ into faer 
tors. The latter i^ effected) by dividing the index into ^ar/#. 

259. The rule in art 257, may be applied to every case 
in evolution. But when the quantity whose root ;s to be 
found, is composed of seceraZ'^cror«, there will frequently be 
an advantage in taking the root of each pf the factors sej^- 
rateh. • , 

This is done upon the principle, that the root of the pro-: 
jluct of several factors^ u equal to the product of their root^. 



EvoumoN. n^ 

^Ihm ^fahssy/aXyfl>. For each memlMF of the eguik- 
ifioUf if involyed, will give the same power. 

The square of "s^ ah is ah. (Art. 241.) 
The square of y/axVij is ^/ax^/aXyfhx^/h. (Art 102.) 
But yfax^^ats:a. (Art. 241.) And ^hx^h^h. 
Therefore the square of ^/a x ^h =s/a X^aXy/hxyfl ««!?, 
which is also the square of Vol. 

On the same principle, {ahy « «" 6* . 

vWhto, therefore, a quantit/^onsists of serc^rfj factors^ wt 
may either extract the root of th,e wl^ole together j or we 
^ay find the root of the factors separately, ana then multi^ 
ply them into each t»ther. 

JEx. 1. The cube root of ;cy, is cither (ay)t, or ;ip*y% ' . 
. 2. The 5th root of %, is */% or '^3 X '•y. 

3. The 6th root of aftA,is {obKf.ova^b^h^. 

4. The cube root of 8i, is (84)*^, or 26^. 

5. The nth root of o^ y, is, {^c^yY or ccy* . 

260. The root of a fraction is equal to the root of the nv^ 
merator divided by the root of the denominator. 

a o' a* a' a 

1. Thus the square root of -t-=»~- For "iX-^^x' 

a cH* « a* a" m 

A So the ttth root of -^^-xVot -7;X —i* " ^ times ss-r* 

S. The square root of — , is *t7==* ' 

wy Vi^ 

.4« . y 4,,,^* / — • 
^¥ yxy 

261. For determining what sign to prefix to a root, H is 
^portaiit to observe, that 



Jtn ^vo0t of antf quantity- hm the same sigW tts t&e ^qmn^ 
tity itself; 

An even root of an affirmative quantity is amhiguous ; 

An even root of & negative qwMtiiy is impossible. 

That tkeJW, S(ii, jSij Qrany other odd root of a quantity » 
must have the same sign as the <]^uantlty itself, is &iriden1f 
from art. 219. 

262^' But un emn root of an affirmative quantity, may be 
either affirmative or negative. For the quantity may b<^ 
produced from the on^j as well as from the other. (Art. 219.) 

Thus the square root of a* is +a or —a. 

An even root of an affirmative quantity is, therdfore said- 
to be (mbiguous, and is Marked with both + and -•• 

Thus the square root of 3J, is 7['^36 • 

The 4th root of* at, is ]_:v^. 

263. But no even root of a negative quantity can be found^^ 
Thus the square root of —a* is neither +a'nor — «. 

For +ax +a=s+a*. And —ax ---ass+a* also. 

An even root of a negative quantity is> therefore, sud to 
be impossible 4xt inaginary* 
There are purposes to be answered, however, by applymg 

the radical sign to ne^tive quantities.* The expreaion V — 
is often to be foimd m algebraic processes. For, although 
we are unable to assi^ it ^ rank, amone either positive or 
negative quantities ; yet we know that^en multipUed inta 

itself its jproduct is —a, because V— a is by notation a rooT 
of —a, tnat it, a quantity whieh multiplied into itself prodiv* 
ces — a. 

This may, at first view, seem Ko be an exception to the 
general rule that f he product of two negatives is affirmative. 

But it is to be considered^ that V— a is not itself a nega- 
tive quantity, but the root of a negative quantity. 

It ought also to be observed that V— a is not equivalent 
to ^y/u. The fint is a root of —a, but the latter is a foot 
of +a. 

For — ^fl X — v^asB +0. 

^ *S«e an lotarestiog Essay, on the use of impossible quantitiea m 
calculation, by Professor Play&ir, In tbe London PhSosf^hkal Tlraot* 
actions, fox 177t. 
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^he BiiB9iGlal0vs sboivB how often thk is to be repeated as ar 

factor to produce the required product. 

Thus a" X (i"*=5 wn^ X «»« = «»». 

Mult. 3y^ i^xa^ («+*)^ («-y)" ^""^ 

Into y^ a^ (a+ft)^ (^-y)"" ^""^ 



Prod. 3yH' (a+i)^ ^^^^ 



1 X 3_2 1 

Theproduct ofy^ into y ^ is y^ ^=y^. 
Here the sum of the indices | and - 1 is f , according ter 
the rule for reduction in additionw (Art. 74, or 148.) 

» 1 1 1 

Or thus, y* X y ^= y^ X -i=^, =^^^r'~= y"^. 

yY yv y^xy' 

, The product of a** intor a " , is a** " ^a^ =1. 
^ And«'*""^X«^'"'*=a:^^''+^"""^=a?«=^l- / - 

The product of a* into a^— a^xa^=z aJ. 

Jjiei. From th,e last example, It will be seen, that patcers 
laid, roots may be multiplied hj a common rule. This is pne 
of the many advantages derived from the notation by frac- 
tional indices. Any quaiitities whatever may be reduced to 
thefornl of radfcal^, (Art. 26^.) and may then be subjected 
to the same modes of operation. 

* l^u&-y*xv^«y'^*^y ^ . [Art. f50;j' " - * 

And xxon^ ==cc^ ** =;sxir, , .... , ♦ 

The product will become rational, whenever the numera- 
tor of tne index can be exactly divided by thq denominator.^ 

Thus a^xa^Xa^= a^ =:a*. (Art. 254.) 

And (a+i)^x(a+J)""^=r(a+J)'^=a+&. 

r And $JKa7^.a\^j(^ 

s 



282. When radicsJ quantities which are reduced to ttc' ^ 
name index have rational co^ffidenUj ike rational parts may 
be multiplied together ^ and their product prefixed to the product 
of the radical paris^ 

!• Multiply faV^ "^to c^/d. 

The product af the rational parts is ac»* 
. . The product of the radical parte is ^hil. (Art. 279.) 
And the whole product is acy/bd. 
For Oy/b is a X y/b. (Art. 244.) And c^/d is c x y/d. 
Hy art. 102, axy/b into ex V^, is aXy/bxcX^d; o^hJ^ 
changing the order of the factors, 

axcXy/bXy/Ld:=^acXyfhi^acy/hd. 

2. Multiply cw?* into b^. 

When th& radical parts are reduced to a common index>. 

1 / 4 
the factors become a{x*Y QXxAb\d^y . 

The product then is ab\x^d^ Y^ 

But in cases of this nature, we may save the trouble of 
reducing to a common index, by multi^}ing as in art. 278. 

Thus or* into 6d», is aoo^bi^.* ^ 

Mult. a(6+«)* ^y» dyfx tUo ^ x Vf 

Into y[b-x)i hy/hy hyfx 6y""i y «^» 



1 



Prod. ay{h^ — a?^)^ ah,/x^^abx dxy 

^3. If the rational quantities, instead of being co-e^-» 
dents ta the radical quantities, ane conitected with them by 
the signs -f and — •, each term in the multiplier must m- 
iHuItiplied into each iathe multiplicand, as in-art. lOQ.- 

Multiply a +\/ft 
; Into c+y/d 



^+cy/b (Art 244.) 

ayfd+y^d (Art. 279.) 
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. *Tk^ {irodact of a+ y/y into 1 +ry/y is • . • 

DiTISIOIf OF RaDICAI^ QuANTITIEi^ 

:i8i. The division of radical quantities may be expressed^ 
jby writing the divisor under the dividend, in the form of a 
/raction. 

^hus the ^uotie|[it oS *yfa divided by y^j'^^^JT' 

And (a+Af divided by(6+a:)'' is ^^^^S- 

In these Instances^ the radical sign or index Is separatdy 
applied to the numerator and the denominator. But if the 
divisor and dividend are reduced to the same index or rad- 
ical sign, this nay be applied to the wjiole quotient. 

' ^yfa n la' 
Thus V^-r- V^"='F7I= V r~' For the root of a frac-* 

tion is equal to the root of the numerator divided by the roc^ 
of the denominator. [Art* 260.] 

A^n V^"^ V63= V^' ^pr ^^ product of this quo- 
tient into the divisor is equal to the dividend, that is, 
VflX Vi«= Va^ [Art. 279.] Hence, 

285. . Quantities under the same radical sign or index, may 
he divided like rational quantities, the quotient being placed w]^ 
der ihe^ common radical sign or index. 

Divide (« ^ y * )'^ by y^. 

These reduced to the same index are (aj*y*)^ and (y*)^,, 
[Art. 2fi9.] 

And the quotient is («^p~= x^z^x^. [Art. 258.] 

Dmde V^6a^ yflh^ <a^+flw?)^ iaH)"^ (a^y^)^ 
By V5^ >^^ ft^ iaxY {ayY 



<«a>qnpMi*>MM^iMp.i*a 
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286. A root is divided by another root of the same letter or 
quantity^ by svhtracting the index of the dhisor from that of 
fhe dividerM. . 

Thus a^^a^=a^ '<^==a^ Y=a^=A 

m * 

JFor a^=:^a'^=ia^ X a*' x a^' and thi^ divided by a' i$ 
a^ X a^' xa^ ^^ ^ J ^| ^^ 

In the same manner, it may be shown thata'^-r a* == a'^ *• 

11 9 JW+n 2 J 

Divide (^)^^ (fiw?)"^ a~» (i+y)" (^*y^)''' 
By a^ {axy a^ (ft+j)"" (r^y^)^ 



sv 



Quot. (3a)* a« (r*y') ^ 



Powers and roo^5 may be brought promiscuously together|r 
^d divided according to the same rule. See art. 281. 

1 _1 5 « 7 6 

Thus a* ^ a''^ =o« ^ = a^. For a^ X a"^ = a? =a'. 

So y" -4- y"*=y" "*. 

287. When radical quantities which are reduced to the 
same index have rational co-efficients ^ the rational parts may 
he divided separately^ and their quotient prefixed to the quor 
tient of the radical parts. 

Thus acy/bd-j-ayjb^c^/d. For this quotient multiplied 
into the divisorls equal to the dividend. [Art. 282.] 

Divide 24rv/fly ISdhy/bx Jy(a»a?«)» 16^/32 .h^xy 
]Sj 6 Va 2hy/x y(flw:)» 8^/4 Vy 

J. 
4rv/y h{a^xY ^ tV^ 



. Piyidcc6(a^^6)^bya(a?)*.. 



t 
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•These reduced to the same index are dbix^hY' ^^^ a{x^^' 

The quotient then is 5(i)*=(6*)*. (Art. 272.) 

To save the trouble of reducing to a 'common index, the 
.division may be expressed in the form of a fraction, as in 
4art. 284. 

The quotient yfSi then be \ — • 

Involution of Radical Quantities. 

288. Radical quantitiesy Hke powers, are involved by mvlti- 
plying the index of the root into the index of the required 
power. 

i: The square of a^ = a"s^ ^ = a^. For a^x a^ = a^. 
[Art. 280.] 

a. The cube of a^= a* ^ ^= a*. For a* x a* x a* = a^. 

j3. And, universally, the nth power of 6'"=: a"* = a»». 

For the nth power of a^ ^(f x a'".'. . . n tid|s, and the 

£um of the indices will then be ». 

• ■ 

V4. The 5th power of o^y"^, is d^y^. Or, by reducing 
•die roots to a common ihdex, 

(a3y^)^^^ = (aV)*- 
.5. The cube of oP- x^ is tt** a?"» or (a'";c'* )"»». 

p. The square of a^a?*, is a'^^o?''. 

The cube ota^ is a» ^^= a^=a. [Art. 253.] 

X n 

And the nth pow^r of a", is dn =(i. Th«t is, 

289. A root is raised to a power of the same name, hy re 

fnoving the index or radical sign. 

, --» 

. Thus the cube of Vb+x, is b+x. 

X ^ 

j/jmd the nth power of (a— y)" , is a— y. 



* • 



1$4 ALGEBRA. 

290. When the radical quantities have rational ca^effieienUf^ 
4heee must also be involved. . ' 

1. The square a^y/x, is a* '*V^». 
For a^'y/xxa "vfer=a* V«*- [Art. 282.3 

2. The nth pow^r of ,<i**a?'",isa;"*a:»». 

5. The square of aVx—y^ is tt* X (a?— y)- 
4. The cube of Soyf.y, is 27a^y. 

291. But if the radical quantities are cosuiected with oth^ 
ers by the sicns .+ apd — , they must be involved by » midr 
tiplication ot the several terms, as in art. 213. 

Ex. 1. Required the cube of a+y/y. ^ 



u*+ay/y [Art. 214-3 
nVy+y [Art*2B93 

a^+ia^y+y 
a + y/y 



1^ a^ +2a^^y+ay 

a*y^ij+2ay+yy/y 

% Required the square of a-^y/h. Ans. ft*— Sa-v/^+J. 
3. Required the cube of 2d+y/x. 



292. It is unnecessary to give a separate i^e for the evo- 
jbition of radical quantities, that is, for finding the root of a 
quantity which is already a root. The operation is the saine 
as itt other cases of evolution. The fractional index of 
the radical quantity is to be divided, bylhe number expres- 
sing the root to be found. Or, the radical sign belonging t9 
the required root, may be placed over the given quantity. 

{Art. 257.] If there are rjitional co^efficieirts, the roots tt 
bese must alsd^be extracted. 



Radical ^lUANTiTffis; igr 

Thus, the square root of a», » o* * =5 a'*. 

« i 1 ^ 
For a«x a^ssa*^. 

The cube root of a(a:3f)^, is a*(ay)'". 

The nth root of a * ^Jy, is *v « * *^^- 

393; It may J^e proper to obsenre, that dividing the frfto»' 
iional index of a root is the same in effect, ae mtdttplying the' 
number wluch is placed orer the radical sign. For this num- 
ber, coiresponds with the denominator o( the fractional index; 
aiid a fraction is divided, by mvltiplyvng its denominatbr* 
iArt.163.] ^ . 

.Thus»v'a=tt^- •^fa-a^. 

On the other hand, multiplying the fractional index it 
Equivalent to dividing the number which ift placed orer the 
radical sign. 

Thui the square of • V« w e^, ie • ya or «^ ss ai. 



' « 
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Section x. 



ftEl>UOTIOr^ OF lEqitATIONS BY INtOLUTIOlil 

AND EVOLUTION. ^ 



Akt 294 T ^^ equation, the letter which Expresses the 
.41 * * unknown quantity is sometimes found mader 
a radical sign* We may have : * * 

To clear this of the radical sign, let each r&eniber of the 
equation be squared, that is, multiplied into itself. We shall 
then have 

'^aDXi/xi=aay Or, [Art. 2B9.] x^a^. 

The equality of the sides is not affected by this operation, 
because each is crnly multiplied inio i^If, that i^ equal quan- 
ties are multiplied into equal quantities. [Ax. 3.] 

The aame principle is applicable to any root whatever, 
If "x/^3sa ; then Ar=a" . For by art. 289, a root is raised to 
h, power of the same name, by removing the index or radi- 
cal sign. Hence, ^ 

295. When the unknown quantity is under a radical sign, 
the equation is reduced by involving both sides^ to a power of 
the same name, as the root expressed by the radical agri. 

It will generally be expedient to make the necessary trans- 
positions, before involving the quantities; se, that all tho?e 
which are not under the radical sign, may stand on one side 
of the equation. 

Ex. 1. Reduce the equation y/9c+4f=:9 

Transposing +4 [Art. 173.] ^^'=9— 4=5 

Involving both sides ;v=5^=:25. 

2. Reduce the equation' a-f- V^^6=^' 

By transposition, V^ =«i+S — « 

By involution, x^{d+b'^aY'' 



^,i J 
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S. Reduce the equation t^J+Tsel 

Involving both sides^ x+ 1 xa4* m64 

Transposing +1, x^65. 



4. Reduce the equation 4+3\'«--4=6+i 

Clearing of fractions, [Art.l83.] 8 +6V; y-4=13 

Transposing 8, 6v^a?— 4^3— BasS 

Dividing by 6, [Art. 184*] V*.-4s=| 

Involving botii sides, x •*- 4= |f [Art 223.] 

Transposing —4, ^ ^tt:||.-f 4. 

6* Reduce tiie equation ^a^+^x^]^ ^ ' 4^Jx 



Multiplying by Va*+i/Xf 
Transposing a', _ 






Involving both sides, ;c3b(3-|;cI— a*)*. 

* 

In the first step in this example, multiplying the first mem- 
ber into y/a* + ^x^ that is, into itself^ is the same as squaring 
it, which is done by taking away its radical ri^. The oth- 
er member being a fraction, is mu]tq)lied mto a quantity 
equal to its denominator, by cancelling the denominator. 
(Art. 159.) There remains a radical sien over ^, which 
must be removed by involving both sides of the equation.* 

6. Reduce 3+2|/;e— $=6. Ans. a?5s|Jf. 



7. Ileduce4y-y =:8. Ans. Arss20. 



RSDUCTION OV EQUATIONS BT EvOLUTIOni 

296. In many equations, the letter which expresses the 
uidmown quantity is involved to some power. Thus in the 
eq[iiation 

we have the value of the square of Xj but not of x itself. 
If the square root of both sides be extracted, we shall have 

;irs54. 

Tke tauality of the members is not affected by this r^ 
T 
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ductien. For if two quantities or sets of quantities 
equaly their roots are also equal. 



If {x+a)^ ^b+hy then ^+«=*'^6+Ai Hence, 

297. When the expression containing the unJcnovm guantiiif^ 
is a powSR, the eqtiation is reduced by isxtracitiNg the root 
of both sidesy a root of the game name fts the powef. 

£x^ 1. Reduce the equation S*^x^'-3-=:l 

J3y transposition a?* =7 +B.— 6 =9 

By evolution at =t\/9 ts?±3. ' 

The signs + and — are both placed before y/9, be-' 
catise an even^ root of an affirmative quantity is ambi^om^ 
[Art. 261.J 

ST. Reduce the equation " *a?*— 30=5:v*+34 
Tvans. and uniting termS|» 4x*zszSft 

Div idbg by 4, ' a? » = 16 

By cvo»tioH» tcsci*^ l 

8. Reduce the equationr *+"T'=^'^"^ 

Clearing of fractionsj abd+dx^ =zbdh-^bx^ 

Transposing t^rms, ia? * + cfc* =s bdh ^ahd 

bdh-^ahd 
Dividing by b+d{Art.l85.y x^ = ^ ^ 

_ _ , jL/bdh—ahd\l 

By evolutionf ^ = _ I — ^ . j J 

i. Redude the equation? a+dbc** =:10— a?* 

By transposition^ «tr" +a^ »10— « 

Dividing by d+l> ' x^ ^^XT 

/lO— a\i. 
By evolution, *=\ ThTA * ^ 

298. From the preceding articles, it will be easy to see in 
what manner an equation is to be reduced, when the ex- ' 
pression containing the unknown quantity is a power, and at 
the same time under a radical sign; that is^ when it is a root 
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<«if a power. Both involution JBod evolution will be neceasa- 
xy in this case. 

£xi 1. Reduce tlie equation »yAr*=4 

By involution, «* =4* =64' 

Bj evolution, x^ssi: ^64=ta. 



2. Reduce the equation 'y^c^—asszh-^-d 

Bv involution oc^— a=A*— 2ftdf+4H 

Iransposing a a*» as A*->-2>d+rf*+g 

By evolutiQto ?c=}/h^ -^2hd+d^ + a. 

3. Reduce iljie equation (^+o) = 1 

(a?— a)' 

Multiplying by (:v-a)* [Art. 279.] (**-ii»)^=a+& 
By involution^ ap' — o* sso* 4-2oi+ft* 

Trans, and nniting terms, x^ ^2a* 4-2a&+&^ 

By evolution j?=si(2a* + 2aJ + i»)f. 

pROBLEMft. 

Prob. K A gentleman being asked his age, replied; ''If 
j^ou add to it ten years, and extract the square root of the 
sum, and from this root subtract ^ the remainder will be£.^ 
What was his age i 

By the conditions of the problen> V/c+TO— 2=8^8 

By transposition, V^+10 =6 + 2 =5 8 

By invrfution, ;«r + 10 =8* =64 

By transposition, . y= s64--lQ ?s54. 

Proof [Art. W4.3 \^54+ 10-2=6. 

Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted, and fffom this 163 be 
subtracted, the remainder will be 237. What is^the num^ 
iber? 

Let ;if asthe number tougbt islftS 

^=22577 «=237. 
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By the conditions proposed V x+a -^bsse 

By transposition, y/x+a^te+b 

By involution, x+a^{c+bY 

By transposition, a?=(c+i)* — ct 

Restoring the numbers, (Art62.)a?=(237+163)« -22S77 
That is, y=rl60000-225 77 = 1 37423. 

Proof V^137423+22577-163352S7. 

299. When an eaua^tion is reduced by extracting an even 
root of « quantity, me solution does not determine whether 
the answer is positive or negative. [Art. 297.] But what is 
thus left ambiguous by the algebraic process, is frequently 
settled by the statement of the problem. 

Prob. 3. A merchant gains in trade a sum, to^ which 320 
dolla.rs bears the same proportion, as five times this sum does 
to 2500. What is the amount gained f 



Let ;c=the sum required* 

&=2S00. 
By the supposition aixxzSxib 

Mult, extremes and means [Art. 188.] 5»^ =a& 

Dividing by 5, " 9r cs-^ 

(ab\^ 
By evolution, ^^\b) 

« . , , / 320x2600 \* 
Restonng the numbers, ^^\ 5 / =400. 

Here ihe answer is not marked as ambiguous, because bv 
the statement of the j^roblem it is gain^ and not loss, jt 
must therefore be positive. This might be determined, in 
the present instance, even from the algebraic process. When- 
ever the root of a^ is ambiguous, it is because we are igno- 
rant whether the power has been produced by the multipli* 
cation of +Xj or of — ^, into itself. [Art. 262.] But here 
we have the multiplication actually performed. By turning 
back to the two first steps of the equation, yve find that 6x^ 
was produced by multiplying 5x into x, that is +5x into +x. 
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Piob. 4. The distuioe to a certain plaee is saeh, that if 
96 be subtracted from the square of the number o[ miles, 
the remaimler wiS be 48. What is the distance f 

Let Af =stbe di^t^nce required* 

By the supposition^ A^.^9(^a:48 

By transposition^ . x* =r48 + 96 ==: 144 

Byevohition, Pc^')/IM=:^IZ 

I^b. 5. If three times the square of a cerfain number 
be divided by four, and if the quotient be diminished t^ IS^ 
the remainder will be 180. What is the number? 

3»^ 



t • 



By the supposition --r — 13=180 

Muhiplying by 4, and trans. Sv* = 720 + 48 = 768 
Dividing by 3, x^ =256 

By evolution, a?=V256=16. 

Prob. 6. What number b that, the fourth part of whose 
square bemg subtracted from 8, leaves a remainder equal to 
four? Ans. 4. 



A'F&CTiSD Quadratic E^nATiOKS. 

300. Equations are divided inta classes, which are distin* 
flushed from each other, b^ thepower of the letter that ex« 
presses the unknown quantity. . Those which contain only 
ihj^Jirst power of the unknown quantity, are called equations 
of one dimenfiont or equations of the^r«( degree. Those ui 
which die highest power of the unknown quanti^ is a square^ 
are called quadrattCy or equations of the second degree; those 
in which the highest power is a cu&e, equations <? the tUrd 
degree^ tft^ 

Thus ^3ia4-(, is an equation of the first degree. 

x^ =c, and X* +ax=*:dj are quadratic equations, or 
equations of the second degree. 

x^^h, 9nd X* +a9(^ +hx^dj are cubic equationS| or 
equations of the third degree. 

SOL Equations are also divided into pure and eff^^iei 
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^quatioiti^. A pire equation contains x>ily one power of the 
^Bnknown quantity* This may be the first, second, third, or 
any other .power. An affected equation contains different 
j^awers of the unknown quantity. Thus^ 

^ sqrtj— &, IS a pute quaklfktic equation. 
X* +bxssidf an affected quadratic .equaticm. 






raj— c, a pure cubic equation* 

+ax^ +bx=^ki an affected cubic equation. 



. A pure equation is also called a mmple equation. But this 
lerm has been applied in too vague a manner. By some 
writers, it is extended to pure equations of every degree: by 
others, it is confined to those of the first degree. 

In a pure equation^ all the terms which contain the un- 
known quantity may be united in one,' (Art. 165.) and the 
equation, however complicated in other respects, may be 
reduced by the rules which have already been given. But 
in an affected equation, as the unknown quantity is raised, to 
different powers^ the texms containing tnese powers can not 
be united. {Art. 230.^ There are particular rules for ;the 
reduction of quadratic, cubic, and biquadratic equation^/i 0/ 
Ihese, only the first will be considered at present. 

302. An affected quadratic equation i$ one which contains 
ihe wik94)wn quantity ia one term^ and the square of that qum^ 
tity in another temu 

The unknown quantity may be ori^ally in several terms 
of the equation. But sJl these may be reduced to two, one 
containing the unknown quantity, and the other its square. 

^ 303. it has already be^n shown that a pure quadratic is 
solved by extracting the root of both sides of the equation. An 
affected quadratic may be 'solved in the same way, if the 
memher which contains the unknown quantity is an exact 
"square^ Thus the equation 

jsay be reduced b^ evolution. For the first member is the 
square of a binomial quantity. [Ah. 264. j And its root is 
x-^a. Therefore, 

jv-fass Vb+hy and by transposing a, 

x=: Vb+h^a. 

904. But it is not often the case, that a member of an af- 
fected quadratic equation is an exact square, tiU an addition- 
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'4 

li tenn is a]n>Iied, for the puipose el maldng the Fequk^df 
reduction, in the equation ^ 

the side containing the unknown quantity is not a complete 
square. The two tenns of which it is composed are indeeci 
such, as might belong to the square of a binomial quantity. 
^Art. 214.] But one term is wanting. We have then to 
mquire, in what way this may be supplied. From having 
two terms of the square of a binomial ^ven, how shall we 
find the third % 

Of the three terms, two are comjdete powers, and the 
other is twice the product of the roots of these powers j 
[Art. 214.] or<^ which is the same thing, the product of one 
of the roots into twice the other* In the expression 

the term 2a;c consists of the factors 2a and x. The latter is the 
unknown quantity. The other factor 2a may be considered 
the co-efficient of the unknown quantity ; a co-efficient being 
another name for a factor. [Art. 41.2 As- ;«: is the root of the 
first term x* ; the other factor 2a is tvnce the root of the 
third term, which is wanted to complete the square. There- 
fore half 2a is the roof of the deficient term, and a* is the 
term itself. The square completed is 

x^+2ax-^-a*f 

where it will be seen that the last tenn a' is the square of 
half 2a, and 2a i& the co*efficient of x the root of the first 
term. 

In the same manner, it may be proved, that the last ten» 
of the square of any buiomial quantity, is equal to the^ 
sqiiare of half the co-efficient of tne root of the first term. 
From this principle, is derived the foUowins rule : 

305. To complete the square^ in an affected quadratfc equa-^ 
tion ; take the square of half the co-efficient of the first powet 
rfthe unknown quantity ^ and add it to both sides of the equation. 

Before completing the square, the known and unknown 
quantities must be brought on opposite sides of the equation 
by transposition ;: and the highest power of the unknown 
quantity must have the affirmative sign, and be cleared of 
fractions, co-efficients, &c. See arts. 308, 9, 10, 11. 

Afier the square is completed, the equation is reduced, by 
extracting the square root of both sides, and transposing the 
icnown part of the binomiij root. [Art. 303.] 
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The aQftfttity wMch is addtfd to otie adb of die oqoilioilf 
to complete the square, must be added to the other side al« 
SO9 to preserve the equality of the two members. (Ax« h) , 

306. To avoid having the attention divided amons too 

many objects,«the learner should distinguish between i^at id 

pmdiar m tfie reduction of quadratic equations, and what is 

common to this and the other Kinds which have already been 

considered. The peculiar part, in the resolution of affected 

quadratics, is the completing of the square. The other steps 

' are sixqilar. to those by which pure equations are reduced. 

For the purpose of rendering the completing of the square 

familiar, there will be an advantage in be^bmne with exam- 

« pies in which the equation is alre^y prepared for tlus step. 

Ex. 1. Reduce the equation x^'\-%axs:h 

Completmg the square y*+6flw+9ft* gs9g' + t 

Extractmg both sides (Art.303.) y+3flss±V^ 9a»+6 

TraosposmgSa a?=— 3a±\^9a^*+S 

Here the co-efficient of ^, in the first step, is 6a; 

The square of half this b 9a', which bein^ added to both 
aides completes the square. The equation is then reduced 
by extractmg the root of each member, in the same manner 
as in art 297, excepting that the square here being that of tr 
Unomialj its root is found by the rule in art. 265. • 

2. Reduce the equation cc'— 8ia?ssA 
Completing the square, a?*— 8ia?+16i*s=166*+* 

Extracting both sides a?-4ft= ±Vl^»+ *> 

Transposing -46, x^Oibi Vl66« +h 

In this exam{)le, half the co-efficient of x is 4&, the'Squibre 
of which IQb* is to be added to both sides of the equation. 

3. Reduce the equation x*+ax^b+h 

a* a* 
Completmg the square, x* +ax+'T^'T+i+h . 



By evolution, **+'|= JlvT+*+*/ 

Transposing ^ «*==^l(V+*+*/^' 
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Bere^ tlie do-rfBfciart of a?ig a, li^ 

square ist -j" (Art. 2fi3.) 

4. Re4uce the «quati<>n a?'— a?s=X— cT 

Completing the square, «?* -ra?+|=^+A— i 

• Extracting and transp. so =^1( I + A — ^ )'^* 

Here the co-efficient of a? is 1, its half is |, and the squgm 
of this is |. 

^ S. Reduce the equationf ^*+3a?=d+6 

Completing th^ square, a* +3a?+|=|+d+6 

Extracting and transp* ^ = — j i(| + <^+ 6 )^ . 

6. Reduce the equation x*—ahx^ab'-cd 

Completing the square, x^ — a&a?+— j-ss—^+tto-'Cii 

ah A. (an* ^ M 
Extracting and transp. a?=-2llV*~4^"*" / • 

4 



ax a* «• 



7. Reduce the equation ay^'+y =s:A 

flop a w - 
Completing the square, ** +y +457=457-^* 

a \ ( a* \X 
Extricating and ^rassp. *^*='^^Z!\44T+*/ . 



By art. 1 58, -r- sa-r- x x The co-efflciei^ of a?, ^eiefore, 
ia J* Half of this is ^, (Art 163.) the s^nre of wbicfa i« 
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8w Reduce the equatiM,. « . v^* — -rrtn^ 
^Comptetii^ the square,^ , 9^ ""T +4iT=46ir+'3'* 
Extractmg and transp* *^26 — \i6«^ "^ '^^'^j \ 

Here the fraction "r='rXa?- (Art. 1S8-) Therefore th© 

■ ' i ■ ■ 

coefficient of o^ is -7- *' • ' 

307. In these and similar instances, the root of the third 
term of the completed sqjiare is easily found, because thift 
rd6t IS the same half x^b-efficient from which the term has' 

just been derived. (Art.304.) Thus in the last examplei 

I 
half the co-efficieni ef ^ Is AI9 And thik is the ']t)0t of the 

third leto ^^ , . . - , 

308. When the first power of the unknown quantity is In 
severed iemUyiSieBe should be united' in one, if th<&yH:aa be, 
hy the rules f€>r redoction in.«ddkioik Bnttf there are lUe- 
f^^effieients^ tibese maybe considered as constituthig, to- 

fethei:, .a eomfctmd co-eflkient or iactOTi into wliicb' the un- 
nown qtiantity is multiplied. 
Thus ar+6a:+*c=(«+6+^X«. (Art. 120.) The 
square of half.thifi compound co-efficiiSBt istd he ad&d-to 
both sides of the equation .. , 

1* Be<^ce the equatioff ' ^*-f 3^+^+^==/. • 

^ Ctdiing terms, (Art 174.) a?»+6a?=rf 

Completing the square, a:* +6a?+ 9 :ts9+(? 

Extracts and transp. ^ coe -^-SS^^/d+d 

2. tU^uce the equation, x^' + oc+^rapA 

By art.' 1*20, a?*+(a+&)x*'=:A .' 

/a+i\* (a+b\' 
Compl^g O^ square, ^•+Ca+6)x«+\7^/ =V"T~/ +* 

By evqlutiQn,. *+"2"^--'^ V"^/ "^ 

By transpeaition, ^^'^'^lLy\^} +* 
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^ Reduce the eqofttieQ, x*--f a«— araofr. 
By art 120, *• + (a— I) x x=i 

Comjjl'g the squwe, a!* + (o-I) X x+ V^} = V~2~/ ■^'* 

■ ,. fl^lj. I(a—iy ' 

^tractinganat(Ba«p.a;s=-— g-^V ^~^/ +» 

309. After 'beconu^ fttmiliar with the method of r«m- 
pleting the aquare, in affected quadratic equations, it wiH b» 
necessatr to attend to th 
Inis. Here however, littli 
4!&tion (if Fides aJrcady g 
,quuiEities mu^t .be brongui 
by transpoailion. And i 
mafee th^ square of the u 
ing term, as in the priced 
eseential. But it will shi , 
.rangement of the terms in the completed squftre. 

1. Reduce the ecuwtian > a-f&s— 3&3=3c— x' 

Traiup. aod-wutii^ tertas, d* +2x3aab—a * 

Cem}Meting tbeaqtwre, a;,*+aw+l=i+36—« ' 

EstraeUDE as^ ttwsp. ' ft=TlZ^l + 3b-e. 

'■• ■ • ■■' * .' -« ■ «6-' ■ • 

■2. R^auoe tae eqnti0» . ■ ^""^+2"* 

Clearing of fractions, Ji?*+2r='73— 8r— 1& 

Transp. and uniting terms, ir*-^Ity;=S6 
Comffleting the square, ^' ■^l0x+25=25+5ip:8i 
Extracting and trapsfy pf™— 61/^1 = — 5±9. . 



i. Reduce the iqufttien x*+tia~eti=X^—Sx* 

Tranip, BJid unitiiig. terms, 6x*— 12)c=6A— 24a 
Diwdingbye, , x*—2x=h~4a 

Codipleting the square, a;" —2^+1 =1 +A— 4« 
JiiL^'acling and txanep. jii^lZ^l+A~4<ii ^ i' 



2. Reduce the equation 1+3^ =?«—-^ 

dealing of fractions, aA+2«i»=sad— 6a?» 

By traaspositioD, bx^+Sxtx^s^^id^ah 

2ax ad-^ah 
Dividing by 6, a;*:t.-y-=: — g— ^ 

2ax a* a* nd^-ak 
Cbmprg the square^ ^*+T""*"t»^ft*+ — b~ 

Extracting and transp. o-ss — y J^ \b^'^ — h — / 

^11. If the square of the unknown quantity is in se/vcrcA 
ferms^ the equation must be divided hy all the co-efl5.cient$ 
pf this square, as in art. 185. 

* I. Reduce the equation 8^*+d!r*— i<r=6— ft 

Dividing by i+^ (Art 121>* -^T+d^V+d 

^x ( 2 y ( i V b-h 

Completing the square ^'"i^'^y ^ ^\^d)+W d 

24. // 2 \» b--h 
JExtraot, and transp. ^--^:d^y \b+d) +b+df 

2. Reduce the equation nx*+x = A + 3^ —a?* 
Transp. and uniting terms, aa?*+'3?*— 2af=R ' • ' 

2r A 
©ividmg by a+1, x^ '^T^'^T^l 

^om^leting the square,x^-^+ [ —} := ^^ j + ^ 
Extraiiting and transp. a?=5^^+V(^^ +i+:T' 

312. In the square of a binomial, the first and last tenu!^ 
^re always positive. For each is the square of one of the 
terms of the foot. (Ait. 214.) But every square is positive. 
(Art. 216.) If then —x-^ occurs in an equation, it can not, 
with this sign, form a psurt of the square of a binomial. JBut 
if <dl the signs in the equation be .changed, the equality of 
^the sides wiU be preserved, (Art. 177.) the term' —x.^ will 
^become positive, and the square may be completed. 
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1. Reduce tJie equation —a?* -|-2fer==df— A 

Changing afl the signs, * a?*— 24?=A— *tf 

Completing the square^ «*— 2^+l:fcl+S— rf 

Extraeting and transp. xsslt Vl ^h^A, 

, 2. Reduce the equation 4r— ^*=a:— 12* 

Changing afl the signs, a:^ ^4a: 3= 12 

Completing the squai^, op* — 4;c+4«:4+12«c14 

Extracting and transp. x=:2ty/l6* 

313. In a quadratic equation, the first term x^ is the 
square of a single letter. But a binomial quantity may con*" 
sist of terms, one or both of which are already powers. 

1%iis *■• +a is a binomial, and its square is - * 

x^+2aa:^+a^^ 

where the index of x in the first term is twice as great as i^ 
the second. * When the third term is deficient, the square 
may be completed in the ^ame manner as that of any other 
binomiai. For tl^e middle term is twice the product of the 
roots of thfe two others. 
'• So the square cX x* +a^ is ^"+2aA:*' 4-a*. iTherefore, 

314. Any equafionr which contains only two different powers 
ofihe unknown quantUyf tie index qf one of whickis , twice 
that of the other^ may be resolved in the same maimer as a 
quadratic equation^ hy completing the square* 

It must be observed however that, in the binomial root, 
the letter expressing the unknown quantity will still have an 
index, so that a farther extraction, according to art. 297, will 
;b(e necessary.. 

Heduce the equation x^ —at* = J— a 

Completing the square, :v*— :«'*4-i=i+6— a 
. Extracting and transp. x^ =|± v J+6— a 



Extracting again, (Art.297.) a?= i \t V^+i— a. 

2. Redude the equation x'^^—^x^ =a 

Completing the square, x^^-^^x^ +46* =4i' +a 

Extracting ^ind transp. x"^ =2b± V46 ^ + a 
Extracting ^gain <y= ^26±v46*+a. 

.3^1^. The solution of a quadratic equation, whether pure 
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orsSSeded, p¥€S two results. For aft^r ike eqaatioit ia 
dnced, it o^ntaili& an ambigi^tovs root. Ih ajpur^ quadratic^' 
Ihis root 18 tbe t&&o2e Value of the unknown quantity. (Art. 
397.) 

Thus flie equafiofri a:* =64 

Becomes, when reduced, a?=±-/W 

That is, the valufe of .x is either +8 or —8, for eac6 \ 
of- dtese is a root of 64. Here both the Talues of x are the 
same, except &at th^ have Contrary signs. This will he 
the case in every pure quadratic equsition, because the whole » 
of the second nemher is under the radical siga* The two*j 
^ues of the uoknowtt quantity will he alike^ except that'oiie 
will be positive, and the ether negative. : '* » 

316. But ia i^j^Bded quadratics^' a part only of one eide of 
the reduced equation is under the radical sipi. When this 
jpart is added to, or subtracted from, that which is without the -^ 
radical sign ; the two results will differ in quantity, and \f^ 
Jhave their agns in some caser. alike, and in others unlike^ 

I. The equation a:" +8^5=20 

Pecomes, when reduced, a?=s^4i v 16 r^rSO 

That is, ;tf^— 4i^ . ' • •• 

Here the first value of x is, -.r-4+6 s= +2 > one positive, and 
Attd the second Is, — 4— €»— 10 5 the other Negative. 

M 
SL The equation aj*— 8vC=r— IS ^ 

Becomes^ when reduced, a?=x4iVl6--li 

That is a?3=4tl 

Here the first value of x is 4+1 =+S ) r^, .^ ^ 
And thfe swjondis 4-l=+3 < *'^I«»»**^- 

•5^at these two vtlueis of w are correctly founcji, may be 
proved, by subaAituting first one, and then the other, Corx iU- 
iieM',lAtbex>ngiBal erquation. {Art IM.) 

Thu^5*-8xfi=aS-40=-15 ; 

And 3»-8x3=8-r24^-15. - . . 

r • 

SI7. 'la. the reduction ff( an affected <juadratic equatipn^ , 
the vahte of the unknowu quantity is frequently found to he ' 
imaginary. 



fthus the equation 9fl *— flyag-^aft 

. Becomes^, wben veduetcl, j? cz4± ^16-^20 

lliati^ :!c=±/^ 

Here the root of the negative qnmlSty -«4^ttD liof be a^^ 
ftgned, (Art 26X^ and thereSpre )Lb^ vfdue of at can not be 
foumj,,^^ There wjll^be .Ihcf s^me ioipossibijity, in every in- 
stance in which tlie ]ie»tiv^ part oi tne quantities underliM^ » 
radical sign is greater tnan tl^e. positive paart.^ 

'318. Whenever one of the .values of the unknown quanti- 
ty, in a quadratic equation is imaipnary, the oth&r is sp aJso^ ^ 
For both ^re equally aft^cted by tne imagLmuy rooL / 

Thus, in the example above, 
t .r Tfaefitst value of x is 4+/— 4, 

: Ahd the second is ' 4— V^— 4; eachof wMck 
4SO]itain8 the imaginary quantity v^— 4. 

319L An equation which when reduced contains an imiK - 
ginary root, is often of use, to enaJble us to determine wheth- 
er a proposed question admits of an answer^ or invotvei ant 
Absurdity. 

^Siqtpose it is Tequired to divide 8 into two such paiiSj that 
the product will h% 20. 

If X Is one of the part», the od&er will be ^•»*-x.(Artl9Su) 

By the conditions proposedi (8 —a?) x xss^n 

That is, &c-;v»^20 

Chaagingi all th^ signs, (Art. 177.)r jc« -^8t=s — 2» 

This becomes, when reduced, * jc=4-.v'— 4. 

Here ihd ima^naty expression -/— 4 shows that an aD^ , 
«wer is impossible ; and that theni is an absurdity in sa{q>o»- 
iilg that 8 n^ay b^ divided v^Xo twp suchp^rtSi tb&t tb^rpfo^ 
duct shiall be 20. 

1(20. Although a quadratic equation has two solutions, ]r4 
both these may not always be apjdicable to the subject pio- 
posed. The quantity under ti&e radical sign may be prodo* 
eed either from a positive or a neg^ve root. ' But bodi 
these roots may aot>Jn. e.v^ry instance, bdong \» tbeiftob* 
km to be solye^. iSipa vt^ 898. 

^ fise Dots C* 
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r Prob. 1. A merchant has a piece of cotto^ Qlotb, apd s 
piece pf silk., The jjumber ox yards in both is 110; ahd if 

* Jjie s^ai:e of the number of yards of silk be subtracted 
from 80 times the number of yards of cotton, the difference 
will be 400. How many yards are there in each piece f * ' 

Let ;^=the yard? of silk. , . 

Then 110— ;c= the yards of cotton.' 

By supposition, 400=80 x(110-.a?)—j^ 

That is, 400=88pO-80;e-*'» 

Transp. & unit, terms, o^ +80a?=8400 

Compl'gthe square, x* +80^+1 600=1 600+8400^=10000 

Extracting and transp. :v= — 40l'/l0000= —401100 "^ 

The first value of iv,j3 -* 40 +100 =^60, the yards (ft silkf 
And 110— :v=110-'60=50, the yaMsof ^tton. 

The second value of x, is --40— 100=— 140} but as this 

i$. % ni^gative quantity, it is not applicable to good^ which a 

fliaa has in his possession. 

Prob. 2. The ages of two brothers' are such, that tkeir 
SKUn is 4£ je«r$, and their product 500. What is the ^ge of 
eachf 

Let ATssone^f the ages* Then 45— ;^=the other. 

By supposition, X X (4S-r;v) csiSOO 

Tha* 1^,- 45A?-a?» a500 

Cfaangiiig all the sigoa, «* ^4t5^^r^o6 

„ t. , • . ^25 2025 r 2» 

. Complg the'square, or — 45a?+~7-i'ts— 7—— 506=^ 

^Extract. and transp. ;.=-+^^^-^:i- . 

One of the ages then is 25 years, and the other iO. 

Prob. 3. To find two raimbera WPh|;,t^Xt^Qir djifmnce 
shall be 4, and tbeir product 117. 

Let ;^s=one number, and jc+4=:the other. 
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fif the C€«)ditionSy {x+^^xxs xlll ♦ 

This reduced, giycs, a?« -2± Vl21 = -2±1 1. 

One of the numbers therefbre is 9, aiid the other 13. 

Prob* 4. A merehant haTtti^ soM at piece of cloth which 
cost him 30 dollars, found thiat if the pnce for which be sold 
it were multiplied by hU £^^'^9 ^^^ product would be equal 
to the cube of his gain, What was ms gain } 

Let;c=:the sun. 
Then 30+:«f=the price for whicn the cloth was sold. 

By the statement, ^^={30+x)xx 

That is, «»=c30;r+A?» ' 

Dividing by x, (Art. 186.) x* =30+ a? 

: Tcaosposing.^c, ;ip»— ^=30 

Completing the square, x* — a-^ J =| +30 

Extracting and transposing ^=|i V^+30»|^±-V' 

The first value of :v is |+ ^- = +6. > 
The second value is ^ — \^ = — 5. J 

As the last answer is negadvej it is to be rejected as iiicon' 
nstent willi the nature pf the problem, ( Art« 3^.^ for gaiTk 
foosp be considered positive. 

Prob. S* To find two numbers, whose difference shall be 
3, and the difference of their cubes 117. 

Let ;t=the least number. 
Then ^+33b the greatest. 

Bt sutmosidon, (a?+3)*— «*all7 

Expanding (;v+3)*(Art.217.) 9A^+27ArarU7— 27i^0 
Dividing by 9, x^ +3a?=10 

Completing^the iquare, ;r» +ac+|=|+10=5y 

Extracting and transp. * =:,— 1± V y = — | ij. 

The two numbers, therefoie, are 2 and 5. 

Prob. 6. To find two numbers, whose difference shall be 
lif and tb4 sum of Uieir squares 1424. 

Abs. The numbers are 20 and S^ 

Y 
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Prob.^ 7, T#&fi^^|i^s ^w prizes Iti a Io«i^y, tbe Itifef^ 
eiloe of wbidb U.12a dotturs; M^ Ib9>ffr$l»teir is to the lesl» 
as the lees ta HD^ )Vb»t ^ife^tlie prizes r 

'« Lidt ;i^sstbe:Ie!$d prise. 
, Tbe» X 4- 120 =± the greater. 

% ilie staiemenV x+l^:x:;>,zW 

Mult, extremes and mSians, x^ ^^tUx+lSOO 

Transposing lObf, <w*— 10^^5=1200 

Completing ihe squiare, x^ --ICfep +^5^^+1980' 

Extracting and transp. x^5+ V2b + 1 200 = 5 + Siff. 

The two i^rizes^ tfien, are 40 and 160. 

Prob. 8. What fwo ihimbers are those #B€^ sttm is 6, 
and thi Ikka of 'the& cuKes 72? 

Am. 2 axld 4. 



SUKSTIT0TlOir. 

S^. in the reiitictioii of Qaadiratic Eq'iiatibris, ^ Wh a» 
in other parts of algebra, a coniplicated process maybe ren- 
dered much more simple, by introducing a new letter which 
shall be made to rcpi:esent several othcf s. This is t^rbied 
iubstitution. 'A letter may be ]pitlt fot- ^ <5€>itipdiihd <{a^ti^ 
as weB as for a single number. Thus in the equation 

x^ -2aAr=r|+V86— 64+A, 

we may sobstStute " J, for 1 4-^/86 —64+ft. The equation 
will then become x* — 2^=&, suid when redaced 

will be x==iat v a* +6. 

After the operation is completed, the compound quantity 
for which a single letter has been substituted, may be r&tor- 
ed. The last equation, by restoritig the value of fry/will 
become 
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By art. 120, *» +(11^4^1) xU^g . 

Substituting A for (a— 6—1), ;c* +hx^s=id 

Completing the square, ' . 9c\ +px + "7- :;«r7' + « 

Extracting Iwii transp* :v=— -^ ? v'T+^ 

a-&-l4. /(«-i-i)* 
R09lNB|2ig.^ YiJue ftt/*, Jfsg— " ' ^"vT ^"" i- — ^+<^ 
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SECTION W. 



SOLUTION OF PROBLEMS WHICH CONTADr 
TWO OR MORE UNKNOWN QUANTITIES. 

DEMONSTRATION OF THEOREMS. 



Art 322 T^ ^ examples whic& have been ^ven of the 
•^ resolution of equationis, m the preceding sec- 
tions, each problem has contained only one unknown quan- 
'tity. Or Uj in some instances, there have been two, they 
have been so related to ^ach other, that both have been e^- 
. pressed by means of the same letter. (Art. 195.) 

But eases frequently occur in waich several unknown 
qaantities ajre introduced into the same calculation. And if 
the problem is of such a nature, as to admit of a determi- 
nate answer, there will arise from the conditions, as many 
equations independent of each other, as there are unknown 
quantities^ 

Equations are said to be independent^ when they expresi 
different conditions ; and dependent^ when they express the 
same conditions under different forins. The former are not 
convertible into each other. But the latter may be chan- 
j^ed from one form to the other« bv the methods of reduc* 
tion which have been considered. Tnus 5 — ;e =:y, and h =y+J<f, 
are dependent equations, because mie is formed itom the 
other by merely transposing 9:. 

323^ In solving a problem, it is necessary fifst to find tht 
value of one of the unknown quantities, and than of the 
others in succession. To dp this, we must derive from the 
equationswhieh are g^ven, a new equation, fixun whidii all 
the unknown quantities except one shall be excluded. 

Suppose the following equations are given. 

- ' 2. A*— y==2. 
U yh^ transposed in each, they will become 

1. ;e=:i4— y , 

% ;v=a+y. 
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- , ^ - 

Here the fii^t member of each of the equations is Tj and 
the second member of each is equal to x. But according to 
axiom 5tfa, quantities v^ieh sure respectively equal to anj 
«ther quantity are equal to each other ; therefore, 

2+y=14-y. 

Here we have a>new equation, which contains only tfie 
W^l^wn quantity ^» - . 

Transposing 2 and — y, 2a/z:s^l2 

Dividmgby2, y=6. 

The value of y is therefore found. Hence, 

324. Rule I. To exterminate one of two unknown quan- 
titie3, and deduce one equation, from two^ Find the value ef 
^mt of the unhnawn quantities in each of the equations, and 
fomi a new equation ojf making one of these vtdues equal to the 
other. 

That quantity which is the least involved should be tht 
one which is chosen to be exterminated. * 

For the convenience of referring to different parts of a 

.solution, the several steps will, in fliture, be numbered. 

Whqn.an equation is* formed from one ithmediatdy preceding^ 

.it will be unnecessary to specify it. Iti other cases, the num- 

^.ber of the equation or equations from wlitch a new one is 

derived will be referred to. 

; hob. 1. To W ». n„™w„ „cMh« 

Their sum shall be 24 ; and 

The greater shall, be equal to 5 times the less, ' 

•■t 

Let ^'=the greater; And y=the less* 

1. By the first eolation, :v+y?=2i> 

2. By the second, x^Sy \ 
Su Titans)), y in the 1st equation, iir=s24— y 
4. Making the 2d and 3d equal, 5y^2A—]f 
& Transp. and uniting terms, 6ys=24 

6. Dividuag by 6, , y=4, tl&e lessnutbber. 

Prob. 2. To find one of two quantities, 
Whose sum is equal to h ; and 
The difference of whose squares is equal to dL 

X«et W=the greater quantity ; And y =the Ickw. 



U9 .^M5?9^l 

I. By *c fiwtoorjilitiqp, *+y=^i > ^ 

8. By the s^concl, ^* -y» ==^ ( , 

3. Tiwsp. y* in the 24 equation, at* s= d+y^ 

*• Bverolu^li, (Art. ^7.) • x^r^M+if^ ' 

5. Irattsp. y in the 1st equation^ a? =sA— y j 



6* Making thlg^ 4th and ^th eqi;al Vd+jf^ 7=^*7 
7. By involution, (Art. 295.) ♦ rf+y« ;=^« '^ 
a Expunging y* (Art. 176.) d=5=A* -2ft 



7. By involution, (Art. 295.) ' ♦ rf+y*==^*-^J+y* 

' » (Art. 176.) d=^A«-2fttj 

9, By transposition, Qhy=h* —q 



i 
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Prob. 3. Gvren ax+hf—hy h—ad 

And «+y =d 5 "® ■»« y- Am. y-fZ^ ' 

3SI^ Tbe tuIq i^yen abo?e. Inapr he ^Q^ralty applied, for 
the extermination of unknown quantities. 6ut mere are 
ca^es^ 'm which o^i^r methods will he found more e:^pedi- 
ttous. . ' 

Suppos^a?=Ay > :: , 

Anfl ar+6a?=y* y 

As in the first of tbase eq^imtions ^ id equal to %, <we may, 
in the second equation, mbatkute this ^alue of x infiftead tfsf '" 
itseUL The second equation will then be converted^ into ' '' 

jaiiy+lhy^y^. ^j 

This equality Df the two sides is not aflGgicted l^y ikis alter- 
ation^ because we only exchange one quantity j:,ibr another 
which is equal to it. By this means we obtain a,n equatioB 
which ecHitains only one unknown quantity. Hence, 

326. "Rcist II. To exterminate an unknown q^t^antitY, 
Fini the valm of &net>f the nhknawn qtumtities^ in one of tnt 
equatiam ; and' then, in like other equation^ suBSxtTpTE fhi9 
value J for ike iminotmi qiMoi^ itself 

JBr4)ib. 4. A pnvateer in chase of a ship 90 miles distant, 
sails 8 miles, while the ship sails 7. How far iQUst the pd^ 
vateer sail, before she overtakes the ship ? 

It ia evident that the whole distance which the privateer 
satis during the chase, must be to the distance which the ship 
sails in the sione time, as 8 to 7, . 
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Let^^lhe distance vMA the privateer sails j > 
And 2t=tbe distance which tbe ship sails4 

1. Bj th# supposition, ^vsry+aOV 

2. And also, . , ^'ryiiQz'iy 
& Mult ^xtremef «Dd ^aeans^ 8y^7ic 

4. Dividing by 8, y = l-^ 

i; Substituting \* for y in the ist eq. x==ix+20 
6. MuUiplymg by 8, and transp. . ;c=:l60. 

Prob. 5. The ages of two persons A alid&tpi^miohi tlNK 
seven years i^V A was three tkfies as old as B; and seven 
years heqce, A will be twice as oM as B. What is the aeo^ 
oi Bf 



Let *^=:th6 age of A; And yssthe age t)f B ; 

And y«-Qf .was ^ age of B, 7* yeaim a^v 
.v^Usp Ar+7.wilLhetbe^ageof A, 7 yeatshentee; * 
And y+7 will be the age of B, 7 years hence. 

1. By the first condition, :v-7=3x(y-7)=:3y— 21 > 

*2. By Ae second, Jr4-7=i:2x(y+7)=:2y+14> 

3. Tramp. 7 ia the 111 tquft* x^Q/g-^U 
*"4. Sub^t. 3y-14fpra?, in tl»5 2d, %^14+7^2y4-'14 
^. Tiiaosp. ^«d lioilioig terdis, yasftl, the ln^ of B. 

Prob. 6. There are two nnmbers, of which . 

*the greater is to the less, as 3 to 2; and 
Their sunl is the sixth part of their product. 

.What is the less nwnber ? Ad9« 10. . 

327. There is a third method of eytewninating aa uiH 
kqown quantil^ from an equaticHir which^ ia mwy cases, » 
preferable to »ther of the preceduig. v 

Suppose that x+dy^d > 
And that «^3yt=6 J 

If >e add toother the first members of thest Iwo tqua-* 
lions, and also ue second members, we shall have 

2a?=a+ft 

an equation which contains on^r the unknown .quantity 9* 
The other, having equal co-efficients with contrary signs, 
has disappeared. (Art. 77.) The equality of the sides is 
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preservedi because we have only added equal quantities to 
equal quantities. (Ax. 1.) 

Again suppose 3a?+y*=/l > • 

And 2aj+y=d> •» 

If we ivhtract the last equation from the first, we shall 

wheicey is extenninated, without affecting the equality of the 
fides.; (Ax. 2.) 

Again, suppose, ;»— 2y=;:(i> 
And x^+^^b) 

Multiplying the 1st by 2, Sac— 4ys=2a 

Then adding the 2d and Sd, 8r=:6+2a. Henie, 

328. Rule III. To exterminate an unknown quantity, 

MtTLTtPLT or DiTiPE th^ egpMitmf |f nete^Mrry, in,iuch a 
mwmer that the term which contaim Qn$ of the uniaiiown quan* 
ties shaU be the same in both. 

T%m stTBTiUiOT one equation from the.other, .if the signs of 
this mknoum quantity are alike, or app them together ^ if the 
tigns are unlike. 

It must be kept in mind that both members of an equa- 
tion are always to be increased or dixoiniahed^ multip^ed or 
divided alike. (Art. 170.) 

Prob. 7. The numbers in two opposing armies are -suc^r^ 
that, 

Th^ sum of both b 21110 ; and 

Twice the number in the greater army, added to three 
times the number in the less, is 52219. 

What is the number in the greater army ? 
» • ■ 

Let irssthe greater. And ysstfae tesftr 

1. By the first condition, x+ysc21H0 ^ > 

2. By the second, 2x^+3^=^52219 > 

3. Multiplying the 1st by 3, 3r+^=^638W 

4. Subtractmg the 2d from the 3d» £P==U111. 

4 

Prob. 8. Given 2i?+y=il6, and 3r— 3y=6, to find the 
Take of X. ' ' ' • . 
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i. Bjr supposition, 2btf-fjr==16 

2L And 3x--%=6 

3. Multiplying the 1st by 3y to-f ^^ =48 

4. Adding'the dd and 3d, ^sej^M 
jfj^ Divy iog by 9, . ^ a:=j6. 

Prob. 9. Givek «+jr ^14^ and x^— ya2, to find tbe>ii«if 
♦f y. Ans. 6, 

In fbe succeeding problems, either of the three rules for 
extermipating unknown quantities will be made uSe pf^^iia 
will in each case be moi^ cohyement. 

329. ^hen one of the unkno^vinr quantities is determined^ 
the oth«r[tns^ be- easily obtained, by going, back to an equa- 
^'^lifxt .which c/Qntaios ,botb, ancl ^ifbstituting^ instead of that 
which is alreaay found, its numericai value. 
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•'^ ; l*rob. iO. TUhe mast of a ship coAsistft of twcrpnts : 

* ''; One tUtd of the lower part, added to one sixth of the^^p^ 

«. per part, is equal to 28 ; and -^ .) 

Five times the lower paert', diminished by six times i!ie up* 
per part, is equal to 12. . % i 

lYhat is the height of the mastf .C 

^ Let xi^ih^ lower part f And y sathe tipper pait^ 

1. By the first condition, jt^+iy=^\ 

^,. 2* JBy fee second, 5;r— 6y=;12i 

3. "Slultiplyingthelstbyd, 2v+y=I6B \ . 

4. Dividmg the 2d by 6, |Ar— y=2 

* V . S. Adding the 3d and 4th, 2a?+f^=n6 

6. Multiplying by e, ^ ^ 12x+5x=1029 

7. Uniting terms, and dividing by if, A?=60,tjie lower pW. 

Then by the 3d step, 2v+y=168 

Tha* is, siAstituting 60 for ^i*, 120>y=168 ' [per part. 

' Tr^^posing 120, yp=168-I20;?=,4d9Ctbe up- 

« • 

* Prob; 11* To find a fraction such tbat, 

If a uiiit\)e added to. the numerator, the fraction will be 
tqual to I; but ' ' " 

If a, unit be added .to the deDoUhmator, thQ fractWn will 
be equal to i. . i ^ 

Let X9s:ihe numerator, And yssthe denomiAatgr. 




1. Uy H^ ^fst condnion, ^^=| ^' * ' 

2. 5ytlie6ecpi4; " "y^^* 

.3. Clearing the tsfirffraictions, gi3r +8 sss« 

■'■•'■'' it* • 

5. Clearing: of fractionfe, 4;e=:3x'+4 ^^ ^ 

6. Transp. and itoiting tenns, W=i4, flie num^ratoir. \ 

Then subst 4 for ^ i» the 3d; 1^3 == 1 5 =y,tlie ctenominat^. 

Piob. 12L Wllrat two numbers are those, 

Whose different is to t^ejr su^, ?rs 2 to 5^ jLpd 
Whose sum is to ilieir productj as 3 to 5 ? 

Abs^ 10 and 2L 

■ f 

Prob. ItK To. fi/id'twa numbers siich, that . :. 

5^e product of their sum ajid difference shall be 5, an* 
The product of the 9um pf their sqiwes and- tl)<^ diffi^r-^ 
ence of their squares shall b€.6i^. 

Let a;=the greater number? Aatf y=tiie less. 

1. By the first cQiidition^ \ Hi'^^C*'-*)^'^ ■- ^ 
3. ISy the second, (a*+t/»\ vrj(?»_«3\^ftc f 




6. DlVidi^Wj, *»~9 

tw By evotoKfa,,. ^«V^*^ tfe greater numBeK 

The other number fsr 2, - t 

Irr the 4{h step, the first member of tike m eqaatiM jidi. : 
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nrSi^^;^ '^° ^'d t>^ *mbers,wliosedirerenceis6,»n* 
Prob, 15. To find two numbers, ' 

^ ,_, ,TJ^e sum of th<y< squiffe0,M24^ . . * , . 



1. By the Irtcondififln, ay-rd/7pl%.,\ ,A.,^ I 

2. By the secDnd, " '«»+ y'=I424 J 

3. Trauap. y in the 1st, A^=y4-i2 , „ , 
*. Squaring both sidei, x*=ip*''+^^+lii ~ 

5. Trajisp. y» hH\k 2d, , - «»=14at'-y?^- I ^ ', 

6. Making the 4th aa4 5th equal, y»+24y+ 144 =1424-^* 

7. TranBp.-and.imting-^riDB, ■ tSy»4i^=^tWrt"' ' 
6. Dividing by 2, ' ' ^*+1%j=64Q,, i . ;■ 
9. Coflipjeting the squaj-e, • ;(* + l%+^>=67pr ,-, 

10. liitracting mmI tpinsp, ' y'=— 6± V6j6=~6tSKL 
' ■'^■■■^' ■ - And ■•X=y+i3=20'-f 1-2='S^ 

J^^ffit^va ^Bica 'CONTAiN tmrce or- more I^hknowk 
";■"'■ QpAlirmES. '■ - " ' 

530. In die e^ 
no more than tm 
dfe^f equations' h: 
of itie qne^tittti; 
unknown quantii 

many independent equations. , ) , .. ! 

Suppo&6 a:-i-y+«=12 f 
' "^ Aad «+%-^2ia!:10 >M«'gh'eh,tofind.s',y,andj.,' 
.', '^'Aod, .at+j— sf=4, ?,...,. 
From these: tljreq *«iati9BB,itw«.«l»era-fflBy b*A«ip*f^ 
which ma^ Cutloin only two unknomtt ijnsatitiei. ' One' of' 
the three in the original equations may be eiiterminated, 'in'* 
di£,s^e,i(i^e): %^ )v]}ea4h^£e-are, at first, iudy tHg,bytb«' 
rules iii arts. 324, 6, 8.' . , - , r 

In the equations ^ren abor<e, if we traospoes v <Bgd «, v^ 
shtBkne,: -/'■ '- ■ ■'• 'i' ," -;" , ', 

i; .:„. . . .v^^'ihe B^(^" x~i2-y—z f 
In the eecond, 1=10— %+21ar > 
In the third, , x=4—y+x j ■ 
From these we may deduce two new equaittons, feoni • 
which X shall be excluded. 

By making the 1st a«dJUtNJu*l, )2^y-ars=t«-^+2z> 
Bymaking theSd an43d;equal, lO—2y+2x=4—y+z $ 

By trans, and uniting terms, in the 1 st of these^tiy*^ Jr = ?c-i > 
By trans. StodtmltiDg Terms, in theVecond^ j(=«+6j 



From fliese ^iwo etjptAiam^\ one piiqr be derived eohttjli' 
ing only 096 unknown quantity, 

"Making one equal to the other, 3^:— 2=2r+6 

Tiansp. uniting terms, and dividing, ^=4. Hence, 

;531. To solv« a problem Goat9inii\g^Ar4e jui^knoi^ .quaii-r : 
jtitie$, ajad producing thr«e iodependenl; equations^ 

Firstj jrpm the three equations . iZeefuce tipo, containing onlK 
fwo unmawn ^piantities, • . .i 

TV^en, from ihese two dAdofjce oney containing ^nly one vmn 
knosim quantify. . t> 

For making these reductions, the nde$ ahieady gtren.arii 
jNifficient (Art, 324, 6,8.) 

Prob. 16. Let there be given, 

1. The equation Ar+5y+6;«=53-> 

2. And A?+3y+3a;s=30 > To find x^y^md ^, / . 

3. And x+y+z^l2 ) 

From these three equations to derive two, containing onlf; 
two unknp\^ quantitieis, . *^ 

4. Subtract flie 2d from the Ist^ 2y+32:=23 > 

5. Subtract the 3d from ^e ad, 2yr^2z=l8 > 

From these two, to derive toe, '« v.- .^^ 

6. Subtract the $th from the 4tb, zt^f. 

To find J? and y, we have only to take their. values frooi 
i}ie 3d ajid 6ik equati(His. (AFt..329») « /■. 

7. Transp. the 5th and dividing, y=9— 2r=9— 5=4 

8. Transposing in tjie 3d, a:=12r-z-t/=12-S-4=3. 
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^Prob." 17. To find x, y, and 2r,from 
1. The ^quatipn «4-y+2^=12 

2; And ' x+2y+3z=:^^ 

p. And ' ^x+^y+z—6 ^ 

4. Multiplying the' Ist by ^, 3r+3y+32r=36 

^. Subtracting the 2d from the 4tli, 2r+y=16 

6. Subtracting the 3d from the Ist^ ^-"i-^+y^iy^.? 

7. Clearing the 6th of fractions, ^x + 3y =* 36 ) 

8. Multiplying the 5th by 3, 6^+3y=48 5 

9. Subtracting the 1th frwi ^the 8th;2i:=:12. And x=:S. 

36-4*- 36-24 

10. Tranqp. in the 7th, and dividing, y=~o — == — o "^=4. 

ji^. Transp. in the 1st equation^ y=:12-i^-y=:l 2-6-4 rs2L 



4a Ab 4nnii^ til Ihe reduetiiun'faave been made mceor- 
4ing to the third rule for exterminating unknown quantities. 
^Art 32&) , But either of the three may be used at pl^as* 
ure. ' y 

332. A calculation may often be very much abridged, T)y 
iht ettetthe of judgment, m' stating the question, in select- 
ing the equations from whieii others are' to be dedneed, in* 
s&djilifyingfhketional expressions, in avoiding raitical quanti- 
ties, &c. TThe skill which is necessary for this purpose, how-' 
ever, is> to be acquired, not from a system of ruW; but 
from practice, and a habit of attention to the peculiarities in 
the cotidititfli^ «f diferent prodbleihs^ Ifbe variety of ways' in 
which the same quantity may be expressed, the ninnerottft- 
forms which equations may assume, &c. In many of the 
examples in this and the preceding sections, 'the processes 
might have been shortened. But we object has been to il- 
lustrate' general principles, rather than to furnish specimens 
of expeditious solutions. The learner will do well, as he 
jy^si^s along, to exercise bis skill in .abridging the calcina- 
tions which are here given, or substituting others in their 

stead.. 

* . ■ . 

2. x+z^b^ To find x^ y, and z. 

3. y+^==c } * 

' a+b—e «+c— 6 ft+c— a 

Ana. x^= — ^ — Andycss — - — • And zsz — ^ — * 

Prob. 19. Three persons A, B, and C, purchase a horse 
lor 100 dollars, but neither is able to pay for the whole. The 
payment would require, 

The whole of A's money, together with half of B's ; or. 

The whole of B's, with one third of C's ; or 

The whole of C's, with one fourth of A's. 
^ow much money had each? 

•* JiCta:=A's - . arafcC'i 



1. Byihe finrt condition, , ,-.' ■.- -, c+4sr^>^ 
a By tl^e Mcondi , , ,»■ -i- -.--' . ^^zmta f.. i 
3. m the third, fw -. ■ > »+ia;=a^ 

A. Transp.intbe l5t,aiidicleBr,fraetioB9,jr=^— ^ 
6. Transp. in the- second, '' ^ ■ y=a— j^" 

6. Makir^the 4th and Stb equitl, 2a—2x^a—lz 

.7.' TraiiK. tit the 6tll, and clear, fracti 
\R. Trans. qnlh^ 3d, ' ' 

S.'^Afakin^'the-Ttti and 8th equal,' 
to. TranB. intbeWi aiid clear, fractii 
II. DividtBg by 25- 
12 &7 the 8t^ equation, z==a-^^ 
13. By the fith, y=a-^. 

333. The tra ^udgitient, as to 

the choice ol ermi»st*i4- It will 

generally he h is most frcis ftoni 

co-efficients, 

Prob. 20. hich th 

A,B, andC, 

A's distance : d to fcwiae<B^; ind* 

Twice A*sa( tolS'tiiifesClB. 

What ure the respective di^taiiQes ? , > . . ' 

Are. A's, 46 mil«ss B's, fi; and-Olil'. '■' 
Prob. 21. To find if, y, and*, from ,. ^, 

!. The equation -ta^+yS+J^^^S) ', ,', 

3. And Jj:+Jy+^a=47 L i. '^ 

3. And \Ja;4-|y+fE=38y '' 

I 4. Clear, the 1st of fractions, 12i+Sy+6z=I468 1 

5. Do. the2d, 2ftr + iSiJ+12i=2820 V 

6. Do. the 3d, , 30x+24jH-30b«»4S6BSPv.'»' 

7. Mult, the 4th by 3, 24jc+ l6y-}-12z=2976 

8. Subtract. 5th from 7th,- 4x+y=156 

9. Mult, the 5th by 5, ieew+7fiy4'6di»^I4100 

10. Mult, the 6th by 3, SOk^- 7%+60z=1388D 

11. Subtnct. 10th from 9th, 10z+3y=420 

12. Tnui^. in the 8th -y^ise— 4r 

420-10* 

13. Do. 11th, and dind. by 3, y^- — g — r . ■{ :; 

420— lOar 

14. Mak.l ah and 1 3th equal, 5— =*15«— 4ar '^ ^ 

15. Clearing of fractions, &ic» ieokSA >> ■' 

16. Bytbe ,12th, y=156-4««lSe-9e»=*)J. ' 

17. By the 4th, transp. 81c. . «fcl3o. , . . -. 



H^Attl^^. tot 

( •' (ay=600) ' ' ' 

l^t^. 92. GiKlen < aseaeSOO >To find i, y, and z, ', , 

334^ The same i^jetho^ whicfi » einploy^ for tbe rtiob^ 
lioD of thre^ equation?, may be extended to 4, 5, dr aA^ 
number of eqdations, contaimqg as many .unknown qnanh- 
ties. The unKnoum quantities may be est^rmipatedt one afi- 
ter anotbei;, and tbe number of eqnations npuiy be reduced 
by successive st^pd^ from ^r% to lowy from four to diree^ 
from' three to two,. &e,, ... 

Prot^^ ^Ub Tq find «^r^» Jf? ^^ ^9 fr^m ,^ 

1, IVee^^on ' iy+^4-|w=8][ 

3. And < *+y+^«12 f ^^ <^q«»*«««» ' 

ifcAndi ^- ^ *4-w4-;8:==10 J • ' . 

5. Clear, the 1st of fracf-y+iSr+wsrie ) * . 

^ SubtiSaoti.dd ftom Sd, ;r-^^3 > 7%r^ eq^uations; > 

7. Subttaot 4th ffom 3d, y— w=2 ) 

8. Adding 5th and 6th, y+ar==19> ^_ ' \i * * 

10. Adding 8th and 9th, 4«*=20. Or «=s=5 ^ ^ 

11. Transp* in the 8 ' 
12. 
13. 

♦ProUk GiTtn iy+;liS3 VTofind^,i?,y,anaz. .' 



Adding StU and 9tli, 429=20. Ur x=s^5 1 ^ 

Transp,in the Stfi, y.==19-3jr==:19--15=34l Quantitiegf 
Transp\ in the 3a, « »12— y— 2r=3 [ requuoifd. t 

Tran8p)inthe2d,.\ w==9— X— y=2 / . ^ 



r> 



r ' 



.Answer^ i^s^lM • ^==90 ' ' , ^, 



.icsest 



/ • 



* t 



955. If in the algefeealc stateinent of the conditions of a 

* For more, ex|M9|to. of-ti^e soKiliMi of Problems by equations,^ 
\ Euler's Algebra, Part i. Sec. 4, Simpaoo'a Algebra, Sec. ii^ Sniyp-' ^ 
«onV Exercises, Maclaurin's AUgsbra, Part t, Chap. £ ahd IS, £m«r- . 

•aadDboiioa's Mathematical Btikpsitorj. /^ ' ' 
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«tinkb6wn quantiues^vflveae leqaatioHS wili either be ce,nAr^ 
dictoiy, or one or .more of &em will be superfluous. 

Thus the eijuatijaife < , ^^n ( ^^^ contradictory.; 

For bjr the first^at^O, while by the second xsp^M. \ 

6ut if the latter be ^te^edi^ 90 a$ togive to x the same val-: 
tre as the formefjit will be useless, in the statement of a prob- 
lem. For nothing ckn be detieunnined fi*om the qnci whicp 
'can not' be fir(M» the other* . . / w 

Thus, of ihe equations < i^jZiq [ ^^^ ^ superfluous. 

For either of &0m is sufficient to determine the, iralue of 
X. They ure not Mu?e»endc»^ equations. (Art. 323.) . One is 
convertible into the iptner. For tf yje divide the . Jst Jjy /p, it 
will becOme'lihe^aii^ as.ftbe aeeon^* 

Or if we Mttdtiply the second by 6v it will beoom^j tlie 
Miiiii» as.thd.iii^. .. ., . ; 

«' 386. Bat if tbe nuqaber of independfent equations produ- 
ced from the conditions of a problem, is less than the num- 
ber'of unknerwB (]piantLti^i% ttie object is not sufiicieptlyJim- 
• it^d to afhniiof. » definite. answer. For e$^^h , equation cjfa 
Umit but one qinoitiity. And to enable us to find this ,qu;9ga-' 
tity^ all the others .connected with it, must either be previ- 
i ovMjr ktio\m, ac he. 40t#rmi^e4 jfrom other equatipnck If 
this is not the case, there will be ja variety of answers wlii^h 
will equally isatisfy the conditions of the question. If, for 
instance, in the equation 

^mA y aije required, it^^i^ may be fifty differe^t answers. 
.TJie /ralues of a? ai|d|y Jflay be either 99 and 1, qr 98 and 2, 
or 97 and 3yi^. jfof the sinn of each of these pairsfof 
numbers is equal to 100. But it there is a second equation 
which detern^iflics . we of these quantities, the other, may 
then be found from .the. equation already riven. As x+y ^ 1 00, 
if cr=46, y must be $)uch anumber as a&ed to 46 will intke 
loo, that is, it mu^t be 5i* No other number wft apswer 
this conditiqn^ . 
, .337^ i|or.the sake of abridging tjie solution of a prob}?n^how- 
ever, the nunlber af independent equations actually putAipon, 
IfeJ)«riffte(lueit<yi^s»,'tbantlie'»imberof unknown quan- 



/ 



titles. Suppose* we tre required to divide 100 into two such 

£' arts tirat toe greater isbaH di; equal tt> three times the less. 
t-WB t)ut' it{<^^ greater; the less wtiiie 108-- ^, (AjrtJ95J) 

Then by the supposition, a? =300— Sit 

Traoosposiog and jdiiidnig, - ;if =75, the greater- 
And 100-75±d!i^,l!h^less. 

Here, two unknown quajitities are found, altboiigli'diere 
appears to be but one ina^endent equation. !Tbe'i:easpfi of 
this is, that a part of the solution has been omitted^ because 
"ii is so simple, as to be (nmfy supfflied by the ibind. To 
have a view of the whole, without abridging^ kt ;c«stl^ 
greater number, and jr=>ftfa« less. 

• ■ • 

1. Tbeji by siqiposition, a!+y=100 > 

2. And %=*jp ) 

3. Transp. x m the 1^, ys=lO0— ;e 

4. Dividing the 2d by 3, y^^» 

B. Making the 3d and 4th eqiidi, fAr^prlOO-*^ > 

«. Multiplying by 3^> ^3£.)00-?3dr , 

7. Transp. and d^ividing^ ^=7)^9 the greyer. . 

a By the 3d step, ysiOO-^rvfiS, the Jess. 

By comparing thesi^ iWo solutnms wHlk eaeb other, it will 
be seen that the first begins at the^tb step of the latttr^ all 
the preceding parts beir^ omitted, because Ifaey are lk>o sim- 
ple to require the formality of writing down* 

Prob. To find two numbers whose sum iS' 80, and tb« 
diiFdrence of tlieir squares 120. . • 

Letfl=30 , ^ J=120 

X =the less number required. 
Then a— flp=thi? greater. (Art. 195,) 
' And 6} --tai^+x^ =i=the square of 'the gnfttcter. (Afft4'214.) 
* ' From thi^ subtract x^ the square of the less, m we shall 
' h'avea*— 2a^=the diiference of their squafes. 

., , 1. By sijpposifion, &=«•— 2toar 

2. By transposition, Stov^ra* — fc 

a*— * 
S.^ Dividing by 2d / '^sa^g— - 

4. Restoring the numbers^" y= ax^ ^^^' ^^ '^^' 
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338. In most cases also, the soltitioa of a problem whtp& 
(^QQtaAm,m^ ^skmyfn (jpantUiesnaay bp^^brJcJeedj by par- 
ticular artifices in svAstttuting a. single letter Tof ^evf^vitl* 
(Art. 321.). .. , ' 

* Suppose four numbers, m, Xj^yl and z^ are i;equired,,of wliicj» 
The sum pf the three first is i3 

The sum of the two first and last ^ . 1*7. . 

The sum- of the ffrst and twa last '' "18 

■ '/rhe sum of the three last ' " "21 *; 

4. ..v+y+5r=21 

Xet S be sub&t^^uted for JIij? $tm of the f<i>.ur niwb^ra, tfiat^ 
is, for u+x+y+z.' It will be seen that, of these four equa- 
tions, 

The first contains aHtieIetter^'excej)t.2r, thatisj-fii— 5?a=13 
The second contains all except y, that is„ S— y =*= 17 

The third 'ctoritafoykll ex6ef>t x, that is, 8-^=18 

The fourth contains aU.fi?ieept u, that is,- SU-v=*21.^ 

Adding all these equations- together^ we haFc* 

45>— 2f.— y^— «?— tr=e69 * 

. Or 4S-(;f+j(-f:v+tt^=69 (Art^.82;) . - 
[ But S=:{z4-J/^-x+y) by substitution. 
^' ' Therefore, 45-^5=69, that is, 3S=69, a^d S^SSl. 

Then putting 23-fdr^, in l)ie four e^uAtions in which iitii 
fcpst mlfoddced;'We<hstve ^ •' 



t ^ 
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23— it=21 J' [tt=23-21 =r 
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Conttlvances of tb^s sort for facilitating the' solutiop oj 
particular problems, m\ist be l#t to be fumished'fiir tbf: oc^ 
rasion, by the ingenuity of the learner. Tbiey ar^of anarr 
ture not to be taught by a system of rples. » 

339. In the resolution of equations containing several un- 
known quantiHes, there will often be an adyantagj^ ia ad6ptr> 
ing th6 lollowing method of notation; 

* LudltemV Algebra, 4rt. 1€1.«, ^: 
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EQUATIONS. 171 

TThfe e<>^ei(cients of one of 1h« unkfiotm quantifies tiA 
•represent^, " ^ 

In ihe first equation, by a single letter, as a. « w / . 

In ikt'SecQnd. by the same 'letter marked mth ^n accent, 93 «^- 
In the ihird^ oy the saine letter with a i^oiiJfe ticc^t, z% a", 

*8ic. ' * .-.,*, 

The co-^dents of the other uifeioin) quantities, are 
represented by other letters marked iq a similar maiinj&r; as 
dtfe also the terms which consist of known quantities only. 

Two equations containkig the ^a unknown quantitiee x 
and ymajT be written dlii0y' < i^ . 

Wliree equafioi» contsSning ar, y, ani^ «, thus, 

ax+by+czosd 

a'x+b'y+c'z=sd' 

a"x+Vy+c'z^d" 

^our equations containing a?, y, Zj and u, thus^ , 

cw?+6y+C2r4-<^w=c 
a';c+6'y+c'ir+<?'i«=:^* 

a"x+b"y+c''z+d''u=:e" ' ' 

a"'x+V"y+c'"z^d'"u:=ze"' 

The same letter is ma^e the conefficient of tbe same un- 
laiown quantity, in different equations, that the co-efficients 
of the several unknown quantities may be distinguished, iir 
wiy part. of tl)ie c^^ulation. . 3ut the letter is marked with 
dinOdfent accents j because it actually stands for different quaiH 
tides. 

Thus we may put tf =4, a =6, o'lsaiO, o";s=20,8ic 

To find Ae value of x and y. 

1. In the equation, 4ix+iy^=e 

SL And a'x^b'y^c 

a Multiplying the istby*',(Art.S28.)«6'^+Wy=c&' 

4. Multiplpng the 2d by &, ba'x+bb'y:=^bc 

B. Subtracting the 4th frdm the 3d, ab'x-^ba'x^cb' -^b^ 

«^ Diridii«iyai:-^&»' (Art. 121.) . ^^^^jTZ^ I 
By a similat* process, . . y^S^^^^^TjSF 1 
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«< Tkm symaetxy^ of ik^m «^i!dS9ioB$ ia ymBt ckicBhi»!dr^9^ 
hi Aem in the memoiy^ The deDominatbrs ai:e the itanMK^ 
ii» both; and the numonitorB are like the denominatotrs, ; ei^ 
oefiX a dbtangeof one of the letter in' each term.. But thai 
particular advantage of this method is, that the exfnressipwt 
We 4>btained msLj he eoiKadered as genei^id ^dudenty vhich. 
give the values of the iwlpiawi^qtti«ti|ui(pi^4|i o^bet iMfinAoim 
of a similar jiat^e. 
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And 40xr+iif=2imS' 
,The»».pu|;ting«s=10 i=6 . <;p=i60 

tf .=40 b'=^A «'r=5«P 

ac'-co' IOy2k»'-ItK)x40 

Vhe equations to ]i>^ resolved may, ovi^ally, consist of 
more than three terms. Pat if they are of th^ first degree, 
pnd have qnly two unknown quantities, f&HCib , may be. re(|u«> 
4Ced to three jterms by substitution^^ r r. 

Tbus the equation . i^*^4tr4-*«f^6yas«+8 

Is the same, by art. lilQ, as {d—4)x^^--6)y^m-^9 

And putting asssrf— 4^ b^kr^Q, . c=»»+^^ 

If beQpjpaes^ tfjy+5y«c,* 

• Demonstration qt Theorems. ' ? 

^''S40. Equations have l)e^n?yppfie'd, in thi^ and the precer 
iding sections, to the solution oiproUetl%s.* They may be em- 
ployed with equal advantage, in the d^iHonstration^of theorems. 
The principal differciKe, in the tw« cosies^ is in tbe.ordei^in' 
which the fiteps are arratnj^d. Tl|e opterations th^mssBlv^Arc; 
substantially the same. It is essential to a demonstration, that 
^ijWBpleti^ certainty be carried tliTough every part of the pro* 

*For the application ef this plan of notation to the tolutjoArof. 
equations which contain more tnan two unknown quantities, see La 
{GroixV Aifgebva, art. 15, Maclaurin's Alf^ebra^ P&ift t. Chapi IS, 
Fenn's A,Igjtsbra, p. 57, and a paper of Laplace|,ia,f|i<^ SCiH^^icp o|,.t|pbt 
w^cadem^ of> Sciences for 1^7|L 



C6s«* (AMJi .) Tbis is c^t^y; m 1i)ie(reduction'Of tquations, 
faf adbcrii^-jfco the geiteftd.rvue, to make no altetaUoB^wMoh' 
i^hiallafiecttne vaTue of one of the mfiinber6,*THthailtje4}uill^i 
mcfemmt^ Hr (Qmiiitsbing th€. otb«r. in ^plying, tbii P^'^F^ 
pie/ we we guf^c^ by theaxionis hid dowii iieratjrt» 69. Thesei 
aduoms m^ as applicable 4i0lhe«dem9Rstmti6e of &edre«ui|i 
m tfttbe 0bhitioir;,of^ ftfoUems* : * - ' . 

But th^ Of (2^ of tie Aepd will gf iiera^' br^lffulMt. la 
solving a problem, the pbject is to fiqd the value of the un- 
kaowQ <|uiiiitjfty> by di^ot^^^ it &^ all otiner ^^vmlitws. 
3ut, in Gcmduetiag a. ^emonstratioo, it is necessary to brings 
t^^ c^atioa tQ that pavtieul^ form Wbicb wiH expr&SB, iik 
al^ebiw lerua^i tb^ i^jpopositicm to- be proved. 

Ex. !• The&refn. ^Touf titties • the' jWoWtect of wjr Hf& 
laumbers, is equal to the s^uarer of thcdr-flona, diimnSslieJ hf 

Let ;ir= (he greater number jae their sum, * 

i/=tbe le^, <{ =s their difference^ 

*i. Bfthem>tAticni * >+ys=:ir > • • ;'^ 

;4* Sd^tracting the Sd from tb^ Ist,, 2^xs$'^d . { 

5. Mult. 3d and 4th, (Ax. 3.) 4^y=(*+d)x(5-r^ 

l^e last e£ui;^ioii expressed ia words h the priopiwitipn 
which was to be demonstrated. It will.be easily seenma^ 
it is equally applicable to any two numbers whatever. Tor 
the p.artici4s^r values of a: and y will make no differenfe:»ia 
the nature of the proof. . « . . % 

Thus4x8x63x{S4-6)«^(8-6)«:a:ld2. 
And. 4KlOx6;s=(10+e)*--tlO'-6)*t=24O. • 

. And- 4)ciaxl0:*(12+10)» -(12-^10)* =480. 

i Theorem 2. The sum of the squares of nfty two numbem^ 
IS equal to the square of their difference, added to twice 
^ir prbduct. * 

' Let jr^tthe greater, c^^tbetr diference. 

^ ^aathe less, lira their product. • 
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Defnotistr&iion* 

1. By the notation ' ^ " 

2. And ^' . . 

3. Squaring the first, x^ ^2xy+y* :szd^ 

4. Multiplying the 2d bj 2, 2xy=:2p .. 
6. Adding the- 3<Jynd4U^,.. ^ ,. , Jr«+y'=id*+2p. 

Thus 10*+8*=<10-8)*+2xiox8=!«4. 

^ 341. <Giisneral,propoa^ipQ8 m*e aj^ di^cap^rtif in aa expe- 
ditious inam^er, by. n^eaiis pf e^uatjions^ .The retetions 'iff 




djstflii^ 



1. »«' 



,.^* 



< Let # ud (j be.liie^mim iud «Kffe#ehce of twb^ ^uaiitltte^' 
oroBd'f I as hefoie* ^ ^ 



I. Then 
SL And 

3. Dividing the lit by % 

4. Difiding the fid by 2, 
JL Addhig the 3d and 4tiii 
«. Sub. tiie 4tb&oia the Sd^ 
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Tkatis, '» 

Hdftht d^erenee of two quanlitiesy t^iSied' to Tudf their\ 
$nmji$ equdt to the. greater ; dnd . ' ' 

• J3Wf ^tsir diffkfimk subtracted ftxm half^iheir 9Um. vs e^Jud^ 
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' RATIO AND PROPORTiON'* ' 



Jt«T 012 T^'HE d^^ign of ttjathematieJ inVesti^Uo^^^ 
miT.,*^ i ^^ aorive at the kndwledge of particular 
4utt«taieis, hy ximpititig tliem with other quantities, cithelP 
c^of tdy i/ip^ gMtJSTf or ^5 than tl^se whi^& are tfl€rcft>jecb 
OT inqufi^y.^* The enff'is most ^commonly attaWcdbV means' 
ef a series of equaAomr and prispctrtklti. f fWiki* we' mzk^ 
im of f<|B%IJQn9^.w«:.d#t«1Mi»9r}dier bjdb- 

covering its- equality with some other quan|||r^\i)r ^uanlilMi 
already known. 

Wc have freqq^ Measion, however, ta compare -thie Tin-! 
known quantity with- fflSierft which are not equal to it, bof^eilc 
. ther greater or les^ Qere, a different j(DQ4^'9f pcooeedingbe-^ 
comes necessa^^. -rWe w^y inquire, $i|ihfet):i9u»'97iucA ond o% 
the qMant|t|e^ if grf^or jhan the Q(i|e<^rgHM(o«r<f^.em^«t^e«. 
the oi\<p. cp^^nf i^« jottiw- In ft^}^ tkeimVer: l^ ei/A^jf) 
«f the^e inquiries^ we discot^er what is termed a ratio of the 
two quantities. One is called arithmetical^ and the otIfit]^§fiX' 
^ifielpi^ ratjp*: ^#1 ^ho^l^! f rhe pUeifv^pd,:, h^^wev^r,- ^ict. li^h 
these terms have been aaoplje^' aiibiti9^ily) ii^i^ysfof' db^ 
tiijctip^. sake. .. ^Aip^w^jicat ^^y^ arMi;.g«^p|etafl^ ^nj^, 
are both, of them app]icat)le ta anthn^tic, and both V^^A^f" 
ometry. 

As the whole of the extensive and important subject of 
proportion depends upon ratios, it is necessary that these 
should be clearly and fully understood. 

343. Arithmeticajl ratio i^ the diffebcnce between tw& 
fuaniiiies or sets of quantities. The quantities themselves 
are called the terms of the rsUio, that is^ the terms between 

* Euclid's Elements, Book 5,7, 8. Euler's A1gei)ra, Part i. Sec. 3. 
Emewon on Proportion; Camus' Geometry, Book iii. Ludlam's 
Mathematics. Wallis' Algebra, €hap. 19, £0; Saunderson's Alge- 
l^ra, Book 7. Barrow's Mathematical Lectures. See also an ingen- 
ious essay on the 5th book of Euclid, in the Analyst for March L814^ 
By Professor Adrain. 



116 AlASStHBRA. 

iN^ich the rstio eioBts* Thus 2 is tlie arithsioetiGal ratio of 
5 to 3. This is ftometimes expressed, by placing twro points 
between the quantities thus 5 . . 3, Which is the same as 5-^3. 
Indeed the term arithmetical ratio, and its notation bj points 
are almost needless. Fpr the one is only a substitute for die 
word d^krenety and the other for the sign :—• 

344. if both the tenns of an arithipetical catio be nMdti" 
jpUeA or divided by the ^ftie <mantity, the ratio will, in effect, 
be multiplied or divided by tW quantity. 

Thu»tf a-^h^r 

Then m«it. both sides by *,'(Ax. 8.) ha^hb^hr 

n b r 
And diviiyBg by A, (Ax. 4.) -^ "^T "^X * ' 

345. If tbe terms of one arithmetical ratio be add^ to, 
or subtracted from^ the coinr^sponding terms of another, the 
ratio of their sum or diflerenc^ will be equal to tb^ sum or 
difference of the two ratios. 



AndS-J}*"^*'"^*^^"^*^ 



Then fa+d)-(&+A)=(tf-i)+W-A). Foreaeh-a-Ht*-*. 
Apd (a*r4)'-(A--A)«(V-.i)--(*^l). For each ;;5drcWrh*. 

Thus the arith. ratio of 1 1 ; . 4 is 7 > 
And the arith. ratio of 5. .2^ is 3 ) 

The ratio of the sum of tlie termsl6 • . 6]sl0,the sum of the ratios. 
The ratio of the diff. of the terms 6 • • 2 is 49the diff* of i^ «atios» 

346. Geomgtbicil ratio is that rdativn bettoeen qtumti- 
ties which is expressed by the ctuoTiENT of the one divided by 
the other. 

Thus the ratio of 8 to 4, is | or 2. For this is the quotient 
of 8 divided by 4. In other words, it shows how often 4 ts 
contained in 8. 

In the same manner, the ratio* of -any quantity to another 
TDz^Y be expressed by^ dividing the former by tne latter, or, 
which is the same thing, makn^ the former the numerator 
of a fraction, and the latter the denominator. 

a 
Thus the ratio of o to & is -r. 

d+h 
The ratio of d+h to h+c, isriT". 



' ' Sii: Gemitettic^i ratio is iiiso expressed hy placing two 
' jjfydiMd, one over the other,^ between the quantities com- 
pared. 

Thns n:h expresses the ratio of a to bf aad 12:4 ihe 
1ratf6' of 12 to 4. The two qiumtities together are caUed a^ 
couplet^ of, wliich the first term is the mOeeedentj aiad the laflt, 

348. This notatioti by points, aaudthe other in the form of 
a fraction, may be exchianged the one for the other, as con- 
venieDce may require ; observing to make the antecedent of • 
the couplet, the numerator of the fraction, and 'the e'^lise- 
quent the denominafov. '* /.- . 



w 



Thus^lO^ IS the same as y^ arid 5 : d, llie same as-^* • 

.,,-. 34S?. Of these three, the antecedenf, the consequent, an<l 
the ititio, any two being given, the other may be found. 

Let a =the antecedent, c= the consequent, r=stbe ratio. 
By definition f =:^; th^ f», (hjp ratio is ^qual to the ante^fe-' 

c 

d^xit.di¥ided )>y*the consequents 

Multiplying by e, a =5cr, that is, f he'ioitecedcnft » 'eqilal 'to 
the coiffiequenf; mnltipSed ii)to the ratio* 

I][iv.idiDg by r, <?Tf rr, tbajt^ is, the consequent Is equaJ to the 

w an^ee^eRtdKTifiecl by. the ratto.^ • 

* Con 1. K two couplers havie their antecedents '«qual, and 
, 'iheir consequents equai,* tbei^ ratio^ innst be equal.* 

Cor. 2. if, in two couplets, the ratios are equal, aaid the 
:^;'ajiltecedeiits equal, die Qon$equ6nts are equal; and if the 
»i l^tios' are egisalaaditheioonaw^enti equals the antecedents 

are equaLf . ,. 

1^' 3S0. If tbe<tvfo 4)iiantitie&aoinp^fed.dF^ equgl, ibe i^tio is 

: a unit, oraTa^io of equality^ Thus the ratio of 3x6je Jfi is 

* ^^maityfoiLthe quotient of any quajstify divided Is^y itself! in 1. 

• If the anteciedeot of a- cod^^ h. grMm'ihm^i^k% e^n- 

isequent, tlie ratio is greater than a unit. For if a dividend 

is greater than its d^visp^ the cjfjiojiqnt i^«;grefitqr than a unit. 

* Euclid Tt'Sr'-^ t.Euc. 9.5. . 

•..■♦- : -' 

V 

Y 
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Thus the ratio of ^8 ; 6 is 3. (Art. UB8. eor.) Tb»is ctMfA 
a ratio of grmter inequality. 

On the other hand, if the antecedent is les9 than the con- 
sequent, the ratio is les3 than a unit, ^d is called a ratio of 
less inequality. Thus the ratio of 2 : 3, is less than a unit, be- 
cause the dividend is less than the divisor. 

351. Inverse or Reciprocal raiio is the ratio of the rC" 
eiprocals of two qtmntities. See art. 49. , 

Thu^ the reciprocal ratio of 6 to 3, is | to -J, that is l-r-'J. 

, The direct ratio of a to & is-r-, that is, the antecedent di- 

ridftd by the coosequemt. 

^ 11 lllift. 

The reciprocal ratio, is — 'x or ~7-T-x='^X-r=T* 
* ^ a a a I A 

that is, the consequent b divided by the antecedent a. 

Hence a rcciprpcal ratio is expressed by invertir^ thefraty 

tion which expresses the direct ratio ; or, when the notation 

is by ppintsj by inverting the order of the terms* . • /. 

Thus a is to i, inversely ^ as & to a. 

•352. CoM;pouifB ratio m the ratio of the products of ike 
corresponding terms of two or more simple ratios.* 

Thus the ratio of 6 : 3, is 2 - 

And the ratio of 12 : 4, is 8 

The ratio compounded of these is 72 : 12=6. 

H'ere the compound ratio is obtained by multiplying to- 
ffether the two antecedents, aod also the two consequents, oC 

tne simple ratios. 

So the ratio compounded^ 

Of the ratio of a:b 

And the ratio of cid 

And the ratio of h:y 

Is the ratio of . achildy^T^/ 

Compound ratio is not different in its nature from any oth- 
er ratio. The term is used, to denote the origui of tno ra- 
tio, in particular i^ases. 

•^See note D. 



TUlTIO. tit 






• <Jbr. TIi6'compo?ind ratio ia equal to the ]^k)diict of tl^ 
simple ratios. . » 



a 



The ratio of «:&, is-j^ ' "t 

The ratio of eidji^-j , 

h 

The ratio of i:y, is*- 

♦ ach , . , ^ '• 

And the rafio eompoimd of these is j^, which is the 

product of the fractions expressing libe simple ratios. (AVti 

* So' the ratio of 8 : 4 is 2 

The ratio of 6:2 is 3 

The ratio of 8:2 is 4 



And the ratid compounded of these is 24=2 X 3x4. 

353. If, in a series of ratios, the consequent of each pre- 
ceding couplet, is the antecedent of the following one, the 
ratio of the first antecedent to the last consequent^ is equal to 
that which is compounded of all the intetf>emng ratioe,^ 

Thus, in the series of ratios a\h 

6,:c 
t:d 
dik 

tiie' ratio of a: A is equal to that which is compounded of 
the ratios of a : 6, of 5 : c, of c : rf, of «? : A. For the com- 

abtd a 
pound ratio, hy the last article, is j;^?=p or a:h, (Art. 

145.) 

In the same manner, all the quantities which kte both an* 
tecedents and consequents viiH disappear when the fraction^ 
product is reduced to its lowest terms, and will leave the com* 
pound ratio to he expressed by the first antecedent and th© 
last consequent. 

Tlie ratio compounded of 2 : 6 

. ^ . . 6:8 

8:lS,iSyVir==TTOr2:15. 

* This is the particular case of compound ratio which is treated pf 
ik the 5th boQk of Euclid. See the eiitiQiw of Bimson and Plajfeijv 
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954f^ A pertkulftr class of .QoespiMiiid^^ ratios ^|Hro4^^ 

by multiplying a simple ratio juitp itself, or into aaother ^uoJ. 
ratio. These arc termed 4^plic€ite, tripUcate, quadrfipUcatef 
&c< according to the number of jaaultipBcatiuns. 

A ratio compomided ipf two equal ratios, 1ii9.tis^t the, »5'««r€/ 
^f the simple ratio, is caljed a duplicate ra^tio. 

-One compounded of three, that, is, ihe cube of .^he ^ple 
iratio, IS called ^ipZico^e, &c« 

*Trhus the gimple ratio of a JO &, is a zb set" 

a* 
The duplicarte ra.tio ,o{ m to ^b/xs a^ :b^ ^t^ • , ^ 

The .triplicate ratio of a to 6, is a^ : t^ =T3> ^' 

The terms duplicate, triplicate, .&c. nought not to be cons- 
bunded with double, triple, &c.^ 

The ratio of 6 to 3 is 6 : 3=2 

Double this ratio, that is, tU^ the ratio 13 12: 3=6 > 
Triple the ratio, i; e, three times the ratio, is 18 : 3=9* y 

Butthe Jttj??ica^eratio,i.e,the5jttflr?Tortheratio,is6* :2* =9 > ' 
And the.^npZtcateratio,i.e.tJie cw6eofi:he ratiOjisG* :2^==27 ) 

355. Tliajt quantities may have a ratio to each other, it h 
liecessary that they should be so far of tl;ie ?ame natjuj^e, aS;. 
that one can properly J)e said to be either equal to^ or gJT|?at-, : 
er, or less than the othfer. A foot has a ratio to an incii,Tor" 
'.one is twelve times as great as the oth^r. But it can not be 
said that an hour is either longer or shorter than a rod; jot 
that an acre is greater or .less than a degree. Still, ir,\bt«*® 
quantities are expressed hj numoers, tlieje may be. a r?i,tio 
between the numbers. There is a ratio between tbe numlner' 
of minutes in an hour, and the number of rods in a mile. 

356. Having attended. to the nature of ratios, we have 
next t9 consider in what manner they will be affected, by 
varying one or both of ttie terms ^between which the com- 
parison is pade. It must be kept in mind that, when a di- 
rect ratio- is \Bxpressed by a fraction, the*', aiiiee^^t of tRe 
couplet 5s iadways the numerator, and the cofisefomt, the d&'-- 
fiominator. It will be easy, then,' to derive froSi the propeltv 
ties of fractions, the changes produced in ratios by varia- 
tions in the quantitfea' compared. For the ratio of the two 
quantities is the same as the value of the fractions, eachj)e- 

* See Note E. • . • 
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lhgitk% pu^i6^ tti^tmxmemor divided by tlie deUbmtnar 
tor* (Artsi 135, 846.) Now it has been sbown^ (Art. 137.) 
that multiplying the numerator of a fraction by any quantity 
is multiplying the value by that quantity ; and that dividing 
the ntimerator is dividing the value. Hence, 

357, Mukiplymg the antecedent of a couplet by any ^[uantf- 
iy, %8 mtdtiply%ng the raiio by thai quantity ; and dividing the 
mtecaient is dividing the ratio^ 

Thus the ratio of ^ 6 : 2 is 3 ^ 

And the ratio' of 24 : 2 is 12. 

Here the aatecedent and the ratios, in the last cOt|^et^ are 
each four tinges as great as in the first 

The ratio of n : 6 is y 

. • na 
And the ratio of 9m.iB ^ ~r' 

Cor. With a given consequent, the greater the antecedent, 
the greater the r^itio; and on the other hand, the greater t^e 
ratio, the greater the antecedent.* See art. 137. cor. 

358. Multiplying the consequent of a couplet by any quan- 
tity is, in effect, dividing the ratio by that quantity; and dim- 
ding ^e consequeiU is multiplying the ratio. For multiply- 
ing the denominator of a fraction, is dividing the value ; and 
4ividing ^ denominator is multiplying the ralue. (Art.l3S.) 

Thus the ratio of 12 : 2^ is 6 
And the ratio of 12:4, is 3. 

Here the conse.quent, in the second couplet, is tunce as 
great, apd the ratio only half^s great, as in tne first. 

a 

The ratio of a : 6, is -r 

a 
And the ratio of a : .ni, is— j 

V* • .... 

Cor. With ^a ^ven s^tecedent, the greater the conse- 
quent^ the less the ratio; and the greater the nitio, the l^ss 
USa^ cpBseqiient.f See art. 138. cor. 

359. Fxom the two last artic^s, it is evident that muUiply- 
iag the ant^edenf o| a eouplet, by air^ quantity, will have the 

* Euclid 8 and 1 0. ^. The first part of the propositions. 
^ ElucUd 8 and IQ* d* The last part of the proposi<><m9. 
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same effect onthe ratfo, 9&dimding the comefuentf hy iSMt 
quantity; and dividing the antecedmt wUl have thesaitfte ef^ 
iect as multiplying the consequerU. See art. 139. 

Thus the ratio of 8:4, is 2 

Mult, the antecedent by 2, the ratio of 16:4, is 4 
Divid. the consequent by 2, the ratio of 8:2, is 4. 

Cor. Any factor or divisor may be transferred, fiom iktt 
antecedent of a couplet to the consequent, or from the con-^ 
sequent to the antecedent, without altering the ratio. 

It must be observed that, when^ a factor is thus transferred 
from one term to the other, it becomes a divisoi' ; and when 
a divisor is transferred, it becomes ^, facto^.. 



Thus the ratio of 
Transferring the factor f , 



:9=2> 
:|=2 5 



3x6:9=2 
6 



the same rftti04^ 



The ratio of 
Transferring y. 
Transferring «i, 



#!-# ffid tntz 

y y by 



ana : by^ma -r by 



VHCL 



by 
hy by ma 

19 m by 



> 



360. It is farther etideit, from aits. 557 and 3ff8, that if 
ihe (tnteoedent and consequent be both multiplied^ or both divi'- 
ded^ by the same quantUyx the ratio unll not be altered.^ S/ef •• 
art. 140* 

Thus the ratio of . 8 : 4=s2 

Mult, both terms by 2, 16 : 8 =2 } the same ratio* 

Divid. both terms by 2, 4 : 2=2 



Tli^e ratio of 

Mult. both, t^ms by m^ 

Divid. both .terms by n, 



ma a 

a • 9 an a 
n * n'^bn^' b 



Cor. 1. The hdv€$ of quantities have the same ratio as 
their wholes. 



« Euclid 15.^. 



J 



;,CoiV 2. \13)^ OTSittio of two frwdons whiek bam a b^mmoB 
4?Qc^i[unators is the Bame $ta the ratio of .their ntuneraton. 

a b ' 
The ratio of — : — , i& the same as that of a :b. 

Cor- 3. The direct ratio of two fractions , which have a 
aommon numerator, is the same as the reciprocal ratio of 
their denomiHators. 

a a 11 

Thus the ratio of "-:-", is the same as ■— : — - orn : «• 

861. From' the last article, it will be easy to determme 

the ratio of any two fractions. If each term be multiplied' 

by the two denominatorsi the ratio will be assigned in inte- 

ptA e^Kpf'^ssions.' Thus, multiplying the terms of the coup- 

a € abd bed 

let T" • "j by W, we have -t" : -j , which becomes adzbc^ 

by cancelling equal quantities from the numerators and de- 
nominators* 

362. If to or from the terms of any couplet^ there be addeb 
or SUBTRACTED two Other quantities having the same raUo^ the 
sums or remainders will also haxe the same ratio,* 

Let the ratio of , a : 6 > 

Be the same as that of c:dy 

Then the ratio of the sum of the antecedents, to the sum 
ef die consequents, viz. of a+c to b+d, is also the same^ 

a+c c a 

Demonstration* 

a c- 
1 . By suppositio09 -r- ="j 

^ Mult, by b and d^ (Ax. 3.) ad^bc 

3. Adding cd to both sides, (Ax. 1.) tfrf+crf±= Jc+cjI 

be+cd 

4. Dividing by d, (Ax. 4.) a+c= — ^ — ; 

«. pividing by 6f «?, (Art. 121.) . |^=^=-j- ' , 
♦ Butlid 5 and 6. 1.. 
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The ratio of the difference of the antCcetfents, to tt* dif- 
ference of the consequents, is also U>e same. 



Demonstration. 

a ■ c ' ••• 

1. By Btq^Mitioil, as before, T~~S 

S. Multiplying by b and d, ad=be ^ 

3. Subtracting c5 from both sides, ad— cd=&c-^e« 
6t— cd 



41 Diridingby d,' 








'-'=-r- ■ ' 


% Dividing by 6 -(? 








a—c c a 

bZdr'd=T 


ThuB the ratio of 
And the ratio of 








15:5 is 3 > 
9:3 is 3 > 


Then adding Mid subtracting 


ie 


terms of tiie two couplets. 


Tbe ratio of 
And the ratio of 






)5+9:5+3i3 3) 
lS-9:S-3i83i 










lave been add«d to- 
ld to any number of 
or, by the addition 
to niiich, tipon the 
burth, &x. Henco, 
are equal, the mm 
} the sum of a^l the 
nU has, to its come- 


Thus the rado of 


it 


6=2 
£=2 
«=2 

3x=3 





Therefore the ratio of {l2+10+S+6):(6+S4-4+3)=2. 
"■Euclid 1 and 13. 5. 
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f 

^3. An accurate and fatniliar &eqfis^fitan6e vrith the doc-^ 
trine of ratios, is necessary to a ready understanding of the 
Jjrinciples of proportion, one of the most important of all 
the branches of the mathematics.' In considering ratios, we 
Compare two quantities, for the purpose • of finwig '^^itlfei!' 
their difference, or the quotient of the one divided by the 
other. But in proportion, the comparison is betwceti t^or 
ratios. And this comparison is limited to such ratios as are 
equal. We ^«ol Inquire how much oik^ ratio i^mtoter^or 
less than another, but whether they are the same. Thus the 
numbers 12, €„8, 4, are said to be prqportional, because tjb^e 
ratio of 12 r 6 is the same as that ot .8 : 4. 

364. Proportion, then, is an equality of ratios. It is ei- 
ther ariihmetieal or geometricaL Aiaibmetieat.pvc^Hnrtion 19 
an e<juality of arithmetical ratios, and sreckmetricai propor- 
tion is an equality of geometrical ratios.^ Thus the num- 
bers 6,. 4, 10, 8, are in aritTimetical proportion, because the 
iiffefmi4^ between '€ and 4 is the same as the diffisrenee be- 
tween 10 and^. And the numbers &, 2, 12, 4, are. in geo" 
. metfUfd proportion, because the quotient of 6 divided bjr 2 is 
ihe sdLine, as the quotient of 12 divided by 4. 

365* Care inust be taken ftot to confound prdporiion witli 
ratio. This caution is the more necessary, as in common 
discourse, th^ two t^rms are used indiscriminately, or rtither, 
proportion is used for both* The expenses of one man are 
45aia to bear a greater proportion to his income, than those 
of another. But according to the definition which has |ust 
been given, one proportion is neither greater nor less tpau 
another. For equality does not admit of degrees. One ratio 
may be greater &v less than toiother. The ratio of 12 : 2 is 
greater Uian that of 6 :2, andkss than that of 20:2. But 
these differences are not applicable to^proportion, ^vhen the 
term is used in its technical ^nse. The ^oose si^ificatioit 
which is 3o frequently attached ,to this word may he proper 
enou^mfamiUar language: For it is sanctioned liy gene- 
ral usage. But, for scientific purposes, the distincjlion be- 
tween proportion and ratio, should be clearly drawn, and cau- 
tiously observed. 

* See Note t. 
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3ft6j Ttte «^lify betwecfai two ntiiofl^ a» has been s6tttedF,' 
is called |iroBortk»n. Tbe'irord ift^oiiietiiKiei.appIiefl also to 
die series of temis loioilg wfaioli < this .equatitj. of ratios ex** 
ists. Thus the two couplets 15:5 and 6 : 2 are, when taken 
M^eilber/oaUed>apropOFtiom . >^ . . « >. 

3&t. Pnkportima maf be esLpmssed, eitheifbytbei^oiiiiiion:* 
sign of ^equaiitj^ or.bjr Jourpoinfls betwiecB theitwo 6oaplets» 

Th .jB-6=4«'2^ or 8«-6::4"3> are arithmetical 
' ^ 1 d •• 5 = c " rf, or 4» *\h : :c •• d S proportions. 

-I^i ( 12:G=8:4, or 12:6::8;4) are geometrical 
. ( a:&;s»d:AyQr aihMd\h\ proportions. 

The latter is^ read^ 'the ratio of a Xoh equals the ratio, of' 
<l, to lif or mcke concisely, * ft is to 6, as (f to A/ 

^368. The fin^t and last terms aaie called the extremes^ and 
the other two the means. Homologous terins are either the 
two antecedents or the two consequents. Analogous tenns 
arcf the antecedent and consequent. of tbe same couplet. 

369. As the ratios are equai^, it is manifestly in^material 
Which of the two couplets is placed first. 

^ a € a, 

If aib::c:dj fliett eidriaih- For if T='7/*"CD*j*=T** 

370^ The number of term^ miist bie^ at least, (q^t^ $ For 
the equality is between the ratios of two couplets ; and eacb 
couplet must have an antecedeilt and acoBsequent. There 
mi^y be a pro^rti^n, bolster, among three ^^ftcm^te^. Fop ' 
one' of the quantities may be r^tatedy so tis to form two 
termsA ^IiLtbistCase, the qji^tity repeated is called tb^ii|i<e2» 
die terviyi^ wmei^n proportional oetweeu tjtfae twik Qthepr qu|n* 
titiesy,<e|pecially If the proportion |s^eo^(ietpicatr . 

^ .*!(* bus the . ijumb^rs 8, 4, ^ are proportionally That is^ 
8 : 4: :4 :~21 Here 4 is both the consequent in the first coup-* 
lety;and. %ht asleecdi^nt in fhe last. • It is iherefoee a^iiU^ 
proportional faetween S'aoid 2^ ^ • 

TheZa^ term is called a third proportioned t^.the^twf^ oth- 
er quantities. Thus 2 is a third proportional to 8 and 4. ^ 

^71. Inverse ov reciprocal proportion is an equality between 
a^ direct ratio and a reciprocal ratio. 

Thus 4 : 2 : : -I : -|- ; tjiat is, 4 i$ to 2, rectprecalty^ as 3 to 6. 
Sometimes also, the order of the terms in one of the coup- 
lets is inverted, ^ without writing them in the form, of a firacf"* 
tion. (Art, SjSil.) 
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'lriit]r4n<2rtA:A iimineljr. In tbisoKie, ^ firU term it 
to the.M09krf| as the fomHk to XheAird; that m, the first dn 
vided by the second, ii* equal to the fauffth divided bjr the 

372. When there is« series o£ qawtities, aueh thaitlheTao 
tsos of thelrst to the second^ of the seGond to the third, of 
the thiid to the ionrthf &c. are aU ^^^: the quantities are 
said to be in continued prMortion. The consequent of each 
preceding ratio is, theh, the antecedent of the loUowing ohe. 
Continued proportion is also caQed progression^ as will be 
seen in a; fbUowing section. . ^ 

Thus<the qumdbers 10/8, 6, 4, 2, are in eonfimied'cri^/tmc^ 
ItcaZ proportion. For 10— 8c=:8-6*?6— 4=4— 2. ^ 

The numbers 64| 32, 16^ 8,. 4, are in continued^e<M&ei^rtc«j|? 
proportipn. For 64 : 32 :; 32:16 .;: IG :8 ::.8.:4. , 

Ii a, b\ c, df hy &c. are in continued geometrical propoi> 
tioii;. then a:6;:(:c;:c.:(/::(i: A^ &c. 
^ One case of-continued proportion. mi (bat of Aree, prppor: 
tional quantitities, ^Art. 370^) ' ' 

373. As arithmetical proportion is, generallj, nothing .more 
than a very simple equation, it is scarcely necessary to treat 
^f it separately. 

^ The proportion a •• J : : c •• rf 

-' * Is ^e same as the equation a^b^c—d^ 

• it irill be proper, however»4o observe thfit^ itfmr. -quan- 
tiitifs are. in arithmetical propoctioOi ^e mim 4^vit ewttesim 
is equal tp the turn of the maans. 

Tllitisif ari:-**v»|then a+inssh+k 

' f'ot by supposition, a-rb^h-^m 

And transp.— 6 and — m a+m=h+h 

So in the proportion,12 •• 10 : : 11 •• 9,we have l3+9is=il04ll^ 

.- A^ain, if Aree qtnntities are in arithmetieal ptopoitiotn 
the sum of the extremes is equal to double the tnean. 

ff a"i-6**c, then ~ cr— 5=i— 1? 

And tran^osing —5 and — r, m+e=^2i. 



CeOMETRlCAL PROPORTION. 

374. But if four q[uantiijes are in geometrical proportion, the 
PRODUCT of the extremm is equal to the product of themeans» 



IBB: ^ AC^CffiBlUk; I 

If a:&::€r<^, then aJ=srir 

a c 
For by supposition, (Arts. 346, 364.) T^'Z 

Multiplying ty hdj (Ax. 3.) -7^ ~'d~ 

Reducing the fractions, <irf3=Ac. 

Thus 12 : 8 : : 15 : 10, tUerfcfore 12 x 10=8 X 15. 

S75. On the other hand, if the product of two quantities 
is 'equal to the product of two others, the four ' quantities 
will form a proportion, when they are so arranged, that those 
ph one side of the equation shall constitute the means, dfii 
those on the other side, the extremes, 

t 

» ^ • ffi . h 
If my»oil, then m:nt:k : y, tlial i» ~'=*'i/ 

^ * * «iy nA 

For by dividiQg my^nh by t^y, wp h|ive — =■ 



^d rechicii^ the fnuotioii!^ 



I • 



n 



1 ■ 

Cor« The same swat be tnie of any facian which fiMni . 
#be two sides of aaoquation. ... 

* 

If (tf+S)xc=2:(i— m)xy, then tf+6:df— m::y:c. 

376. If three .qvia^ities are proportiqaal^ the product ol* 
ithe extreo^e^ is equal to the sqiutfy^ of t]^ means. For thi». 
mean proportional is, at the same time, the. consequent of. 
th^ first coupleitv aii4 the 9Jitecedent of tins last. ^Apt.370.). It 
is^ therefore p> be i^yUiplie^ into ifsefff tbftt.is, it iajto be 

Jf a.:bti'b-^t\ then mult: extremes and means, ^^=r5*.* 

377. It follows »(rj9fl?t ^rt. 374, that in a proppritipn, either 
^extreme is equal to th^ pi^pduct. of the jjieana, div^ided ,lby ^ 
^he other f'xtreme ; and either of the .means is equal ta tJtMi«> 
firo^uct of the extremes, dirid^d by the other mean,. 



PBOBoaasas. 

1. If aibnetdjihea ad^hc 

. . . -, *« 

2. Dividing by a, '^'^'d 

ad 

3. Dividing the first by c, i= — 



4. Dividing it by b, 



~b 

. . . . ^ 

S. Dividing it by a, d=—; HieXis, the fourth term ia 

e^ual to the product ofi 
, On this prmciple is f( 
i^ arithmetic, co^nionl; 
■wmbets are ^ven to 
nitiltiplying together th 
the first, 

378. Th^ propositions respecting the products of the 
means, and oT the exireides, uitnt^ a vary eiihjde and Con- 
venient crittriofl for determining whether any four quanti- 
ties are proportjmal. We hare only to multiply the means 
together, «od also the extremes. If the two products are 
equal, the cniaiitities are proportional. If the products are 
jiot eqt)al, tue. quantities are not .pn^ortiontL i : 

379. Id mathematical investigations, when the relations of 
several quantities are given, they are frequently stated in th« 
fmm of 8 propottiSD.. But 'Sf b eotiMAnly ntcitssary tbtit 
this first prop»rtion should pass tltfoueh's number of' trAne- 
formattpnv, t>^i^ it hriqgi out digtincay the iinknQwn quan- 
tity, or the proposition whjch we wish to demonstrate. It 
iMy'undetgo taf change whicfc will net affect the equfality 
■of the ritioe ; or which will leave the pi^duct of the meau^ 
equal 1o:tbe product of the eKtrtthes.- ■ - .■ ■. 

'•It i3«vident, in tbe first place, that tuiy ftlteltftion in the 
arnm^aMtM, n^idi willnet sffecttbeequaKty of 'the»e two 
products, will not destroy the proportion. Thus, if a:&::e:d^ 
the order of these four quaotuies may be varied, in any nay 
which will leave ads=bc. Hence, 

980. If four quantities are propor^onal, rte order of tha 
^Keoti', or of the extremes, or of the ttmu of ioth towpkts,- 
pKUf be inverted, wkhout datroifing the proportion. 



'/• «••*••*•*'? the< ' 
And 12: 8:: 6:43 

* aicti b:d^ ^i^»( The Jirst/in to the thiriy 
12 :0 : :8 :4 5 ^*^ ^ (. As the iccondf to the fourttij^ 

In other words, the ratio of the antecedents is equal to tbe 
fatio of the consequentt. 

Hub inversion of the means is frequently referred, to by 

ojoinetert under the name 'of .^Z^crTKi^fon.t 

' 2» Inverting the extremes, 

iilxxcia \ ^. . J ( The fourth/^ to the «ee^<^ 
4:8::6:ia> ^"^^ *'' { A^the third, to the >-€r.. 

3. Inserting the terms of each <^i(pto, - , . * 

6: tf ::d:c> .1 . . ( The ^cconrf, is to tie ^/&«f, " 
.. .«:I2ij4:C.) ^^ *^^ (,A»tte>«rt*^tO'AetAfrrf*. *• 
This is tecbmcaUy called Jbtttmajt. 

,1 ... 

Ssucb ^f tbesj^ m»f mfao be Tariod, by dtaaging tbe ord^ 
<rf tb« two eo^ku. (Art 369.] 

CoF» The order ot. the ti^Ao/e preperHan mscf he lnt«rt«itf; 

If i»:&::c:J9 then ii:c::&:a. ' * 

In each of these cases, it will be at once seen that, by 
okio^ the products of the means, and of the extrettiks, we 
liavecu^ssfte, and 12x4aS*x6L • ; * 

If the terms of only one of the couplets are mverted, the 
|iropartion becomes reciprocal. (Art. 371.). 

it a:l^::c:d, then a is to 6, reciprpcally as df toe. 

361. A difference of arran^ment is not the only alteration 
irhicb we have occasion to produce, in the terms -of a pro- 
portion* It is frequently necessary to multiply, dtvide, in- 
Tolre, &c» In all cases^ the art of conducting the inTestiea- 
tion consists in so ordering the seyeiral changes, aa to mun- 
(ain a constant equaKly, between the ratio of the two first 
terms, and that of the two last. As in resolving an eqi»i- 
tioD, we must see that the 'sufes remain, e^j^.^ so m^vMcyiBg 
a proportion, the equality of the ratios must be preserved. 
And Ihis is effected^ either hy keeping die ratios- the same^ 

* Sec Note G. t Euclid 16. 5. ,^ . 



Fiu&fbwtim. fit 

whUe the terms are alt^ir^ ; dr. by^mOfeasing <Ar diminishing 
one of the ration, asmueh\a$lf^e otter.*- Mdntioi the succeed* 
ing proofs are intended to bring this princijde distinctly inta 
view, and to make it familiar. Som^ of Ibo* .propositions 
might be demonstrated^ in » mpre simply mwmcir,,. perhaps^ 
by multiplying the extremes and means. But tl^ wpuld not 

Sve so dlear a view of the^ nature of the several ehttiges in 
le proportions. x 

* it has been shown that, if both the terms of a couplet be iml- 
tiplied or divided by the same quantity, the ratio will renBain 
tne same; (Art. 360.) that midtiplying the an^cedbi^ i% i)i 
effect, multiplying the ratio, and divicung the antecedent ii 
dividing the ratio; (Art. 357.) and farther, that multiplykig^ 
the consequet^ is, in effect, dSiv^ding the ratio, and dividing 
the ^eoiisequent is multiplying the ratio. (Art 358.) , A^ the 
^ratios in a pro^rdCm are equa(, if they are both mifitiplied, 
or both divided, hj^ the same quantity, mey will still be equal. 
(Ax. 3.) One will be increased or diinumbed as much' as 
the other^- Hence, 

382* If fourquantitieft are proportional, two ttn&Iegousy or 
two homologous terms may^hemMftied or divided by me sioae 
quantity^ tnthout destroying the prop&tdon* 

• U^itMhigom tenuB be miltinlied <Nr diluted, fb« ratios WiO 
not be altered. (Art. 360.) if hmaohgous terms be multi* 
pKbad.iNP divided, botb raljm wiH be equaHy moreased or di- 
minished. (Arts. 357. 8.) 

• . , ■ ' • ■ • ' ' . " '' • • ' • * " 

If m'.hiie:d\.^ 
Andia:8:;6:45 **®^ 

^ * 

1. Mylty^ly\n^thfi two first rerm, 

Multipfying the tmi la^ terms. - .' 

\^. MMphfing^ iw&mtecedents.^ 
♦BucRd 9. 5. 



6, Dmdin^^ two last terms^ ; . : n. . i. 



a : 6 :: -~ : — • Tte^^itias not aHered. 
mm 



i «. 



•i ■ 



7. Dividing the tw& artkcedentSp ' '* 

mm- ^ J- . ' 

t. Dividing the two consequents, / - : . .\ ■ . i 
a ;-^ ; : c : — TJhe Tfiti^4<qiialiy increased.' 

♦ • ■ 

*'C6r/ll' .ABthte terms may be multiplied or.divlckd hf 
the stftoe qUantitj%* ' • - . < . 



I ( t 



maimXfxtmcxmd y 
aft c d > 

mm mm) 



The ratios not altered; 



*,} 



.,Cor, 2. If four, quantiti^ are psopfjrtioqal, their hplvesf 
are proportional, •, , i« . . 

Cor. 3. In any of the cases in fliis article, nmltiplicatiotv 
of the c)»»«eqtletit fliay-be substitut«4 fcr division of the an- 
tecedent in the same couplet, and diyisi6ti of the- c&ise- 
queotvior midtipUcfition of the antacedeat^ \PixU SS^fcor.) 






Thus 

m m 



« Euclid 4. 5. 



^ 



^ , a:mb:i — :d 
St ^ 



y 



— :&::c;mf?. 






38^. It is often necetsflvy^ not enlj to alter tite terms 
of a proportion, and to vary the nrrangefoant, but to compare 
&ne j^afkrUoM* mik * mMheri Frofo this .^ aippanseii will fr^- 
^piently arise a new propoFtion, which ihay be requisite in 
solving a problem, or in c$^nyii^ forw^Mr^^i deroo)^ 
One of the most important cases is that in which two of the 
terms in one of the proportions compare^!, ^e the same with 
two in the other. The similar terms may be made to disap^ 
pear^ and a new proportion may be formed of Jhe four re-* 
mainiDg terms. For, • . 

3@4. 4r ^^^ TQtioi ar^ respectively, eqml i(h a thirds they are 
equal to each &therfi' . , . w . r. 

This is nothing more than tlie 11th axiom applied to 
ratios. 

*■ Ana «: d ;;« ; «:| .*J»«*^«-* -'''* or a:e::i:A (Art.380.) 



Cor. If aihiimin 
m:n>-c 



;5]theiia:*;^c:J.t 



. F^ if th6 ratio of mm is greater than tha* of c ; rf, jt is 
manifest that the ratio of a : i, which is eqt^al to that of n^in, 
is also greater than that of c:d. 

385. In these instances, the terms which are alike, in the 
two proportions, are the two^r^ and the two last. But this 
arrangement is not essential. The order of the terms may 
be changed, in various ways, without afie<^tingthe equality of 
the ratios. 

- 1. The simiftir tfermii may be the two anteeedenti, or the 
two eonsequer^y in each proportion. Thus, 

If i» : a : : » ^6 > ^ ^ By al^eraaticfn, w : « : lazi ♦ 
And mi^i: jiid.)i (And . $ntn::c:d* « 

TbeiMlbrea: b'^iJttif^iXtaieiibzdf by the licst attlcl^a^ 

Orif m:m;:h:n} .r ( By allemation, aibinnm 

And ciM::d:nl . <And . : c:d::m:M. 

Therefore a;j&::.c,:£^, or a:c::5^(f. 



*EHcli4h.'S. fl^udidjS, !>, 

A» 






: 2i The arUecedenis in one of the proportions, mKj h^ Ae 
siMne Its tbD c&nseqnenUhi^e other. 

If m : a ; : n : 6 ) ' 1 (By inver. and altem. aihiimtn 
A|)d c: wi : : rf ? n ) ^^ (^ By alternation^ e idiimz n 

Thei^fore it : i, fee. as before. 

Or if a: m :^^ :n ) ^i^ ( By alternation^ aihiimm 

And m:c:'.^:(2> (By inver. andslhem. c:d::»i:» 

Therefore a : &, fee. * ' 

. 3L- Xwo homdogont ternofSi in <n)e of the propevtioni^ nngr 
be the s£MPae, as t^^ analogous terms in the other. • 

If ' a:m::b :n^ ^ ( By alternation, a:b::m:n ^ ^ 
Andcidiim'nS ^ (And €:di:m:n 

Therefore a : 6, fcc. • 

Orif a: J ::wi:«^ ,1 (The first is 
And c:mi:d:ny. . (By alternation, 

Therefore, &c. ' * • 



azh:;mxn 

eid^ir^zn 



9 > 



All these are insfances of an equality, between the ratiqft 
in one p;ropoi:tion, and t^e> ia Toiotliet. :I/i gbotnetQr; th^ 
proposition to which they belong is usually eited^ by the 
words " ex aeqiWy" or " ea. oe^gugM''^* The . second le^ftsc^ i in 
tl^is .article is that which, in its fonn,inQst obyioa4j aj^iswer^ 
to ^fhe ,e:$pIaaa,tio];i in J^uclid.. But thejr are all i^>op tfa^ 
same principle, and are freque,ntly referred tQ, withoji^.d|£(% 
crimination. 

386. Any nnmber of proportipjoa may be compared, in 
the same manner, if the two first or 'the two last terihs in 
«ach preceding propprtioil, are the s^nie with the twa firsi 
or the two last in tlie foUowmg one;*^ 

And cJ^-«A:i l*»,v. .f i 

• A J I I >tnen aib\ix\'g\ 

And, hilv.mi^f f* ^ s 

And mmwscvy^j . ^ .. 

^.. ... ■ ' ^ .» 

' That % the two first terms of the first proportion have fee 

^me'ritio, as tlie- two last terips of the last proportion. Fiir 

it is manifest thit \li^ ratio of aff the couplets is the same. * 

*= And if theWhj^ do xiot stand in the same order as here* 

* Euclid 2i. 5^ » 



jet if th^y can be reduced to tbis fi)iim« 4he same principle jfi^ 
applicable. ( 

And c:A::rf:M.i . ^ ;. j e:d:ik:l 
A^j T I > then by alternation < , 7 ^.^ 

And m:^' s*n:yj (^m.:n:::c:jf 

Therefore a:b::xzy^zs before. 

In all the examples in this, and the preceding articles, the 
tfno term!i'iii'<Offe propdrtibn \v^icfa have equals in tbotb^r, 
are neither the tw6 mmn»^ nor the tvro extremes, bat oi^e of 
the means^^i^d one of tbe^-ext^n^es; and the resulting pro« 
portion is qi^iformly direct, ^ 

38T1 But. if the two means, or the two extremes, in one 
proportion, be the same with the means, or the extremes, in 
another, tbp A>ur remaining iKTms will be r^procaUyi pro- 
poriionaL .. -^ . •. » .• ' 

If a;m:2n:J7 11 ; 

And c.miinid] then a:c:2-j : -^j orc:c::rf: J. 

And iZm \ ^^^" ^^'^ Therefore a6==iccf;and aicudth. 

' In tMs -example, the two means in one proportion, are like 
those in the other. But the principle will be the sante, if 
Ib^ €Xtftme9 are alike, or if the extremes in one proportion 
K^ like the- means in the other. 

• ' A jj J > then a: c 5: a: 6. 

. , And mac::a:n ) 

And m: c x'.dm^ 

The proposition in geometry which applies to tbit case is 
iisually cited by the words " ex aequo periurbateJ^ 

388. Another way in which the terms of a proportion may 
be varied, is by addition of stibtrattion^ 

ff to, or from two anaiaffous or two homologous terms of a 
jiroportion, two other quutnttties having the same; ratio be added 
or subtracted, the proportion will be preserved,^ 

, JTor a ratio is not altered, by adding to it, or aubtrapting 
jBrom'it, the terms of another equal rotio, (Art. 362.) 

* Euclid «a. .5. f EncMd 8. ^. 



If a: b:: e id 
And a:b:im:n 

l^eti by adding to, or subtraeliiig tt^m & 9od hy tbe terms 
of the equal ratio m;n, we have, 

a+m:b+ri:: cid and ix— *TO:i— n'::c:(f; 

And by adding and subtracting m and n, to and from c apd 
rf, we have, 

aihii-c+M^rJ+n^ • and €t:&;:c— »i:£l— ♦». .^ 

Here the addition and subtraction are to and {rota afwlo'- 
gous terms. But bj alternation, (Art, 380.) these terms 
will become Iwmologous^ aijid we shall have, 

o+«»5€::6+n:rf, and a— m:c:/i-Ttt:(l. 

Cor. 1. This addition -^lay, evidently, be extended to any 
fmrnier of «qual raticfe.* 

Thusif «:6:J *:^ 

Cor. 2. Jf «•i!'••^•^^thenfl-^.l»•i••c4.n•rf4• 
for by alteriiafioa a;« :? JrtI > tfeere^ ( a+m/ c+n ::b:i 
Aod ni:n::h:d^ fore <.ora+i?>;6..':c+».-it 

389, From Ijbe li^ ailicle it ifi'.eiidl^«t tbi»t if, ia my {nto* 
jpo^km, tbtt tepms be add^ jtO| or ^ubt^^^st^ frpii^ eoM od* 
i<pr, ;lhfaJ, i5j 

treated from tM two otltsre^ t^ nropdrtion mR be preserved. 

Thus if a: h::c: dj and IS : >J# : : 6 : S, then, 

|. ^ddfng the/two last terms, to the Iwo ^st^ 

a-^cifi+d::a:b 12+e:4+2:;I2;4 

• and a+c:b+d:;c:d 12+6;4/f 2.*; 6 :2 

or a+c:a:;b'\-d:b 12+6:l2;:4+2:4 

' j^nd a+c:c::b+d:d. 12+6: 6;:4+2:a. 

* Euclid S. 5. Cor. 



2. AMing the Wo anific^entSy to tbe^tmro otm&'eqnenU. 

fl+*?J;:€+rf.-5 , 12+4:4^:6+2:2 

a+6:a::c+il;<r, sic. 12+4:12::«+2;6, Stc. 

^iiis ii icaKed ttompositim.* 
' 3. Subtrttctirig the. two ^r*^ terms, from the tvvo la^it 

c— a : c :: of— 6 ; d. Sec. 

4. Sttteraijfiiig' the two hst terms, from the two fint. 

«— c:ft— rf:."'ff : ftf 



S. Subtracting the eoA9ejtc€n^«, from the anteeedentSM 

ar'hrbnc^d:4 
a : a^b :: c : c—d^ kc. 

The alteration expressed bjr ^e last of these forms is cal- 
led Conversion. 

♦ 

€L Subtracting the antecedents, from the consequents, 

b-^_a:a*:;d^c :c 

b : b'-a :: d : d-^c, 8ic. 

7. Adding ana subtracting. • ' 

That IS, the sum of the two first terms, is to their differ- 
^ee, tts the' sQift of 'tfv^ 'two last, Hoi tb^ir dilference. 
''Oor. If imy oompoimd quan^efs, twanged a»(in 4ibe pre- 
ceding examples, are proportional, the simple ^antities of 
Whic^ ihef af e compbtmded are propoitiMal iJso. 

' Thus if fl+ft : i .%' c+€J *:*</, then a : &? r'c :d. 

u i^iigAs,oi\led^IK^£onJ;. ' ;'<* 

390. If the corresponding terms of two or more ranks of 

proportional qwx^iitk^ it ^ Wivsivhito togc^^er^thc product$ 

will be proportioned. 

This is comppunding Th^o^, (Art. 352.) or compounding 

proportiQi^. < Ijt shoufd be distinguished from what is called 

compositionj which is an addition of the terms of a ratio. 

(Art. 380.2.) 

^ Euclid IS. 5. t Euclid 19. 5. 

i Eticlid 17. 5. Sec Note H. 



m AlGEfeRA.' * 

.And A;/.-.*fit.-».> ■ " ■ lO?B,.*.*8i4) 

Then ah:bl^:m:dn. 130:90;.-48r«. 

For, from the nature of proportion, the two ratios in the 
first rank ars jequil, and also the ratios in the seeond rank. 
And multiplying the corresponding tf rms is multiplying the 
ratiosy (Axt d&2. cor.) that is, multiplying e ju^Zs 6y eqiLoIs ; 
(Ax. 3,) so that the tatios^ will still oe equal, and therefore 
the four products must be proportional. , i ^ 

The same J^roof is applicable to any number c)f propor- 
tions. ,. 



I 'w* 



Ca;h:: c :i 

\i <^h:l ::m:n 

ip:q:sx:ff 

From this it is evident, that if the terms of a proportion 
be multiplied, each into itself, that is; tf they be rtmeH^to 
any power ^ they will still be proportional* 

It a:h::c:d 2:4:.*6:12 

a:b::c:d 2.-4.';;6:l2 - * 



^ . » '■ " ■ " ■■' I ■> 



Then a*.-6*::c*;d* ^ 4: 16;; 36; 144. ;./) 

ProportiopaJs will also be obtained, by revernntg tbii^piKH' 

cess, that is, by extracting tbp rQ$ts of the tennis^ . (i.> * w. « 

I 

If o;J;;c;rf, . then y/aty/h ::y/c: y/A. 

For, taking the product of ext. end means, ad^hc 
And extracting both sides, y/ad^=sy/be 

That is, (Arts. ^9y 375.) y/a : y/b ;; y/c : ^/d. 

"*^^^^' • . ... ua.r.. 

-391. If several qtiantities are proportional, their l^epow- 

ertf or Kke pOoU are proparU&naJ.* 



,{, ♦. • -'i '.'.'i 



If a ihi:c.'d 

* It mtiflt not be inferred from this, that quantities have the same 
tsaHOf as their like powers or like roots. See art. 354. 



And V«''-Vt"*- V«"- V<i*jthartis,«i^:*Ji^::(?:eP. 

392. ilf tbe tetma in one rank of rtropoftioMtIs be diwiid 
hjr the corresponding terms in anotner radt, the qaotientB 
toli be proportiosak 

This n sometimes called the retpboim^ of nuti^m. . 

If a: h :;c :rf> 12: 6 ;/ 18 .9^ i 

And h: I ::m :n] 6:2 ::. 9 ;3 5 

Then ^ ; j, :.• ^.- ^^^^ g : ^ ••• , (^^ 



M. !* 



This is merely reversins the process in art. 390, and m^jr 
be demonstrated in a similar manner : 

Or thus, 

Taking the product of est. andmems, dizslc ) 
And hn=lm ) 

•%. * t. ' • 1 ' 1 V ad he 

* Dividmg one by the otbi^r^ . 
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That is, (Art. 375.) 

« ^ 

This iSibuldbe distinguished from ivfaat geometers call 
Hvisian^ which b a wuotraction of the terms of a ratio. 
(Art. 38fl. cor.) 

When proportions are compounded by multiblicatiofL it 
wittioften be the case, thM the same factor vnSi be fbuna in 
two analogous or two homologous terms. 



f a:h::c:d^ 
m:(iLt:n:c\ 



Thus if a:b ::c:dy * 

And 



am : ab ': ; a» : ci 



Here a is in the two first terms, and c in the two laft«. 
Dividing by tt^ese^^ (Ajt* .382.) the p):]qpoctiofi. becomes 

m:h::n:d^s Henoe,-. «v- 

393. In compounding proportions equal factors^ or dim* 
mrs in two analogous or nomologous terms may be rgected. 



36$ .ALiB£B^. ' 

^:it::c:i 12;4;.*9;3 

lt^l:k^:d:l , 4;S>;3:6 

h:m::l:n ^;^;:6:15 



. This jrule iipay ber »pplnp4 to the ji^a^es^ to. vbich tbe terpn* 
^^exaeqtU)^ and" ea? acjtto perturbate*^ refer. See Arts. 385 
and 397, One of the methods may serve to verify the 
other.- ^' - ' ■'-.'■-■ • • ' * . ' 

394. The changes 'which may be made in proporti(3^Sy 
without ^&tfuibtag the • eqmliiy of the ratios, are so nume- 
rous, that they would become burdensome to the memory, 
if they were-nc?! reducible to a few generid^^inciples. TMey 
are mostly prodiiced, <:»..! 

1. By inverting the order of the terms, Art. 380. 

2. By mtdt ov (dividing by the sameauanliiyj Art. 382, 

3. By compar. propors which have ttke termsj Art. 384,5,6,7, 

4. By add. or stiit the terms of equal ratios, Art. 388,9. 

5. Bymtdt: or divid. one propor* by another, Art. 390,2^3^ 

6. By invdv. w extract, the roots of the terms, Art. 391. 

* 395- When four quantities j^re proportions^ if the-Jirst be 
ffreater than the 'second^ the third will be greater than the 
fourth; if equal, equal ; if less,. less. , , 

For, the ratios oi the two couplets being th^ same^ if one 
is a ratio of equality^ the dthei: is also, &hd therefore the an- 
tecedent in each is equal to its consequent ; (Art. 350.) if 
one is a ratio of greater inequality^ Ijie other is also, audi 
therefore, the antecedent in each is greater than its conse- 
quent 5 and if One is a r&tio 6f les^inequaUtp^ the othei'*K\l- 
sio, and therefore Ae anteqedeAt in each is les^ than it$ dotf- 
sf^uent. 



Xas;sij 'C^^d' 
ljeta:b::c:d; tb^nif s c^4, c>f? 



4 
d 

d. 



Cor. I. If the first be greater than the^ tfurd, the sw)nd 
win- be greater than the fourth ; if equal, equal j, if le9^ 
leisfs,^ • 



* Euclid U. 5. 










For hy altenftitlon a:b::cid becomes tf : c :: hiai^>^^ i^gg^^ 
msy nltevsjiiou of tbe quaatitieai. Therefore if a :^/es;< 
AHbefere. 

Cor. 2. If «:«::c:»j tlHsh if tf=i5, cW, &c • 
Andm:6 ::n:a S ' • ' 

For, by equality of ratios, (Art. 385. 2.) or compounding^ 
i^tios,, (Arts, 390. 393.) , . • . . 

aihxxt\i. Thetefore, if as:5, C3=<^, &c. as bejbi(e« 
Cor. 3. If a;w::nia) .i,^_,xr i ^ j ^.^j* 

For, by comjioimdkij^nrstbs) (Arts. 390, 393.) . ; , 

aihiicid. Therefore, if a =&, c ssrf, &Cv. i 

... . . • . : 

Continued F^roportiox. 

• .. . ■ • " . - - 

3^. When'quantities are in continued pr6p6rtipri,,ffKtliC* 
Ratios are cgudf* (Art. 372.) If 

«:6::6:c::c :£?':(? :e, 

the risitip of <f ;& is the sanae, ,as that of . i : c, of c : rf^ or i)f 
J:^.' Tfhe ratio ' of the fLr$t of these quantities to the Imty 
IS eqii:^ to- the' pr&duct of all the intervening ratios ; (Xrt. 

33r3.) that isy thie ratio o{ ateh eq[u»l to 

•\ 

abed 

l^t as tbe infterVeliing' ratios are all egnhl, inst^d of mul*, 
tfplying them into each other, we may multiply any one of 
tliem into it$elf; observing to mak^ the number of factora' 
equal to the number of intervemn^ ratios. Thus the ratify 
•f a:e, in the exain]>k just given, is equal to 

nana a^ 

Wic^n ievci^V quatitWefe afe iri'contintieci propoHion, tfie 
lirimber of Couplets, and of ^cotirse, <he number of ratios, U[ 
one less than the ilumbei of quantities. Thus thcf five pco-' 
portional' quantities a, 6, c, a, c, form four couplets contain* 

* Eadid SO. i. f Euclid SI. &, 

Bb 



20d 



aEBR4. 



( • 



O 



•^ : ^ 



i^tio of a:e is equal to the ratio of 

yo of the fourth |>ower of the fiM; 

/ower ^f the second. > Hence, 

ies are proportional, the first i$ tffthf 

/he first J to the sfuare of tke^secondi or 

i^cond, to - the square of the third. In 

i has to the third, a duplicate ratio of the 



; then « : c t : a* : 6 * . And aniv^rsalfy^ * 

ai quantities arer ptoportioAal, the ratio of 
last is equal to one of the intervening ratios 
er whbse index is one less than the numher ©f 



Raised 16 ^^ 
quantities. 

If there are ^ur proportionals a, J, c, if, then aid: :a* :h^^ 
If there are five' «> b, c, rf, e, a:e : : a* ib*,tffh 

399, If several quantities are proportional, they will be 

Proportional when the order of the whole is inverted. This 
as already been proved, with respect to fsur proportional 
quantities. {Art,'280. cor.) It may be extended to any num-^ 
bter ot quantities. 

Between the numbers, 64, 32, 16, 8, 4, 

The ratios are .2j .2, 2, 2, 

4 B^W%«ti.^^«atbe'inTerted i, 8,16,32,64^ 



The ratios are 



^i ¥» 1^9 "S' 



So if the order ^ any proportional qimitkies be iater^ 
ed, the ratios in one senes will be the reciprocab of those in 
the other. For, by the inversion, each antecedent becomes 
a consequent, aii4 ^* v. and liie ratio of a consequent to its 
antecedent is t^e reciprocal of the ratio of the antecedent 
to the consequent. (Art 351.) That the reciprocals of equ^. 
quantities are thep^elres equal, is .«vidf nt £rom a;a^, /I. 



466. Harmonical x>r Musical mopORTioN may be con- 
aidered as a spc&ies of geometrical proportion.r . It conaste 
in an equality of geometrical ratios^ Dot on^ or more of 
the terms is the difference between two quantities, 

*Three or four quantities are said to. be in harmonical pro- 
p&fiioHj when Ihe first U to the lastj as the difference be- 



1^ 



PROPOKTION. «03 

tmmeu the two first, to the difference between the fwo tor. 

If the Aree quantities kfj &$ and <^ are in harmonical pro*' 
portion, then a : c :: tf—b : fr^c. 

If the'/b«r quantities o, b, c,and il, are in harmonical pr(^ 
portion, tnen aid:: a'^b :c^d. 

» Thus the three nnmters 12, 8, 6, are in harmonical pro- 
pordon. ; - 

And the. four numbers 20, 16, 12, 10, are in harmonica! 
proportion, 

401« If, of four quantities in harmonical pn>|>ortion, any 
thr^e be gi^en, the oth^'r msy be found. . For, from the 
proportion * * ' 

hy taking the product of the extremes and the mjeand« if» 
have ac— ad 3=0/2— ii^. 

, And this equation maj be reduced, so as to give the v^hie 
if either of the four letters. 
Thus by'transpi^sing — ac!, and dividing by a, 

2ad-W 



402« A iJQit o£ the articles ia.ty8.sc^tiQiuirbiciiMii||in|h» 
proppsitions in the 5th book of EucUd*^ • i • 

Prop.. I. Art. 363. XIII. 384, cor. 

II. S88. XIV. . 395, cor. 1, 

lil. 382. XV. 360. 

IV. 382, cor. 1. XVI. 380. 

V. 362. XVn. 389, cor. 

VI. 362. XVra. 389, 2. 
Vtl. 349, coh 1. • XIX. 389,4;' 

VIII. 357, cor. 358, cor. XX. 395, cor. 2. 

IX. 349, cor. 2. XXI. 395, cor. 3. 

X. 357, cor. 358, cor. XXII. 386. 

XI. 384. XXIII. 387. 
XIL 863. - X^IV. 3d*, fcef. 2. 



« *■ ' 
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* Set Note I. 
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liTAfilATlON OR GENERAL PROPORTION, 



>^*'' ;:. r^ a proportion are, frequendy, so ^-elated to 
each other tliat, if one of them be either' increased ordimiiH 
ished, another depending 00 it mil fdso be increase^ or di- 
minished, in such a manner, that the proportion will slill be 
j^resenrid. Jf the value of 50 yards of icloth is 100 ^oM^js, 
arid the quantity be reduced to 40^ards^ tl^ie value wiU, of 
course, betedubed to 80 dollars: if the quantity be reduced 
^<;^^0 yfirds, the value will be ^^duced .to 60 dollars, &c. . 

yd, yd, dpi. doh 
That is 50:W^:10D;^0 
^ ,50:30:rlOO:60 

50:20:: 100:40, &c, 

^ As Ibe ^oft^equent of the JiHt couplet is taried^ tjie con- 
i>equent of the second h yferied,* in such a icnariner^ that the 
proportion is constantly preserved. 

If tbc two antecedents are A and^; and if a represents 
.a quaufity of the ^me kind witfa,.^, but eitl^er greater pr l«ss ; 
'and ^, a quantity of the swe kind with 5, but as m^y ti^e)i . 
greater or less, W a Jp greater or less Oi|ij3i A ; thep ! 

that is, -if A by Varyfeg becomes a, then B becomes J. ' ^Hii* 
is expre^ssed more conciiejy, by saying tfiat A xfwij/c^ ris fi, or 
Ais ds B. 'I'bus th^ wages of a l|ibpuring man v^ij^ as the 
/mcof lii^ service. We say that tbe interest of money 
which is loaned for a given time^ is proportioned to Ihp prin» 
x^ipal. Bi^ia proporlioiS contains four t^ams* Hecf are only 
tvvb, the interest and the principal. This then is an ahridg- 
ed staktmevi^ ip which two terms are nieiitiOnlMi instead gf 
four. The proportion in form \»ould be ; 

* Newton's Piin(si|i. Booki. Sec. 1. 'Lemma 10, schol. Emerseii 
on Proportion, Wood's Algebra, Ludlara's Math. Saunderso;i's Alge* 
.*ra, Art* Sai). • -- 



Mmjjpven pr^cijpfl^ is to aay pthor principal } . 

:Sa is the interest of the former, to the int^r^s t of tlj^e lisdicr. 

p. P., In. lu. 

For instance, 100:300:: 6 : 18. . 

:4Q4« In j992{Q7 mi^tbematical ,aiid phildBophfcol WB^A/g^ 
tfons^ we have ^HiijBfijfipfirtOrdQlejpiJM^ ,tho.geQW^i(^l#kiiift4)f 
t^ain dishes of quantities to cmi other, withoi^^liiiaiAng 
y>e lunqnirx tp wj pArticular ralues of those quantities, ia 
such cases, it is freqi^ently jsufficient to nitotion'jonlj^two <^f 
the terms of a proportion. It must he kept in mind,' howev-- 
er, that four are ?jHrayS implied. When it is said, for instaCbce^ 
that the weight of water is proportioned to its bulk, we are 

• Tl^f^t. ofi^ ^{IpD, is to any nmiber of gallons; * 
M thfi w^ght q( one gaUop, is to. the weigfal of the girea 
. iiuinber of gallonsf. 

405« The character cc is used te exppe^ the proporlioff 
iof variahle quantities. 
*• Thus AqiB signifies that A varies as B, that is, that 

The express] op A^]S majr he called a general proportion^ 

406. One quajitity is said to vary directly as another, wlien 
the one increases as the other incifcases, or i^ diminialied a? 
;the other is dizninisbed, so that 

She itit6r#0l oo ^ loap is increias^d or diminished, in pro- 
portion to the principal. If the principal is doubled,-th'e in- 
terest is doubkd^ if the prhi^if^ is trebled, the interest is 
tmbled, &c. 

407. vOne «nuaili^ is said to-v^iBsy imt^stly <h* redprocoBf 
as another, ^eQ the pr^ i^ prop<»rtimed tt» the reckftfocaliof 
the'other; ^Hat i^ wKeQ the one is dimioisbed, a9 w other 
is ipcjreaspd, sa, thaj 

1 11 

•4«-g, that is^ .4 :a::'g: -r, or.4f:c;:4:J?^ *. 

* • 

h this ease, if ^ is j^eater than 0, B is less than h, (Art. 
395.) The time required for a man to raise a giren sum, by 
his labour, is tUtierseJy as fais wages. The higher his wages, 
the less the tiino. . ' • . ' 

408. One quantity i? e^4 to vwy as tm ofkm jointly , when 



im algcbrAI 

the one is increased or diminished, is t^ fir^4uci pf ii» 
other two, so that 

JlocBC, thBi is A: a tiBCibc, 

« • • # • 

The interest of monej varies as the product of tte prin- 
dpal and time^ . if- thi^'thne be-doubledy aod the prthcipal 
doubled, the interest will be four tiroes as gr^at, ^ 

- 409* One quantity is said to vary diremy as a second^ and 
ifwersel^ as a tIArd. when the flr^ is always prof^ortion^ tei 
the second dirided by iShie third, so that 

A,i jjoc-^, tllatls^:a::7?:~■• 

• 

410. To^ understand the methods by whioh ^e Btat0mebt|i 
fX tb^ relations of variaible i|uantities are changed from one 
form to aaotfaer, , little more is necessary, than to make an 
tppHcation of the principles of common proportion; beae^ 
ing constantly in mind, that a general proportion is only » 
abridged expression, in wfaicli two terms are mentioned in-- 
stead of four, i When the deficient terms are supplied, the 
^ason of the several operations will commonly be apparent. 

411. It is evident, in the first place, that the order fd. th0 
terms in a general proportion may be inverted^ (Art. 369.) 

If A;a:iB:b,thviti9>,ifjlccB; 
Then jB : 6 :: jJ : a, that is, ' B«^. 

412. If one or both the terns in^a general proportion, be 
myliMUd or dwided by a constant quantity, the prpporlioa 
ynH be preserved. ' « 

F:or, multiplying or divi^il^.oae or both of the tetma is 
the same, as multiplying or dividing analogous terms ia dMa. 
poroportion expressed at length. (Art. 382. and cor» 1«) 

If AiaiiBzh, that is, if •iloc^. 

Then mAima ::j&: 6, that is, inA^B, . 
And mJlimaiimBimhf that is, tnA^mSL tze. 

413. If both the- terms he muUy>Ued or dividei} .^vea by 
a variable quantity, the proportion will he preserved. For 
this is equivalent to multiplying the^ t^o m^tffiedenu iQr QUe 
4}uantity, and the two consequfivis bji s^ipther. (Art. 382.) 

If .4 : a : : J? : &, dwUis, tf At^tBi 

Then MA :ma :: MB : i»&,4bat is, MAolMB^ &e. 

CcHT. I. If one quantity ystrtes as another, the ^A)iient of 



tbe one divided by the other is cantiant. In other words, iC 
the numera|or of a fraction raries as the denominator, ihe 
wilue remaios the same. 

If ^:a::B:6, that is, if jJaB, 
^A a B h 

Here the third and fourth terms are equal, Ibecause tfajck 
is emial to 1. Of caur$e the t,wo first terms a^e equal ; (Art. 
395.) so that, if A be increased or dknini^ed as many timet 
as jB, the qtioHeni will be invariably the same. 

Cor. 2. If the ^prbUuct of two quantities is constamt^caae 
Taries reciprocally as the other. 

»-• ^*. . ^ AB ab I I ^1.1 

MX An: (w:: 1:1] then -jk*" 'X '' R' T» ^'' B'X 

Ooru 3. Aof factor m one term of a general propordon^ 

mMf he tramffifnifdf lo at to 'be€ome a JSfritBr in the o1^«f ; 

and v« V. 

A 
If wJocfiC,then dividii^ by B, jocC. (Art. 118.) 

' • •. 

if AoCq^^ then muh. by C, AC^^- (Art 159.) 

414. If two quantities vary reqiectivelf as a third, then 
one of the two variee ^ the other. (Art 384,) 

And CicuBii^y ' ' (GociB;^. 

Th^en .^ra:: C:c, that is, AoiCn < 

415. If two quantities vary respectively ais a third, their 
>«Hia or d^mrcnce will varjr in the same manner. (Art. 388.) 

Thep wJ+ C:a+c::J5:6^ that is, wf + CoiB\ \ 
• And A'^C:a'^c::Bih^\hzXi&iA'^Co^B 

' Cor. The addition- here may be extended ti? nnynttmh^ 
of quantities aU Valryi^ alikcr (Art. 388. cor. V^ 
If AocB, and CccE, and Docfi, and EocB, then 

(^+C+l>+JB)aJ5. 

416. The fermsof onft geaeraT proportion may be muKi-^ 
plied or divided hy the ooiresponding terms of anotber*^ 

. (Ait890.]I : 



208 'MltokA; 



Aiti C:c::2?;if {*«*•*' "^ } CaJD; ' . 



Then dCiaciBB-.M Aaf is; ACxBD. 

* » 



I • 



Cor. If two ^ufolfitiss* i^ar^ itqieetmly ais a^lbirdy ibcir 
product of the two w31 rajy as the square of tbe otlier. ^ 



Lc«ll**«»-*<^*«'- 



41 1. If any mistntity vai^ da anoflier, any* poyfer 6t roof 
^t^ttarinet mil Vaiy; as aUkcpower or root of tbe hitter.. 
(Art. 391.) 

K^ AietiiBth, thatis,if «^^ 
^hen A*" : a" ::£«': J* that is, ^" « 5" , . 

Aad J^.-a^.-.vB^.i^, tMi^ 4'*«JB^- . 

419. Ifi QOtnpounding gjcneral proportions, eqazi fadori 

or dimorg, in the two terms, may be rejected, (Art 393*) 

» 

If *J:o.-;^;6 
Aad £ •• b ::€: e^ that 
And C:c::J^:d 



iAfnB 
is,if <J?ae 



.M«M 



Tben A:a:.'D:d, thatia^ ^ocJD 

Cor. If on6 quantity varies as a seooad^ tbe second^ as a 
third, the thiitl,.as'» fourth, &^c. the^ the J?r«t varies as jh& 

If •fla^orCocD, then ^al>. 

'^ ... . 

• If ./Joe i?oc-^, then wfar^; that hj if tiie first vaSes <?ircct?y 

As the second, and the second varies recijproca//y as the thirds 
the first varies reciprocally as the third« 

419. If anv quantity vary as the proikct of two others^ 
and if one or the Itittet be coiisiderea constant^ the first nili 
v«ry ast^e otber» > 

Jf WaLB, and if J? be constant, tbcn W^L. 

Here it mufi be observed, that there are two conditions; 
First, that fV varies as the product of the two other qusm- 

titiiJs; * » 

Secondly, that one of' these qtairtilies B is constant. 



VABXATlOSg. im 



ThMj l^ the cmidkiens, Wif»::LB:lB'y 

m both 1ei>ms< 

©ifid. by the censtftnt quantity 5, W^, wizLil, A»t is JV^L. 
.And if Zr be considered eoBstaot^ W<xB^ 

T%ns the weight of a board, of uniform thteloiesB and dtn- 
»tj, i^aries as ks latigth ^nd bveadth, if the Ut^flh iapvm^; 
vthe weight Vaties as the 4roiidth. And if tht bhadA la gnw 
-e», the weight varies as the length. 

Cor. The same p^Hi^te may be extended to-aRjunmbef 
of quantities. The weight ^f a stick of timber, of given 
density, depends on the length, breadth, and thickness. If 
the length is ^ven, the wei^t varies as the breadth and 
thickness. Jf the length and breadth axe gives, the weight 
^varies as the idiickness, &e. 

If W<^LBTy 

Then matiag L eonstairt, Wo:BX\ 

AsrA making L and B .ean9t«at, W^ B» 

420, On the other hand, if one quanfity depieiids on two 

others; sO that when the second is ^veii, the Arst varies as 

/ 4he third, and when the third is given, the first varies as the 

second; then the first varies as. the prodimt of the other 

Iwo. 

If the weight of a board varies as the leneCh, when tlie 
1)readth is dven, and as the breadth when &e length is giv- 
•en ; then if the length aiid breadth hath vary, the weight va- 
^es as tiieir product 

If Wa: Z#, when B is constant, > . j^ *«• « r 
And WccB^ when L is constant, ) 

In demonstrating this, we have to consider, two variable 
rvalues of fT; one, when L only varies, and the .other, wtueo 

L and B both vary. 

* 

Let u;'=:the first of these variable values. 
And ii7=ithe other ; 

60 that W will be elianged t« w\ hy the varying of ij 
And w' will be farther changed to «^, by the vaiymg of B. 

Then, by the supposition, W: \d :: h : /, when B is constant. 
And ^' iwxiBih^ when B varies. 



Mdt. correspond, terms, Ww' : %mjd : : Bh : bl. (Art. 3d0.) 
Divid. by w' (Art. 382.) W. tv::BL: bh i- e. W^oc BLu 



Cc 
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« 

The proof may be extended to 8ny> number of quatitkks. 
The weieht of a piece of timber, depends .on its length, 
iMreadth, Sudmess and density. :lf any three of these are 
ghren, the weight varies as the other. 

Tbis case must net be confounded witih that in art. 416, 
cm^. Ifi that, B is supposed to vary as A and as C, a^ ^ 
jMtme, time. In this, B varies as w2, only when C is constant^ 
And as C, only when A is constant. It ean net tl^^eiore T9r 
fcf^jji and ai C separately, at the sa^e Sm^* 



^st^ 



^\^ Mw^ writers, in expressing a general proportion, do 
:iiot use the term twry, >or the character which has here beeu 
put for it. Insteiad o! Ap:B, they say simply that A is asB, 
^ee Enfield's Philosophy. It may l>e proper to observe al* 
90, that the word givenis frequency used to di^Unguisb con-- 
,Mi€mt q^jtntities, from those which are variable; as well ^s to 
4istingiuah known qi^ntities, ^rom thpse yfixich aice ujo^Qyvj^ 



SECTION xiy. 



:4RITHM£TICAL im> GEOMETRICAL PROGRESS 

SION. 



M, ^aa OUAN TrnES which decrease by a coflamoil 
^^ difference, as the numbers 10, S, 6, 4, 2, are 
in continncd arithmetical proportion. (Art. 372.) Such a 
8(er!es is also called a pfogresnoTi, i^hich is only another nlime 
for continued proportion. 

It is evident, that the proportion will not be destroyed, if 
the order of the quantities be inverted. Thus the numbers 
2, 4, 6, 8, 10, are in continued arithmetical proportion. 

^antitiesj then, are in arithmetical progresiiony iohen iftcy 
increaie or decreate by a commoti difference* 

When they increoMy they form what is called an oHenSa^ 
series, as 3, 5, 7, 9, 11, bc« 

When they decreasej they form a d€$cen£ng series^ as ll, 
9, 7, 5, &c. 

The natural humbeis 1, 2, 3, 4, 5, 6, &c. are in aritfametio' 
al progression ascending. 

423. From the definition it is evident that, in an ascend- 
ing series, each succeeding term is found, by adding the com- 
mon difference to the preceding term. 

If the first term is 3, and the common difierence 2;. 

Then 3+2s=:5 is the second term, 7+2^9 the fourth. 
5+2=7 the third, 9+2»ll the fifth. Sec, 

And the series is 3, 5, 7, 9, 11, 13, *«:• 

If the first term is cr, and the common difference ^; 

Then a+d is the second term, a+2d+d=o+3J the fourth, 
a+d+d^a+^ the 3d, a+2d+d:=^a+4di\i^ 5th,&Lc. 

X S 3 ' 4 f 

And the series is a, cr+a, <E-i-2a, a+3rf, a+4(?, &c. 

If the first term and the common dUTcren^e are the samej 
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in ALGEBRA. 

the series becomes more simple. Thus if a is the fiivt 
•nd the common difference, and n the number of ternuu 

Then a+asz2a is ^e secarid term 
2eh^ass3a the third, &c. 

And the series is a, 2a, 3a, 4a . . . .^na: 

^24f. In a descending series, each succeeding term is found^ 
bjr st^ktrathr^ ttte common difference from the pireceding 
term. 

If a is the first term, and d the common di&rence, the 

12 3 4 9 

series is a, a— rf, a— 2rf, a— 3d, a^4cd^ &c. 

in this manner, we may obtain any term, by <idnGntted adw 
dition or subtractiein. But in a long series, diis process would 
become tedidus. There is a method much more expedi-' 
lious. By attending to the series 

Its 4' i 

a, a+rf, a+2dj a-i-3rf, a+4<?, fee. 

it win be seen, that the number of times d is add'ed to a idr 
one less than the number of the term. 

The second term i» a+dy i«>e. a added to onee d ; 
' The third is a-f 2(i, a added to <«m'ee <I; ? 

The fourth is a + 3c/, a added to Mm6 i/, fc#,v 

So, if the series be continued, 

The 50tfa term will be <r-f 40d[ 

The lOOlh term a+99d 

In the ^reafe^f term, the number of times dis added to a^ 
il one less than the number of all the terms. If then 

a=the least term, 2:=the greatest, n=the number of tenns^ 

we shaB have, in aU cases, 2r=a+(w— 1) X (i; that is, 

425. In a& arithisietic^ progression, the greats terfn tr 
tqual to ike least, 4- the product of the cornnf^on difference into^ 
the number of terms less one. 

Any other term may be found in the same way. Fop 
the series may be made to stop at any term, and that may 
be conadered; for the time, as the last. 

Thus the «tth term=a+(m— l)xef. 

If the first term and the common di^epence are the 4sme^ 

z=a+(«— l)a=a+na— a, that is, ;7=na. 

In aa ascending series, the first term is, evidently, the leasts 
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Mi ike hk, die grest^t. But in a cbsbending series, the ^ 
fim tmi k Ae g^at«»t, md the h^r the least 
' 426. Tbe eq^oB ;a;stea4-(t>'^l)^ ttol onljt shows the trI^ 
vr of tlto greatest. term^but^ bj a few aiaiple redilctioiis, will 
ilniJtrle us to find other parts of the series. It oQ»tahiB^£Mr 
diffei^nt qismthies^ 

a, the least lerm, w^ Ibe rmfnber of terms, axid 
Zy the greatest term, rf, the commen difference. 

U WjT Aanfee of these be given, the other maj be found. 

1. By the e^uatioa already found, 

z=fl + (n -r- 1 )dssihe gruUest Hrm^ 

X TmAsposing ^-I)*, (Art. 173.) 

z-^{n — l)d=:a=the least term. 

* % Transposing a itk the 1st and diyidiog by n — 1> 

r zssdszthe common difference. 

n — ji "^ 

i. Transpi. a in the 1st, dividing by d^ and transp. — 1^ 

> z — a 

^-j-+ 1 =71 :sarile n»«6er of icrw*. 

Prob; 1. If the first term of an increasing progression & 
7, the common difierence 3, and the number or terms 9^ 
ti^at k the last term ? 

Ans. ;?3=a+(tt-lK=57+(9-l)x3=31. 

And fte series is 7, 10, 13, 16, 19, 22, 25, 28, 31. 

Prob. 2. If die last term of an increasing proj 
60, t^e number of terms 12, and the common df 
what is the first term f 

Ans.^ a=3r-(»— I)dss60-(12-l;)x5a:5^ 

4it. There is one other inquiry to be made concenung f» 
series in arithmetical progression. It is often necessary t6 
find the sum^f aU ike terms^ This is called the summaiion of 
the seiies. The nost obvious mode of obtaining the amount 
of tne terms, is to add them together. But the nature of 
progression will furnish us with a method more. expeditious. 

It is manifest that the sum of the term(» wiil be ue same^ 
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ki wbttterer ortier tli#]r iie-wriHen. .The rnzin of tbtf WBi6f^ 
ing series 3, 5, 7, 9, 11,. is the same, as tbst of the descend^ 
ing series 11, 9, 7, i^ d. The sum of hoik the series is, there- 
fore,, itiiice as great, as the sum of the terms in one of .thenar 
There is an easy method of fiading this doMe Bum, and, of 
course, the sum itself which is the object of ini|iiiry« Let a 
giren series be written, both in the direct, and m the invert- 
ed order, and then add the corresponding terms together. 

Take, for instance, the series 3, 5, 7, 9,11, . 

And the same inverted 11, 9, "t, 5, 31 



The sums of the terms will be 14, 14, 14, 14, 14. 

Take also the series a, a+J, a+2d^ a+3c{, a+4cry 

And the same inver. a+4<7, a-)-3J, a+2d', a+^9 ^- 

The sums will be 2a4-4£f,2a+4<{3^a+4^,2a+4<;,2<i+4c{. 

Here we discover the important property, that, 

428. In an arithmetical progression, the 9um of ike extremes 
%i equal to the sum of any other two terms equally dista/iU from 
the extreme. 

In the series of numbers above, the sum of the first and 
the last term, of the first but one and the last but one,.&zc. is ^ 
}4. ' And in the other series, the sum of each pair of cor- 
responding terms is 2a -{-4(?. 

To find the sum of all the terms in the double Series, we 
have only to observe, that it is equal to the sum of the ex^ 
trcmes repeated as many times as there are terras. 

The sum of 14, 14, 14, 14, 14=14x5. 

And the sum of the terms in the other double series is 
(2fl+4d)x5. 

But this is twice the sum of the terms in the single series. 
If then we put 

a=the least term, n=the number of terms, 

2:=the greatest, ^=the sum of the terms^ 

we shall have this equation, 

*=— 2~"Xn. That is, 

429. In an arithmetical progression, the sum of all the- 
terms is equal to half tht sum of the extrames mdti^Ued int^ 
the numier of terms. 
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Tvvk'^Vhfttf J9 ^ &i»m lat tfae'jMtenil^eiies of numbers 
1^ 2^ a, i^, 5, &e. up ti> lOW^r 

• a+« 14*1000 . 

,. . ;Aus. «p:-^x » ==— ^^ — X 10005=500500. 

430. In the series of odd nnmhers 1, 3, 5, 7, 9, &c. con?: 
tintie«l to anv giren extent, the last term is always one less 
tlian twiee the number of terms. 

For^=a+(n — ijrf. (Art, 425.) But in the proposed sc-, 
ries a=l, and £^=2. 

The equation, then, becomes 2'=l + (n — I)x2=r2n— 1. 

431. la the series of odd numbers 1, 3> 5, 7, 9, fijc. the 
:sum of the terauxs,(dways equal to the square of the number of 

For. 5 r= J (a +2)n. (Art 429.) 
But here a=l, and by the last article, ^=2n— 1. 
Tba eqaation, then beeoims, *5s^|(l +2;>— l)tt3s»'. 

Thus 1+3=4 "i 

1+3+5=9 >the square of the'nmnber of terinfe. 
1+3+5+7=16) 

Or thus, ' 

Series of numbers, 1, 3, 5, 7, 9, 11, 13, 15, fcc, , 
Number of terms, 1, 2, 3, 4, 5, 6, 7, 8, fcc. 
Sum of the terms, 1, 4, 9, 16, 25, 36, 49, 64. &x!. 

432. If there be two ranks of quantities in arithmetical 
progression, the iums or differences will also be in arithmetical^ 
progpessioB. ' 

For, by the addition or subtraction of the corresponding 
terms, the raHos are added or subtracted. (Art. 345.^ Aha 
by the natisre of pragiMBion, all the ralioS' in the series arQ 
equal. Therefore equal ratios being added to, or subtracted 
from, equal ratios, the j^ew ratios thence arising will also be 
equal. 

To and from 3, 6, 9,12,15,18,20 (^ 

Add and sub. 2, 4, 6, 8, 10, 12, 14 j 2 

- >whose ratio is -^ -- 
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Sums 5, 10, 15, 26, 25, 30, 35 I 5 

l>iff. . 1, ^ 3, 4, 3, A 'j U. 

433. If all the terms of an arithmetical progression be 
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muliirMed or dkiiei hy the same tfmmti^y the pThbdmts^m 
quotients ^H be in arithmetical pmgresisioB. 

For, by the nmltiplication or diTision of thp terms, the 
rario* are multiplied or divided; (Art, 344.) that is, equal 
quantities are multiplied or divided by the given quantity* 
They y^l therefore remain equal. * 

If the series ' 3, 5, 7, 9,ll,&;c. be mult, by 4; 

The prods, will be 12,20,2&,36,44,8ic.a»difthisbedivid.by2; 

The quots. will be 6,10,14,l8,22,&:c, 

€r£03IETJElICAX. .P»0GRt:sSION. 

4S4. As arithmetical proportion continued is aridimetica! 
progression, so geometrical pr^portioo continued is g.eomet- 
rical progression. 

The number? 64, 32, 16, 8, 4, are i» contraB€5d geomet- 
dcal proportion. (Art. 372.) 

In this aenei^ if eaeb {Uv^eitiiig term be divided, by the 
common ratio, the quotient will be the following term. 

V =32, and V =1^, and V -8, and | =4. ' 
If the order of the series be mverted^ the proportion .wil 
still he preserved; (Art. 399.) and the common divisor wiB 
become a multiplier* In 0ie series 

4,8,16,32,64, &c. 4x 2=58, ^d§ X 2:*:16, ^4 1^ x2=»32,&c 

435. QuantitieSy then, are in geometrical progression, when 
they increase by a €»mmion muHtijplier, 4or decrease by a corn^ 
0ttan divisor. 

The common multiplier or divisor is called the rcrffo. 1% 
a descending series, it is, as in common proportion, a ^red 
ratio. Btxt in an ciseending series, -it Js a; refiproeai N.tio.« 

In the series 4,8,l6,32,fcc.| = y =f f :b=2,the common ratio^ 

But if the direct ratios are equal, the reciprocal ratios ar« 
also equal. (Art 399«) So that quantities in geometrical pro- 
gression, whether ascen^feg dr descending^ may be consid- 
ered proportionals. 

To investigate tbe properttes of geomfetrieal progressioB, 
we may take nearly tne sanie course,' as in arilfametical pro* 

Session, observing to substitate e&a^nv^l' nmltiplicaii^n and 
msion, instead of addition ahd sublractton. It is evident, in 
the first place, that, 
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496. In an stsce^ing geometrical sferietsi, each succeeding 
term is found by 4»uki^j^/ng ^ ratio into the preceding term- 

If the first term is a, and the^ ratio r, ' 

Then axr^ar^ tlie second term, ar^ xr:=^ea'^j the fourth, 
arxt=^ar^y the third, or * X r^ar^^ tlie fifth, &c. 

^ And the series is d, ar, «r*, ar*, ar*, ar*, &c. 

' 437. If ihe first term and the ratio are the same^ the pro^ 
gression is simply a series of powers. 

If the first term and the r&tio are eadh equal to r, 

Then r :>< r=:^r^i the second term, r ^ X r=:^r^, the fourth, 
r» X r=r^, the third ^ r* X r=s:r*, the fifth. 

. And th€f series is r, r^jr^t r*, r*, r*, &tc. 

438. in St descending series, each succeedhjg term is found 
by dividing the preceding terih by the ratio. 

If the first terin is ttr^, and the ratio r, 

The series is or*, at', ar^y «r*, ar^, or, «, <». 

if the first term is a and the ratio r, 

The series is c, |-» ^y prf&c,oir(Art.207.)a,«*^Sa'-*,&«. 

if the first term is 1, and the ratio 2, 
fhe scrieii is I, ^, J, 4, tVj Vt» hVj *^* 

By Attending to the iSeries a, «r, nr*, ar*, ar*, ar^^ Sec. it 
will be seen tihat, in each term, the exponent of the power of 
the ratio is one lens^ than the numbef ^^ the term* 

If then ctssthe least term, rssthe ratio 

£9:^e patent, 91%= the nXuaber of tefmsj 

we have the equation arss£(r^S that is, 

438. In geometrical pro^eession, the greatest term is egual 
to ihe promct of the Uasty wio ihm power of ihe ratio whose 
index is one less than the number of terms. 

When the least term and the ratio are the same^ the equa- 
tion becomes z=zrr'»^*s»r" . See art. 437. 

440. Of the four quantities a, z^ r, and »r, any three hciug; 
given, the other may be f^und.^ , 

^ See Note K. 

Dd. 
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h Bj the 4st article, 

s:ssiar^''^ssikt greatest term^ 

2. Dividiag by ?^""* 

* z^^^=»ii^ihe least term^ 

3. Divid. the 1st by a, and extracting the root, (Art^297.) 

— J ssr = the ra^uK ^ . . 

441. T&e next tfung to be attended to is tiie rule for find- 
ing the sum of all the terms. 

If any ternij in an increasing geometrical series, be mtdti- 
l^lied by the ratio, the product will be the succeeding term. 
(Art. 436.) Of course^ if each at the terms be nmltiplied 
by the ratio, a new senes wUl- be produced, in which all the 
terms except the kst will be the same^ as dl except the first 
in the other a^rM. To make thb plam, let the new series 
h% written under the other, in such a manner, that each 
term shall be removed one step to the ri^bt of that from 
which it is produced in the lifte above. 

Take, for instance, the series 2, 4, 8, 16, 32 

Mult, each term by the ratio, we have 4, 8, 16, 22^ 64^^ 

Here it will be seen, at once, that. the ibiHr last terms in 
the upper line are the same, as the four first in the lower 
line* Tlfe oiJy terms which aire not mboth^ are the /irvf of 
the one series, and the last of the other. So that wnen we 
subtract the ona series Iromi the other, all the terms except 
these two wiQ disappear, by balancin^g each other. 

K the given series is /r, or, ar*, «f*, .... ar'^^. 
Then mult, by r, we ha^e, ar^ ar*^ ar^, . . , . <ir^*, «r**. 

Now let *=:the s<mr of the terms^ 

Then *5=a+<ir+«r*+ar*, .....+Ar*-*, 

And mult, by r, ri=: «r-f ar* +flr*, . . . .+ar^»^+jar" . 

Subt'g the first equation from the second, rssssaf^ —a 

att^ a 
And dividing by (r— I), (Art. 12L) #=— ^p • 
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Im this equation, ar^ is the last term in the new series, mi 
is therefore the prodoct of tiie ratio inlo the last temi in the 
given smes. Hence, 

442. The sum of a series in geometrical progression is 
found, by multipljing the greatest term into the ratio, sub* 
tracting the least term, and diriding the rem&inder by the 
ratio less one. 

^ Prob. If in a series of numbers » geometrical progres- 
sion, the first term is 6, the last term 14,58, and the ratio 3, 
fdiat is the sum of fil the lermlif 

rar-a 3x1458-6. ^ ^^ 
. . J^j^ ^= y-^l ^ 3^ »2184. 

443. ^uMtUiM in geointtricci jprogressi&n are prop(^rtim(al 
Xq their m^fkrtnees^ 

Let the .series ibe^iEy^ ar^^ ar^^ ar^^ 8jc- 
By the naluM of geometrical piogreasioii, 

«^«r::«r::«f* ::ar* :ar* i:ar^ :«r*, &c. 

In each .coui^et let the antecedent be subtracted from the. 
consequent according to art. 389. 6^ 

Then €(:: ariiarr^aiar^ -^ar :: ar^ —ar : ar^ ^ar* f te. 

That is, the first term is^4iu3 second, us the d^erence be- 
tween the first and second, io the difference between the 
second and third.; and as ^ diSerence 1>etweefi Hie second 
and third, fo the difference between the fhird and foiHth, be. 
Con if quantities are In geometrieal progres^on, their 
digireneee .am also in geometrical progresrioa. 

Thus^nmnbers 3,9, 27, fii, 243, Szc. 

And dieir difierenccs 6, 18, ^4, 162, &c. are in 

geometrical progression. 

444. Several 'OuaBlities are issid to be in karmonieal pro* 
gre^ott^ when, of any IJM^ee which are oontiguous in the se- 
ries, the first is to the last, as.the cyifference between the two 
fiorst, to tlie difference between the two last. See art. 400. 

Thiis the nmnbers CO, 30, 20, 15, 12, 10, aiPe kx harmoni- 
ical progressiosu 

For60:20::60-30:30--20, And 20:12: :20-15: 15-12, 
ABd30:15::30-rT80:20-15, And 15: 10:: 15 -12: 12*10. 
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A MR ni^HE word irtfiai^ is «sc<J m differ e»t fjeftses. 
*^' -J- 1^1,13 ambiguitj of the term has been the oc- 
casion of mucli perplexity. It has even led to the ^.bsurd 
supposition, that propositions directly contradictory to each 
otner may be matheniatieaUy demonstrated These appar- 
ent contradictions are owing to the fact, thai what is proved 
of infinity, when understood m one particular manner, is of- 
ten thought to ^e true also, whep the term has a very diflTer r 
ent signilcation. The two meaiiitigs «re insensibiy dbifted^ 
the oiie for tl^ other^ so that the prppositi<Hi which is really 
demonstrated, is exchanged for another which is false and 
absurdf To prevent mistakes q( this nature, it is important 
jthat the differexit meanings be .oare^Uy distinguished from 
each other. 

44G. iNvmiTE, in the highest, and perhaps Ae roost 
proper sense of die word, is mat which is so greai^ that nor 
tidng can be added toityOr svppQsed to he added. 

In this sense, it is frequency used, in speaking pf moral 
and metaphysical subjects. Thus, by infinite wisdom is 
meant that which will not admit of the least addition. Infi- 
nite power is that which cannot possibly be increased, even 
in supposition. This meaning of infinity is not applicable to 
the ma^ematics. That which is the subject of the mathe- 
matics is 9101911% ; (Art. 1.) such quantity as may be con- 
ceived by the human mind. But no ideaxan.be tbrmed of 
a quantity so great that nothing can be supposed to be added 
to it. in this seji^e, an infinite number is inconceivable. We 
may increase a numher by continual addition, till we obtaia 
one that shall exceed any limits which we please to assign. 
By thisj however, we do not arrive at a number to which 

* Locke's Essays, Book 2. Chap. 17. Berkley's Analyst. Preface 
to Maclaurin's Fluxions. Newton's Princi p. Saunderson's Algebra^- 
Art. SSC. Manstfield's Essays, Emerson's Algebra, Prob. 73^ 
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,<iolhb)g c^a be added; \mt dhly at one tb»l is beyond an/ 
iim^ whtch'.we hayisthitbtprto set. , Further additiens may 
;be^0iade toJt, with the mme ease, as those by which it ha^ 
already beeQ increased $o faf. It is therefore not infinite^ in 
the seQse in which the term has now been explained. It is 
absurd to s{^eak of the greatest possible numb pr. No number 
ean be imagined so grieat, as ^ot to admit of being made 

freatf r. We piust therefore lopk for another meaning of in^ 
nity, befQre we can apply it, lyith propriety, to the mathe* 
jnatics. 

447. «4 matkemaiical mantit/^ Upaid to beHi^mte^ when ith 
supposed to bfi increasejioeyond any detemrdnafe limits. 

By determinate limits are meant such as can be distinctly 
stated.* In this sense, the natural series of numbers 1 , 2, 3, 
4, 5, fee, may be said to be infinite. For, if any number be 
mentioned ever so great, another may be supposed still 
greater. 

The two si^ificiitioiis of^ the word infinite are liable to be 
confounded, because they are in several points of .view the 
saxne. The liigher meaning includes the lower. That which 
IS so great aa to admit of no addition, must be beyond atiy 
determinate limits. But the lo^irer does not necessarily im- 
ply the.hi^ier« Thcw^ BUinber is capable o£ being increase 
jed beyond any specified limits: it will not foUow, that a num- 
her ca^ be fdum to which n9 farther additionft ^an be made* 
The two infinites agree in this, that, according^ t9 each, the 
rthings spoketi of are great beyond calciiiation. But they 
differ widely in another respect. To the «me, nothing can 
be added. To the others a4dyi<»is .can be made at pleas- 
ture. 

448. In the inathematical sense of the term, there is bo 
.absurdity in supposing one infinite grealtcr than another. 

We may conceive the numbers 2 2 2 2 2 2 2 &c. 

and 4t 4^4r 4 4r 4: 4f to; 

to be each ^extended so far as to reach round the globe, or 
to the most distant visible star, or beyond any greater boun- 
dary which can be mentioned. But, if the two series be 
.e(Jually extended, the amount of the one will be twice as 
great as the other, though botli be infinite. 

,So, if the series .a+ a*+ a^+ a*+ a* &e. 
and 9fit4-9a* + &a3+9a* + 9fl» &c. 

^ * See Note L. 
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tie extended together beyond any specified limits, one w% 
be nine times as great as the other. But it y$tm\d be abound 
to suppose one quatiUty greater than another, if the latter 
were already no great diat nothhig cofdd be added to it. 

449. An infinite mmber cf terms must not be mistdcen for 
an infinite quaiftity. The terms may be extended beyond 
any mren Umits, when the amtluot of the whole is a finite 
miantity, and even a small one. If we take half of a unit f 
tnen half of the remainder; half of the i^emakiii:]^ haU^ kc 
we shall have the series 

in which each succeeding term is half of the preceding one. 
liet the progression be continued ever so far, the sum of all 
the terms ean never exceed a unit. For, by the supposition^ 
there is stfll a remainder equal to the last term. And this 
remainder must be added, before the amotOit of the whole 
can be equal to a unit ^ 

So |+|+|+tV+7¥+ A &c. can never exceed 8. 

450. When a quantity is diminished tUl it becomes l.£ss iha% 
imyietnmnmi^qiMvshity^ k is caUed an iNf miTEsiiTAL; 

O^ua, in the series of fxaeliona ^V» rUi tbVitj TT^TTt&c. 
a innt is fimt divided inle les pasts, then into a hundred, a 
thousand, &dc* One of these parts in eaeh succeeding term, 
is ten times hf^ than in the preeechn^. H then the pro^s- 
sion be contimied^ a portion of a imtt muj be Qbtainedless 
thm any speeified (ptantity. l%is is an tnfim^imal, and, m 
madiemat&al ianguage, is said to be intiniidff small. By ^is, 
hewever, we are not to understand, that it can not be made 
less. The same process that has reduced it below any limit 
which we have yet specked, may be cdntmued, so as to di- 
minish it still more. And however hr the progression may 
be earned, we riiall never arrive at a point where we must 
necessarily slop» 

451. In the sea«e new expldned, machemaiieal ooantity 
may be said to be infinitdy dwiaibk ; that is, it may oe sup* 
posed to be so divided, that the parts shall be less than any 
determinate quantity, and the nfimier of parts greo^ than 
any given nomber. 

In the series -^V, tv^j tthttt* Ttr^yT» *^-' * ™*t ^ divided 
into a g^»ter am greater number ot parts, tiH they become ' 
infinitesimals, and the number of them infinite, that is, such a 
number as exceeds any giv^ ntimber. ' But this does not 
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frora tjiaf we e&a «reF wme at » dkrisioiY in wfaidi tbe ptrts 
flbtti be die l$9^ possible, ox the mmier of p«rts thegrealert: 
fmaihle^ 

4B^ One in&iitesim&l maj be less diao an^ei*. 

The series ^-V, ^f^, j^V,, twto» &«•, 

may be carried on together, till the last term in each be- 
comes mfinitety small ; and yet one of these terms will be 
only half as great as the other^ For, the der)omi»ators be^ 
ing the same, the fractions will be as their numerators^ (Art, 
360. cor.SL) thatis, as6:3, or 2;K 

T»rQ quantifies may also be divided^ eaeh into sii infinite 
number of parts, usipg the term infinite in the mathemfttic^ 
sense, and yet the p9rts of one bemore wmefftHJSytitfia those 
ef the other. 



The sOTes -^V^ tItj Wzzf jvivz^ *»• 
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may both be in&iitely extended ; and yet a tmit m the la^ 
series, is divided into four times as many parts as in the first 
But if, by aa infinite ninaber of parts were meant such a nnm^ 
ber as could not bekiereased, it wotdd be d^snrd to suppose 
the diri^ons of any quantity to be stfH more nuffieronsr 

453» For- all praetnieal purposes, an infinitesimal may be 
considered as absolutely nothing. As it is less than laay 
determinate qiiantity, il is lost even in numerical calculations^ 
In algebraic processes, a term is often rejected as of no val- 
ue, because it is in&ntely swtaB. 

It 19^ fre^piently expedient to admit into a ealcidation a 
small errour, or what is suspected to be an errour* It may 
be. diffieult. either loaroid the objectionable part, er to ascer** 
tain its exaet ¥^e, or even to determine, without a loiig aad 
tedious process, wbeAer it is really an erroir or not. Sut if 
it cafi be shown to be ii^nitirfy small, it is of no account in 
practice, and may be retained or rejected at pi^mre. 

It is impossible to find a decimal wfakb mtXL be esutcdy 
equal to the vulgar fi^ction \. Dividing the numerator by 
the denominator, we obtain, in the first place fV- This i4 
yearly eq^ial to 4. But -^^^ is nearer, </«VV ^tiU MMtTt &c» 



7T»T) ^' 



The errour, m the first iii^ance, is y^^. 

In the syame manner it maybe shown, that 

the difference" between s t j qq'c? .'^'^,' 

{ i and .333, is ^^if 

If the decimal be supposed to he extended beyond any 
assignable limit, the difference still remaining will be infinite- 
ly sinall. As this errour is less than any given quantity, it is 
of no account, and miay be considered in c^lulation as no- 
thing. 

' 454. Fromi the preceding example it will be seen, that a 
quantity may be continually coming nearer to another, and 
yet 'never reach k. The decimal 0.3333333 fee. by repeated 
ftdditicms on the right, may be made to approximate contin- 
ually to -J, but can never exactly equal it. A difference will 
always remain, though it may become infinitely small. 

455. Though an mfinitesimal is of no account of itself, yet 
Its effect on other quantities is not always to be disregarded. 

When it is a factor or a divisor, it may have an important 
influence. It is neeessarv, therefore, to attend to the rela- 
tions which infinites, infimtesimals, and finite quantities have 
to each other. As an infinitesimal is less than any assignable 
quantity, as it is next to nothings and, in pmctice^ may b0 
considered as nothing, it is frequently represented by Q. 

An infinite (|uantity is expressed by the character 00 . 

456. As an infinite quantity is incomparably greater than 
a finite one, the alteration of the former, by an addition or 
subtraction o( the latter, may be disregai'ded in calculation, 
A single grain of sand is greater in comparison with the 
whole earth, than any finite quantity in comparison with oae 
which is infinite. If therefore infinite and finite quantities 
are connected by the^gn + or ~, the latter maybe reject- 
ed as of no comparative vsdue. For the same reason^ if fi- 
nite quantities and iniinitesimals are connected by + Of -"# 

> the latter may be expunged. 

457. But if an innnlte quantity be multiplied by one which 
is finite, it will be as many times increased, as any other 
quantity would^ by the same multiplier. 

If the infinite series 2 2 2 2 2 2 &;c. be multiplied by 4, 
The product will be 8 8 8 8 8 8 &c. four times as great 
as the multiplicand. See art. 448, 
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458. And if an iafimte quantity be divided by a. finite 
quantity, it wiH he altered in the same manner as any other 
quantity. 

If the infinite series 66666666 &c. be divided by 2, 
The quotient will be 33333333 &£c. half as great as the 
dividend. 

459. If a Jinite quantity be multiplied by an inJinitesimoU^ 
the product will be an infinitesimal ; that is, putting 2; for a • 
jBnite quantity, and for an infinitesimal, (Art. 455.) 

If the multiplier were a unit^ the product would be equal 
to the multiplicand. (Art. 90.) If the muttiplier is less than 
a unit, the product is proportionally less. It then the mul- 
tiplier is injinitdy less than a unit, the product must be infi- 
nitely less than the multiplicand, that is, it must be an infi- 
nitesimal. Or, if an infinitesimal be considered as abso- 
lutely nothing, then the product of z into nothing is nothing". 
(Aft. 112^ 

* 460. On the other hand, if a finite quantity be diii" 
ded by an infinitesimal, the quotient wjU be infinite. 

z 

For, the less the divisor, the greater the quotient. If 
then the divisor be infinitely small, the quotient will be infi- 
nitely great In other words, an infinitesimal is contained 
an infinite number of times in a finite quantity. This may, 
at first, appear paradoxical. But it is evident, that the quo- 
tient must increase, as the divisor is diminished. 

Thus 64-3=2, ^-7-0.03=200, 

6-i. 0.3=20, 8 -r 0.003 =2000, fcc. 

If then the divisor be reduced, so as to become less than 
any assignable quantity, the quotient must be greater than 
.any assignable <]uantity^ 

461. If a finite quantity be divided by an infinite quantity, 
:tlic quotient will be an infinite&im.al. 

ft 
^=0. 

For, the greater the divisor, the less the quotient. If ^ 
Ee I 
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then, urbile the diyidend is imite, the dirisor be ipfinitely 
great, the quotient will be infinite^ small. 

It must not be foi^tten, that the ei^pressions infinitdy 
greatj and in^nitdy small sure, all along, to be understood in 
the moAematical sense^ ^cording to the delm^on^ m 9ft»f 
441 f and 450^ 



section xrt4 



t«Vl»lON lit COMPOUND DlVlSOItS- 



AiiT 402 T^ ^^ section od division, the Czst in whicli 
* the divisor is a compound quantity was omit** 
ted, because the operation, in most instances, requires some 
knowledge of die nature pf powers ; a subject which had not 
been previously explained.. 

Division bj a compound divisor is peiformed by .the fol- 
IowId^ rule^ which is substantialtjr the same, as the rule for 
division in arithmetic i 

To olytiun the first term of the quotient, divide the &st 
term of the dividend, by the first term of the divisor:* 

Multiply the whole divisor, by the term placed in the quo- 
tient; subtlWt the product Irom a part of the dividend ; and 
to the remainder brin^ down as many of the following terms, 
as shall be necessary to continue the operation : 

.Divide a^iin by the first term of the divisor, and proceed 
as before, till all me tenxts of the dividend are brought down. 

Ex. I. Divide ile+he+ad+ld^ by a+b* 

a+b)ae+bc+ad+bd{c+d 

ac+bc, the first subtrahend* 

* * ad+bd 

ad+idf the sei^ond subtrahend. 



Iler^ Ad, the first term of the dividend, is divided by a, 
the first term of the divisor, (Art. 116.) which gives c for the 
first term of the quotient. Multiplying the whole divisor by 
this, we have ae^-bc to be subtracted from the two first terms 
of the dividend. The two remaining terms are then brought 

*Bee Note N. 
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down, and tlie first of them is divided by tlie first term o( 
the divisor, 03 before. This gives d for the second term of 
the quotient. Then multiplymg the divisor by rf, we have 
ad+bd to be subtracted, which exhmists the whole dividend^ 
without leaving any remainder. 

The rule is founded on this principle, that the product of 
the divisor into the several parts of the quotient, is equal to 
the dividend. (Art.. 115.) ^o.w by the operationy the pro- 
duct of the divisor into tlie j^r5^ term of the quotient is sub- 
tracted^'from the dividend; then the product of the divbor 
into the $econd term of the quotient ; and so on, till the pro- 
duct of the divisor into each terra of the quotient^ that w, 
the product of the divisor into the whole quotient, f Art. 100.) 
is taKen from the dividend. If there is no remainder, it is 
evident that this product is equal to the dividend. If thera 
w a remainder, the product of the divisor and quotient is 
equal to the whole of the dividend except the remainder. 
And this remainder is not included va the parts subtracted 
from the dividend, by operating according to the rale. 

400. Before beginnii^ to divide, it wffl generally be ex- 
pedient to muke some prep^adratiOtf m the arrangement cf db 

The letter virhich vs in the first term of the drrisor; should 
fife in the first term of the dividend also. And the ooz^cr* of 
this letter should be arranged in' order, both in the divisor 
and in the dividend; the highest power sTtanding first, the 
next iii^est next, and so oA. 

Ex. 2- Divide2a*6+t3+2ai»+«*, bya«4-J«-i-«Sr 

Here if iBfre take o* for the first term of the divisor, the 
other terms should be arranged according to the powers of 
a, thus; 

«»+«&+&*)«» +2tf»i+2ai»+i»(a+6 
a»+ a*6+ oft* 



. In these operations, particular care will be necessary m 
the maoagemeut of negative quantities. Constant attention 



lAust be paid; to the rules for thes^ns in subtraction^ ca^ti-' 
pUcatioo aaddmsion. (Arts. 82, 105^ 123.J 

', Ex. 3w Divide 2aa:-*3a^a?— 3a^aEjf+6a^a?+«a:y— J?y> by 

If the terms be arranged according to the powers of a» 
they will stand thus ^ 

2o— y)6a*a?— 3a*xy— 2a*a;+aa?y+2aa?— ary(3«*a:— (MJ+jc* 

* ^ — 2a*a?+arj ' 

— 2a'x+cwy ' 



- # • - * if2aa7— xy 

464. In multiplication, some of the terms, by balioicuig: 
each otiier, may be lost in the product. (Art. 110,) These 
Inay re^appear in di^sion, so as to present terms, in the course 
of the process^ dUffeviait feom any which are in the diyideniL 

o*+a*« ... 









Ex. S. 



«» -2a«+ai!» )a*+4«^(«» +2«+3«^ 



♦ +2a»a?-2a*a?2:f4r* 









nr tke leani6f vnH take the trotible to mxMplf Ae ^tKyi' 
tient into die divkor,!]! tibtetwo hst examples, be wiU findy 
in the partial products, the several terms which appear in the 
process of ditidine. But most of them, by batandiig eaeb 
other^ are lost in £e general products 

Ex. 6. 






♦ 3«c+3tf 
2ac+3c 



Ik- -7. 



Ex. a Divide 2a* -13a*x+lI^*iF«-8a«»+ac*, by 
2a«-aa?+a?*, ^i^tJent* a«-6lla?+2t^ 

^ 465. When there is a teuunnier aft^p afi the terms of the 
dividend have been brought do\iti, tlus may be placed over 
the divisor and added to mi ^piotienty as in arithmetic* 

Ex. 9. 



* * dd+hi 
ad+id 



* * X 



Ex. 10. 



ad — o/l 



* * bd-^bh. 
hd~bh. 



It IS evident that a+b is dte ^otient belon^Qg to the 
whole of the dividend, excepting tte remainder y, (Art. 

£162.) And -^1^;;^^ is tte quotient bebnging to this f^mainder. 
(Art. 134.) 

Ex. 11. Divide 6^w?+2ary— 3ai— Jy+3ac+ry+*, by 
3a+y. Quotient. ?a:— 6+c+g~r-' ' 

Ex. ISL Diviitea^i-aa'-ts^2ai^6a-*"4iH-2S) by &-*a 

10 

Qjuotient. a»+2a— 4+j;;;^- ' 



ink:* ■ y 



Ex. 13. See art. 283. 



.- 



Ex. 14. 



«+\/y)«+^y+flr-/y+ry(l +rVy 

ar^y+ry 
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466. A regular series of quotients is obtained, hj Avn&ssig 
the difference of ihe powers of two quantities, hj tbe differ-*^ 
ence of the quantities. Thus, 

(y*-a»)-4-{y-a)=-y«+ay+aS 

(y * -a*)-> (y-o) =y' +«y* +«*y+ « % 

(y» — a»)-r-(y-a)=y*+ay» +a*y« +a»y+a*, 

Here it will be seen, that the index of y, in the first term 
of the quotient, is less by 1, than in tbe dividend; and that 
it decreases by. 1, from the first term to the last but one : 

While the index of a increases by 1, froni the second 
term to the last, where it is less by 1, than in the dividend. 

This may be expressed in a general formula, thus, 

To demonstrate this, we have only to multiply the quo- 
tient into the divisor* (Art. 115.) 

All the terms except two, in tb^ partial products, wiil.be 
balanced by each others ai2d will leave the general product 
the same as the dividend. 

Mult. y*+«y^+«*y*+fl'y+a* 

Into y —a 

y'+fly*+«'y'+a'y*+«*y 
— «y*— fl*y*— «^y*— a*y— «' 

Product y* * * *. . . * -a». 



jt* 



So mult. y*^*+ay^^+a^y''^. . . . +a"»-»y4.a'»^« 
Into y— a 

Rod. y" * * * * -o« 



■ 



I 



I 
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INVOLUTION AND liXPANSidN op BINOMIALS * 



Aat 48t npHE manlier in which a binomial^ as well a§ 
•■■ way other compound quantity, may be invol-' 
ved by repeated multiplicatimis, has beenribAmi m the; sec- 
tion on powers. (Art. 213.) But when a high power isBC- 
quired, the operation becomes long and tedious. 

l^is has led mathematicians to seek for some ^pi^eral 
principle, by which the inrolution may be more easily and 
expeditiously performed. We are chiefly indebted to Sir 
Isaae Newton for theinethod whitrh b how in t^ommgn use* 
It is founded on what is called the Binomial Theorem^ the in-' 
vention of which was deemi^d of such iinportahce to mathe^* 
matieal inv^stigiition, that it is eligraved on hi* momimehtin 
Wfestminstet* Abbeyi 

466. if the binomial robt h^a+h, i^ ma^f obtain^ by^Babl'^ 
tiplication, the following powers (Art. 213.) 

{a+6)* =fl* +4««i+6a«6* +4a6^ + J* 

By attending to this series of powers, we shall find-^ thai 
fliif eoqponenie presei*ye ail invariable brder throiigh the whdle^ 
This will be very obvious, if we take the exponents by them^- 
selves, unconnected with the letters to which thev belong. 

* Sini]}SOD's A^ebni^ Sec. 15. Simpson's Flu!Kfon6^ Art. 991 . Eu- 
)er's Algebra, Sec 2. Chap. 10. Manning's Alg»bpa. Saunderson'f 
Algebra, Art 380. yia€«'s Fluxions, Art 83. Wsriog's Med. Analw 
pi 415. Laeroix'a Algebra, Art li^* D^« Ciunp. Art 70< Lond. 
PbiL Trans. 1795. 

Ff 
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t 

In the square, tKe exponents | of i we ^ 1 ' 2: 

I *K-. -. 1 4^u *- (ofn are 342,1,0' 

In tbe cube, tie exponents J ^^ j ^^ ^|^^2,3 

T^ 41. ^^k *!. ^^ of a are 4,3,2,1,0 

In the 4tb power, the exponents J ^f j ^^ o,l As!* 

Intl.e 5th.power.theexponent3{f4;^'j;J^;i;« ^^ 

Here it will be seen^ at once, that tbe qxponentSy of a in. 
<h'e fintterm^ and of 6 ih the'&ifr, ire each ^qual to thp Ui?- 
dex of Uie ttbwer; aild that t&e 'mm bf tbe i^ponents of tbe 
two Ifette^ 111 in cv1i^*3r tcriii tfi* *aMc. Thtis & thfe iftli 
power, 

Jljn^tbe firtttferm,isS+6^S 
'ih the second, 4+1 ==5 
in the third; S+2=5,&c; 

It is jfarther to lie obserre^^- that tHe esq^neobi of. A rega^ 
Udy deerean to 0; and that di« esqjxmeB^ of b tHereMe fvom 
6. TJiat. diia will univenalljr be tbe ca^e^to iwhittevat ex- 
tent the involution may be carried, will be evident, if we^ 
consider, that, in raising from any povrar to-^ Ae sett^ edch^ 
term is .multipiied both oj a and Iqr &.; 

Thus (a+J)'^=a*+2^+ft«- 
Mult, by a+b 

(of id ft' each term;. 

a^ ,+2a'i+'aJ*^ Here V is added to the exp. 

aH+2ab^ +6^ Here 1 is added to^^e- 

,, . -: r-:- — T^. — texp.ofiineachterm. 

* ' 

' If tbe exponent before the ipultiplicatioB) inerease antcf 
decrease by 1, and if the multiplication, adds 1 to feach, it i^ 
evident tbey must stall increase and decrease in the same 
manner as ijefore. 

469; If then a+b betaKfl^ to a pdwer wMo^ espk:>n%nt 
isn^ 

The exp's of a will be n, n— 1, n— 2j • • . . 2, f, 6; 
And the exp's of i will be 0, 1, 2, .•..n— 2,w— 1, n^. 

The terms in which a power is expressed, consist of the 
htttrs with their exponent, and the co-efficients. Setting 
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'«side the eo-eflkients f6r the prejBeut, we c^i determkie, 
from the preceding ctbqiBCratiqp%t|ie lettersand fixpopents of 
aflyj)ower whatever. 

Thus tlie 8th power of a^iy MikteB written without the 
co-e£Seients, is 

And the nth power of a+ J is, 

. 470, The number erf terms is greater by 1, than the index 
-of the power, For, if the ii^dex of tlie power is n, a has, ia 
different terms, every index from n down to 1 ; and there is 
one additional term which contains only b. Thus, 



The square has 3 t^fiQs, 
Theoubo 4, 



The 4th power, 5, 
The ^tb ifower, 6, to. 

471. The next step is to find the €(h-efficiehts. This part 
of the 8ub}6dt ;is more oe^pKcaled. 

In the series of powers at the beginning of art, 466, the.' 
«o-*effieients, taken separate from the letters, are as folio w&f 



in th« squMc, 
In the cube, 
In the 4th power, 
In the £^h power, 



1, 2, 1, . whose sum is 43s2% 

a, 3, 3^ 1, • a«2S 

1, 4, 6, 4, 1, 16=2*; 

1, 5, 10,10, fi, t, 33=&». 



The order which thn^ pp.-efl|cients ph^erre i^^ot obrioua, 
jibs that qf th^ exponepts, upQp a b^re 'inspection. Bui 
tb^y ijrill be found ^oi) e^^^nation to be ^1 subject to the 
follontfiglaw; 

473. ^pbe qo^ffipieot of the jir?t tennw li thaj of the 
second is equal to the index of the ppwer ; and uniTemlly^ 
if the co-effimeiii of wyl^mi be multiplied l^y th^ iod^x of 
the leading guantitjr in that term, and divided bjT the iodax a£ 
the fdlowing quantity iacreased by 1, it will give the co-ej(&- 
.eient of the succeeding terniJ* 

Of the two let^ters la a term, the 'first ia galled the leading 
quantity, and the other, the following quantity. . In the e;|c* 
ampler which have bi^n given in this section, a is the lead- 
ing quantity, and b th^ foffowihg quantity. 

It may frequently he convenient to represent the co-cfii- 
cieiits^ iq this laev^ml ten©^, by the cfipital lettcrs>»^,Z^,C^ &c- 

* Sec i^oU a 



Tbrnthpovme of ft^frv niAtfaout'tfae co^^ffioieat^ b 

a" +ar^b+ar^* +a*^B* 4.a*^M, &c. (Art. 469,) 

iaaiite co^flkieots tor, 

4==n, the co-efficient of the second term ; 

«— 1 
J5 = n X—^"", of tbe rttVcf termj ^ 

^ n— 1 n— 2 , , ^ , 

C = n X ""2~^~"3~* . /ourtA term} 

P=5i>X— g-^-g-><-^, of the ^^A term, $ws. 

The regular manner in which these ico-efficients are det- 
rived one from another, will be readily perceived. * 

473. By recurring to the mimbers in art. 471, it will be seen, 
^hat the co-^fiScien|s first increase, and then decrease at the 

same rate; so that they ^e equal, ip the fir^t tftxm find the 
last, in the second and last but one, in the third and last but 
(wo ; aad^ universally, in any two terms equally dis^t^nt fvom 
the extremes. The reason of this is, that {a+by is the same 
as {h+aY; and if the order of the terms ^l the binomial 
root be changed, the whole series of terms in the power will, 
\>e inverted. 

It is sufficient, then, to find the co-efficients of half the 
terms. These repeated, will serve for the whole. 

474. In any pbwer^ef (a+6), jthe sum of the co-efficients 
is equal to the number 2 raised to that power. See the list 
of co-efficients in art. 471. The reason of this is, that, ac- 
cording to the rul€s of muHiplioation, when any quantity is 
involved, the letters are multiplied into eacji other, and the 
co-efficients ipto each other. Now the co-efficients of a+b 
being 1 + 1 =2, if these be involved, a series of the powen 
pf 2 will be produced^ 

Multiplying 1+1 or 2 ^ 

Into l + l 2 

The square is 1 +2+1 pr 4s=:the square of 2 

Mult, again 1 + 1 2 

The cube is 1+3+3+1 or 8 = the cube of 2, faJ, 



«!^^S^» 
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475* The prinmples which' have new been exphtned maj 

mostly be comprised in the foUowipg general theosem, called 

TwB BnfomAL TnoBnui, 

The index of the leading quemtity of the po^ver of a hinomi- 
mifdy begins in the first term with the index of the power^ and 
decreases regularly 6y 1. The index of the foUovnng quantity 
begins with 1 in the second term^ and increases regularly by 1, 
(Art. 468.) 

The co-'efftdentof the first term is 1; that of the second is 
irnud to the index of the power ; and urmermuy, ^ the co^ei^* 
dent of any term be multiplied &y the index of. th& hading 
quantity in that term^and divided by the index of the following 
quantky increased by 1^ it wiU give the coefficient of the $ac^* 
seeding term. (Art. 472.) 

In algebraic characters, the theorem is 

It is here supposed, that the terms of the binomial hare 
no other co^^eflicients or exponents than 1. Other binomials 
may be reduced to this form by substitution* 

/ 
Es;^ !• What is the 6th power of x-\-y ? 

The terms without the co-efi5cients, are 

«•, ««y, »*y*, a^yS a?*y*, «y', 3f*, 

And the co-efficients are 

6x5 15x4 20x3 
1, 6, —^^ "^~' ""4~» ^« ^ 

that is, 1, 6, 15, 20, 15, 6, 1. \ 

Prefixii^ these to the several terms, we hare thd^ power 
/equired 5 

% (e?+A)3 =-rff +$£?♦»+ 10d»A« + im^h^ +5rf**+A«. 



1 



«L< 



tiow 



* a Wlialistlbeiiihpawerdf %-fy? 

That is, supplying ^ co<^ffici9Q€i wbiib are here rej)re- 
iented bj^ ^, J?, C, 8ic, (Art 472.) 

i* +n:K 6*"*y +» X -^^.X i""fjf', fife, 

» ♦ . . . • 

476. A residual quantity may be involved in th^ ^aoif 
manaer, vritbaut any TariatiQn» except in the signs* By re- 
|>eated muItipIicationB, as in act. ^13, wq ohtaia the foUo^ 
mg powers ol {a—b). 

(a-i)*t=a*-4a9$+6<i«J»^4?j>*+**, fee* ' 

By ec^inparing these ^ith the like powei^ of {a+b) in art 
468, it will be seen, that there is no difference, except is 
ib^ l^gns. Ther^, a^l the teqn^ aie po^fti^e* Here, the 
fl^ms' whi^b coptajn th^4>^ pQl^er^ of <Si ar^ aegat^ve. S,e« 
art. 218. 

The sixth pow^r of (x— y) is 
a?^ — Gx'y + 15a?*y* — 2ba?»y* + lSx*y* — 6jcjf * +^. 

The nih power of (a— ft) is 

477. When one of the terms of a binomial is a Mfiitj it is 
^nerally oqaitted in the power, except in the first or last 
term; because every power of 1 is 1, (Art. 209.) and this, 
when it is a factor, ha^ no effect upop thie ^pantity with 
which it is connected. (Art. 90,) 

Thusthecube of (j?+l)iB a?»+3j?*xl+3srxl» + P, 
Which is the same as a?^+3^*+3a:+l. 

The insertion of ^^ p€rwer$ p{ 1 is of no u^, ualisss it 
lie to preserve the exponents of both tlie leading and the fol- 
lowing qu^Qtity ip each term, for the purpose of finding the 
co-emcients. But this will be unnecessary, if we bear in 
mind, that the sum of the two exponents, in each term, is 
equal to the index of the power. (Art. 468.) So that, if we 
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ianre file exponent of the UaJKng quantity, we mitf knt>^ 
^t of the jdUamng qttantitjr, and V. v. 

Ex* I. The skib power of (l—y)is 

■ • 

2. (1 +z)» = 1 +^x* +Ba: 3 + dx^ +Da? * , &c. 

-1^78. Fipom the t^birittkitiively simple manner in which the? 
power IS expressed, when the nrst term of the root is a unit,, 
Id suggested the expediienc j of reducing other binomials t» 
this^rar* 

The quotient of {n+k) dividetf by a is \(l+~ /• ^^^^ 
multiplied into the divisor, is equal to the dividend; liiat is^ 

(a'+x) ==:ak ( 1 +1") thetefore ^a^xy t=a« X ( i +^) ♦ 
J^expanJBhg^e (aAtdr^l4-~/ , v^e have 

t 

479». When the index of }he fK>wer to which any bii^omi* 
al is to be raised v&z,. positive whole number^ the series will ter^ 
vUnaie, The niunber of terms' will be limitedy^as inaUihe 
preceding examples. 

For, as the index of the leading quantity continually de» 
efeases hj 1, it must» iirthe end,«become 0, -and then^tbe se^ 
lies will break off. 

ThuS) the 5 term of the fourth pow^r of A-4^« is x\ «r 

c^x^y a^ being commody omitted, because it is equal to U 

(Art. 207.) If we attempt lo continue the s^es farther^ 

the co-efficient of thk next term, according to the rule^ will be 

1X0 

-T— =0. (Art. 112.) And as the eo-«iBcri6nti^ of all sue- 

eeecSng terms mrust depend oh thiSythey wiiraiso be 0. 

460. If the index of the proposed power is negative, thisi 
can AeVfer become 0, by the successive subtractions of a unit. 
The series will, therefore, r^ver terminate ; fcut^ like many 
decii^l fractiojte^ may be cdnljiined to any cktent that Iv* 
fksired- 
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Ex. Expand into a series 77jTlAT==(<*+y)"* < 
The terms, without the co-efficients, are 

o"*>.fl^y> «"^*> «^y*j «"^y*j *cc 

Hie oo-ef. of the 2d term is— 3, of the 4th — -« = — 4| 

— 2x— 3 . — 4x— 5 

of the 3d^ 2 =+3' •^^^ ^^~""lt =* +^* 

The series then is 
o'^-2a-^y+3a-^y^ — 4(*-*y* +5a-*y^, &c* 

Here the law of the progression is. apparent ; the co-effi- 
cients increase regularly by 1, and their signs are alternately" 
positive and negative. 

481. The Binomial Theorem is of great utility, not only 
in raising powers, but particularly in finding the roots of bi- 
nomials. A root may be expressed in the same manner as a 
power, except that the exponent is, in the one case an inte-' 

ery in the other a fraction. (Art. S45.) Thus {a+bf may 
e either a power or a root, it is a power if n=2, but a root 

if n=|. 

482. If a root be expanded by the binomial theorem, th« 
series wiU never terminate. A series produced in this way 
terminates, only when the index of the leading quantity be- 
comes equal to 0, so as to destroy the co-efficients of the 
succeeding terms, (Art. 479.^ But, according to the theo- 
rem, the difference in the inaex, between one term and the 
next, is always a unit ; and a fraction^ though it may change 
from positive to negative, can not become exactly equal to 0^ 
by successive subtractions of a unit. Thus, if the index in 
the first term be |, it will be, 

In the 2d, ^ — 1 = — i. In the 4th, -.3_i«._|^ 
In the 3d, — J— 1 = -|, In the Sth,"— |-1 = — |, tc. 

Ex. What is the square root of (a+b) ? 
The terms, without the co-efficients, are 

<!*, a"'^6, «""^6», a""*ASa""^6*, Sec. 

The co-efficient of the 2d term is -H5, 

of the 3d,— ^-^ = - 1, of the 4th,— ^^-^ — ^=5 + ^\ 
And the series is a'+Ja"'J - ^a'*"'*4« 4-^V«""^i^*«:- 



f 
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^ 483. The binomial tbeprem may also be applied to quan- 
tities consisting of more than two terms. By substitution; sev- 
eral terms may be reduced to two, and when the compound 
expressions are restored, such of them as have exponents 
may be separately expanded. 

Ex. What is the cube of a+b+c ? 
Substituting h for (i+c), we have tt+{l'^t)=a+h. 
' And by the theorem, (a+h)^=a^ +3a«ft+3aA» +fc». 

That is, restoring the value of A, 

The two last terms contain powers of (b+c); but these 
jnay be separately involved. 






SECTION xvni. 



EVOLUTION oi COMPOUND QUANTITIES. 



AnT 484 T^HE roots of compound quaatlties may be ex- 
* -■- tracted by the following general rule : 

After arraDgiog the terms according to the powers of one 
of the letters, so that the highest. power shall stand first, the 
next highest next, &c. 

Take the root of the first term, for the first term of the re- 
quired root: 

Subtract the power from the given quantity, and divide the 
first term of the remainder j by the first term of the root invoU 
ved to the next inferiour pdwer^ and multiplied by the index of 
the given power ij the quotient will be the next term of the root. 

Subtract the power of the terms already found from the giv^ 
en quantity, and,usin^ the sam^ divisor, proceed as before. 

This ride verifies itself. For the root, whenever a new 
term is added to it, is involved, for the purpose of subtract- 
ing its power from the given quantity ; and when the power 
is equ(d to this quantity, it is evident the true root is found, 

Ex. I. Extract the cube root of 

a*, the first subtrahend. 
3a*) * 3a*, 8cc» the first remainder. 

tt« +3a» +3a*HH««, the 2d subtrahend. 



2a^) * * — Ga*, &c. the 2d remainder. 
a«+3a'-3a*-lla^+6a> + 12o-8. 



■•BWW.W^MMB«Sl^^lWmi*<^—W» 



f By the given poioer is meant a power of the same name with fhe 
required root. As powers and roots are correlative, any quantity ia 
the square of its sc^uare root, the cube of its cube root, k»c. 



£v6LtJTloJf. 24si 

itere a^, die cube root of a'^, i3 t»ken for the first term ot 
the required root. The power a^ is subtracted from the 
given quantity. For a divisor, the first term of the root is 
squared, that 19, raised to the iiext inferiour power, and mul-* 
iiplied by 3, the index of the given power. 

By this, the first term of the remainder 3a ' , jkic. is divided, 
knd the quotient a is added to the root Then a^ +a^ the 
part of the root now foiind, is involved to the eube, for the 
second subtrahend, which is subtracted from the whole of" 
the given quantity* The first term of the remainder —6a*, 
kc, is divided by the divisor used above, wd the quotient 
—2 is added to th^ root. Lastly, the whole root is iiwolved 
to the cube, and the powel* is found to be exactly equal to 
the givfen quantity. 

It is not necessary to write the remainders at length, as, in 
dividing, the first term only is wanted. 

2i Extract the fourth root of 

a*+8a*+24a*+32a+i6(a+3 
a* 



4a^(* 8a%&d. 

a*+8a«+24a^+32a+16* 

3. Whttt is the 5th root of 

a*+5a*6+10a«6^+10a^i^+Sa5*+J^? 

Ans, a+bi 

4. \Vhat is the cube root of 

a«-6a*6+12a6«— 8J»? Ans* ft-2J. 

5. What is the square root of 

4a*-12a6+9i« + 16a7t-24AA+16A^(2a-36+4A 
4a« 



■ .4a)* «.12ai,8z4:i ^'^'^W- 

4a) * * * +16aA,&c. 

4a«-12aJ+9J» + 16aA-«4JA+16A». 
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In findihg the divisor her^, the term 2ct in the rodt is not 
invohredy because the power next below Uie square is th6 
first power. 

485. But the square root is more commoifkly extraetisd bj 
the following rule, which is of the sa^e nature, as ths^ 
which is usea in aritlimetic. 

After arranging the terms according to the powers of one 
of the letters, take the root of the first ten»^ (or the first 
teriii of the required rqfot, and subtract the power from the 
given- quantity.^ 

Bring down. two other terms for a dividend. Divide by 
double the root already found, and add^ the quotient, both to 
the root, and to the divisor. Multiply the divisor thus in^- 
creased, into the term last placed m the root, and subtract 
the product from the dividend. 

Bring down two or three additional terms, and proceed as 
before. 

Ex. i. What is the square root of 
a^\ the first subtrahend. 



2a+b)* 2ab+b^ 

Into 0=«: 2a^+6*, the2tf subtrahendf. 

2a+2l>+c) * * 2ac+2bc+c^ 

Into c=6 2ac-i-26c+c*, the 3d subtrahenrf. 



Here it will be seen, that the several subtrahends are suc- 
cessively taken from the given quantity, tiH it is exhausted. 
If then, these subtrahends are together equal to the square of 
the terms placed in the root, the root is truly assigned by the 
rule. 

The Jirst subtrahend is the square of the first term of the 
root. 

The second subtrahend is the product of the second term 
of tlie root, into itself, ^fidi .iKto twice the preceding tenm 

The third subtrahencHffihe product of the third terlji of 
the root, into itself, and into twice the sum of the two^k-^ 
ceding terms, &c. 

That is, the subtrahends are equal to 

a3+(2a+i)x& + (2a+26+c)xc, &c. 
and this expression is equal to the square of. the root 



♦ »• 
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for (a+6)l==a»+2a6+6»=a»+(2a+i)xi. (Art.l2(t) 

And puttingA=a+6, the square A*=sa* + (2«+^)xi- 

AiKl(a+6+c)>=(A+c)»3=A»+(2A+c)xc} , 
that is, restoring the values of h and A', 

(o+6+c)«=a» + (2a+6)xi+(2<i+2J+c)x<;. 

In the same manner it may be prored, that, if another 
term be added to the root, the power will be increased, by 
the product of that term, into itself, alid into twice the sum 
of the preceding terms. I 

The demonstration will be substantiklly the same, if some 
ef the terms be n^ative. 

% What is the square root of 

l-4i+4J» +2y-46y+y*(l-26+y 
1 '? 



Into— 26=— 46+46* 



2-46+y) * * 2y— 46y+y« 
Into y= 2y— 46y+y*. 



' ' • r 



3. What is the squ&re root of 

a«-2a*+3a^-2a»+a*? Ans; a»-a«+ff. 

4. What is the square root of 
a*+4a*6+46»-4a«-86+4? Ans. o»+26-2L 

486, It will freqi!i€Btly facilitate the extraction of roots, to 
consider the index as composed of two or more fuciors^ 

Thus a^==a^^ *. (Art. 258.) And a^ =a^^ ^. That is^ 

The fourth root is equal to the square root of the square 
root ; 

The sixth root is equal to the square root of the cube 
root ; 

The eighth root is equal to the square root of the fourth 
root, he* 

To find the sixttjpot, therefore, we may first extract the 
cube root, and the^lBe square root of this. 



* 
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INFINITE SERIES- 



Ak* i5tS7 T*^ ^ frequently the case, that, m attemptirig tot 
AK . .X extract the root of a quantity, or to divide 
one quantity hy another, we find it impossible to assign the 
quotient or root with exactness. But, by continuing the op- 
eration, one term after another may be added, so as to bring 
the result nearer and Bearer to the value reqwred. See art^ 
454. When the number of terms is supposfft' to be extend- 
ed beyond any determinate limits, the expression is called 
an injmite series* The qttafUity, holrever, may be finite, 
though the number of terms be unlimited. 

An infinite series may appear, at first view, much less sim- 
ple, than the expression fi:om which it is derived. But the 
former is, frequently, m(»re within the power of calculation 
than the latter* Much pf the labour and ingenuity of math-' 
ematickns has, accordingly, been employed oij the subject of 
series. If it were necessary to find each of the terms by 
actuajl calculation, the ttn4ertaking would be |iopeless. - But 
a few of the leading terms will, generally, be sufficient to de- 
termine the law of the progression. 

488. A fraction may often be expanded into an infinite ae^ * * 
ries, by dwidmg ihe numerater by the denominator. For th^ 
vcdiw of a fraction is equal to the quotient of the^ numer^t' 
divided by the denominator. (Art. J36.) When this quo- .' 
tient can not be expressed in a limited number of teems, i| 
may be represented by an infinite series. $ 

Ex. 1. To reduce the fraction z to an infinite seriesi * .. 

1 —a * jf 

divide 1 by 1 — fl, according to the rule in dit*4i2, „ . 
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1-a 



* a 



—«« 



a— a 



» mS 






a^ &c. 



By continuing the operation, we obtain the terms 

l+a+a*+a^+«i*-f-a*+a*, &c« ^ich are stiff caent 

to show that the series, after the ik^t term, consists of the 
powers of a, rising reguteiiy one above another. 

That the sene^^may converge, that is, come nearer 
and nearer to the exact value of- the fraction, it is ne- 
cessary that the first term of the divisor be greater than the 
second. In the example just given, 1 must he greater than 
a. For, at each step of the division, there is a remainder ; 
and the quotient is not complete, till this is placed over the 
divisor and annexed. Now the first remainder is a, the sec* 
ond a', the third a^, &c. If a then is greater than 1, the 
remainder continually increases ; which shows, that, the far- 
ther the division is carried, the greater is the quantity, either 
poative or negative, which ou^t to be added to the quo- 
tient. The series is, therefore^ diverging instead of ant' 
werging. ^ 

But if a be less than 1, die remainders a, a^, a', &e. will 

vpootinually decrease. For powers are raised by multiplica- 

* tion ; and if the multiptier be less than a unit, the product 

will ba less than the muhiplicand. (Art. 90.) If a be taken 

iqual to i, then by art. 223, 

•»««i, fl3=,i^ a^^^V. a*n=,V&c. 

and we have 

Here, the two first terms ^sl 4-|, which is less than 2, by ^ ;: 
the three first = I + 1, less than 2, by ^ ; 

>be four first =* 1 + !• '^ss than 2, by 4 ; 



% 
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So that, the farther the series is carried, the nearer it ap« 
proaches to the value of the given fraction, which is equat 
to^ 

2. If 7T~ be expanded, the series will be the same as that 

firomr-—, except that the terms which consist of inR^iM 
powers of m will be negatwe. 

So that jT:^=r-a+a*-a»+a*-a*+a* fae, 

h V 

3, Reduce — r to an infinite series. 

)/A bh b*h • 
bh ■■■'■ 



* hh 

a 

« ~ a* 

b*h 
-i-8w. ■ 

h 

Sere R divided by a, pves "T ftwr the first term of (he 

quotient. (Art 124.) This is multiplied into a— &, and the • 

bh ^ 

product is A——; (Arts. 159, 158.) which subtracted from -^ 

k leaves — • This divided by a, gives -j (Art. 163.) for 

the second term of the quotient If the operation be con- 
tinued in the same manner, we shall obtain tibeseries, 

h bh b*h i»A b^h. 

a^a*~ a^ ^ a* ^ a' 

in which the exponents of b and of a increase regularly by 1. 



4* lleduce i — -.to aniofmte series. 

489. An infinite series xr^y be produced, by extrading ike 
foot of a compound surd, 

Ex. 1. Reduce Va*+b^ to an infinite series, bj ex- 
tracting the square root, aecofding to the rule in art^ 485< 






,9 



aa+y * «« 






fiiere tf, the rbot of the first terM, is fafceiit fof fte fat 
term of the series; and the power a^ is subtracted firom flie 
^ven quantity. The remainder h^ is drrided by 20, which 

givesg-, for the second term of the root. (Art. 134.) The 
dirLsor, with this term added to it, k then multiplied into tlie 

term, and the product is 6* +4^ (Arts- 159,^ 155.) .Thu 

subtracted jGroto i> leaves — 4^* which cBrided by 2a ^ves 

J* 
^g^, for the tittrd ter» of the root. (Art. 16^) te. 

3. ••2=-/l+l=l+i-4+7V«»' 
Hb 



4901 A binbtnial which has a negative •f frai^icMfial ex^(^ 
nent, may be expanded-' into an ih&ute' series by the biMnhi'' 
d theorem. See arts« 4Q0. 48^ 

J- . I . . 

Er. 1. Expand 7-j;~w=(a+y)'^ inta an infini 

The terms, without the co-efficients, are 

.. A"*^ ft"'j, a""*i/% a-^y% a"»y* ^. 

*4"10x-*S 
The co-ef. of tfie 2d tbrtn, fe -4,, of the 4tb, 5 :s^2i[V 

— 4x— 5 -20x-7 

of the 3d, ^ = + 10, of tJxe 5A, — -g =+ 35i. 

The series then is 
a"*— 4fl'-*y + 10a"*y« — SOa'-'y » -f.35a*^y* &c. 
Which is the same (Art. 207.) as 
1 4^ lOy? 20^3 35y* 



a* 



~a«"+ a« "* (1^ +"^*^- 



2» Edcpand {x+y)'^ into aja ift&nite aeries. See art. 4821 

Ans. x'^+^-x'^^jf - 1 a:"""^y2 + Tj^'^'h^ &c. 
Which is the same as 



2r'*' 9x«" 16a;* 



4m. Thouglj aa infinite sferies consists of an unlimited 
number of terms, yet, in many eases, it is not difficult to fintf 
wliat is called the sum of the term; that is, a quantity which 
differs leS», than by any assignable quantity, from the value 
of the whole. This is also called the limit of the series. 
Thus the decimal 0.33333 &c. may come infinitely near to 
the vulgawr fraction ^, but can never exceed it, nor indeed 
exactly equal it. See arts. 453, 4: Therefore 4 is the limit 
of 0.33333 5ic. that Is, of the series 

jj 3 3 "3 "3 • 

I'^y TITTJ^J ToTo*> TTTfflsrV? TV^J^Zlf ®^- 

If the number of terms be supposed infinitely great, the 



INFflOl® SERIES. «l 

.dfliA^zic^ hitwHnoi their sum and -J, \^ be infinitely 

492. The sum of an infinite series Whose ferms ^ectease 

•by a common 4ivisor, may be found, by the rule for the sum 

of a series in geometrical progression. (Art. 442.) Accor- 

ding to this, <S= ^■, ^ that is, the 5un{ of the series is 

found, by multiplying the gies^test tens into the ratio, sub- 
tracting the least term, and dividing by the ratio less 1. But, 
in an mfinite- series decreasing, the least term is infinitelT 
-lOnalL It may be Rejected, therefore, as of no coriiparatii4 
iralue. (Art. 456.) The formula will then become, 

^ rz—O • ■ rz 
S^ T- or S= 



r-l — r-1 

Ex. 1. What 19 the sum of the infinite series 

•Here, the first term is -j^, and the ratio is 10. 

rz ibx-iV 
Hien Sss^i^j-ss-j^-j-ss^ssl, the answer. 

2. What is the^sam of the infinite series 

rp? 2x1 ^ 

Ans. o= 7=s — 7sc2. 

r— 1 2—1 

3. What is the sum of the mfinite ^enn 



. f 4QS«^ There are oortaiM 4di0se9L of ininite aerfes, wiose 
«ums may be found by mbipaciUn* 

fij the rules for the redwction and subtraction of fractions, 

JL JL-lz^ L. 

2"* 3 '"2x3'"2x3* 

JL L In? L. 

3"'4^3x4""3x4' 
1 1 £!-4 1 



4 i*^4x5'*4x5 



', &l€. 
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U then tbe fr^tions oii tfa« rigbt h^ forraei^ jnt^ a«ea^v 
they wiU be equal to the difference oltwo series formed {v^m 
ibe fraotkmsoB^ tkt left. Thb fUfference k j^$sily found : 
for if the first term be taken away frqm oi^ of tl^se two 
4eiieS| it viU be equal to the other. 

Suppose we haT;e to find the sum of die infinite series 

1 1 



"T A>^ "T CO ^» 



2*3 ^ 3-4 ^ 4-5 ^ 5-6 



From this, let aeother be derived, by removii^ the Idnal 
factor from each^ of the 4eBon)inatefS| -wd J^t the sum of 
^e new series be repre^eipted by Sf 

That is, let «=i+^+i+i^ &c. 
Then S-i^l+i+^+i &c. 



11 1 I 1 

And by subtraction y==-^+-g^^+^;^+ -g;^ 

Here the new series Is made ox^ side of an equation, and 
directly 4iader it, is written the s^me series, afit^r the first 
term -^ is taken away. If the upper one is equal to S, it is 
evident that the lower one must be ^qual to S^^. Thep 
subtracting the terms of one equation from those of the 
other, (Ax. 2J) we have the sura., of the proposed 3eries 
.cqualtof ForiS-(S-|)=S-S+i=?f 

2. What is the sum of the infinite series 

J 1 1 1_, J_. 

1-3 "•" 2-4 "*" 3-5 ^ 4-S + 5-7 *^* < 

Here a a:iew seiie$ may be formed, as before, by omitting 
4he la^t factor in each denominaton 

Let : S=?l+i+7+l+T8«^- 
Then iS-|=t|+i+|+|+| &c. 



3 22 2 2 2 

And by subtraction Y^l^'^lri'^'^^l^'^'s^^' 

3^ 1_ 1111 

PJ^ 4 - 1-3 + 2-4 ■•" 3-5 "^ 4-6 "^ 57 — 
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25$ 



\i 



In repealiiur the new series, in this case, it is necescauy to 
0aaX the two &st tercis, which are 1 + ^=1. 

3. What is the sum of the infinite series 

2-4-6^4-6-8'^6-8-10+8'10-I2 ^' 

Het« a new series maj be foimed, hf ooMtting tb« last 
factor, aad retaining the two fint, itt cscb denominator, 

X « 1 11 1 

Let «= 2i:+i:6-^ W+HO ^- ' 
._ -, 1 1 1 1 1 

Ilea o-y^ 4:^+8;8 +8i«+m2 ^• 



14 4 4 4 



Or 



JL JL ^ 1 



32'~2-4*6 4-6-8^6g-10^B10-12 



4. IVhat is the sum of the infinite seri^ 
1 1 1 _1_ 

* Sec Note P. 



Ans. "T * 
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SECTION IX. 



COMPOSrriON AND resolution »r TBS miamm 

EQUATIONS.. 



A«T. 4»4. E^^J^?*^^^ **? ""^ •*!?"* T*y be produ- 
""^ ced from 5tmpfe equations, by miutiplica* 

Itoii* The manner in which tnej are compounded wiH be 

best understood, by takine them in that state in which ther 

are ail brought on one AAe by tiam^osltion. (Art. 178^) It 

will also be necessary to assign, to the sa^ie letter, " 

values, in the different ample equations^ 

Suppose, that in one equation, <rss3 > 
And, that in another, xss9 > 

By transposition, or-— 2»0 

And a;— 3=s0 



Mult, them together, a? * — 5j: + 6 =d 

Next, suppose a?— 4=0 

And multiplying, a?^— 9i?*+26a?— 24=© 

Again, suppose a? — 5 =0 

And mult, as before a?*— I4a?»+71a?*— 164<r4-120=08ic. 

. Collecting together the products, we have 

[a?— 2)(a?— 3) =a?« — 5x+6=0 

a:-2)(a;-3)(a?-4) =a:3-9a:2+26a:-24=0 [tic, 

[a:~2)(a:-3)(a?-4)(a;-5)=a?*-14r3 + 71a?*-154a:+129=0 

That is. 

The prod, of two simple equations, is a <[uadraiic equation ; 

of ik^ee simple equations, is a cubic equation ; 

of four simple equations, is a bicnjMaratiCf or an 
equation of the fourth degree, &c. (Art 300.) 
Or, a cubic equation may be considered as the product 



EQUATIONS. 2SS 

tf a qdadratie iumI a simple equation: & biquadratic, as the 
pikMluct of twa quadratic; or of a cubic aod a simple equa-' 
tion, &c. 

4^. kb each case, the eocponent of the unknown qnantityv 
in the first term, is equal to the degree of the equation; and, 
in the succeeding terms, it decreases regularly by 1, like the 
exponent of the leading quantity in the power of a binomi* 
al. (Art. 468.) 

in a quadratic equation, the exponents are 2, I. 
In a cubic equation, 3, 2, I« 

in d. biquadratic, 4, 3, 2, 1, tct, 

496. The numker a£ tterms^ is greater by 1, tiian the de- 

?nee of the equation, or the number of simple equation* 
om which it is produced. For, besides the terass which 
contain* the diiere^ powers of < the uidaiowa quantity, there 
isosd^. whidk csooasts of. 2auwni ^anlitiai ool^. ithe ecpiar- 
tion is here supposed to be eanudeU. But if there aie, ia 
the |[)artial products, teriQS which balance each other, these 
mBj dismpear in the sesidti. (Art flO.) 

497. Each of the loiaes of the unlmowii quantity is cal- 
}ad a root of the eipiajtioii. 

Thus, in the example above, 

The roots of tfie quadratic equation are 5, SS. 

of the cubic equation 4, 3, 2. 

of the biquadratic 5, 4, 3, 2. 

The term root is not to b^ understood 'in the same sense 
here, as in the preceding sections. The root of an equation 
is' not a quantity whkh multiplied into itself will produce the 
equation. It is one of the ^ values of the unknown quantity ; 
and when its sign is changed by transposition, it is a term in 
one of the binomial factors, which enter into the compost* 
ation of the equation of which it b a root. 

The value of the unknown letter x, in the equation, is a 
quantity which may be substituted for a?, without affecting 
ine equality of the members. In the equations which we 
are now considering, each member is equal to 0; and the 
'first is the product of several factors. This jNroduct wiB 
continue to be equal to 0, as long as any one of its factors is 
0. (Art. 112.) If then in the equation 

(a?-2) X (a?-3) X (x-4) X (a?-5)=rO, 

we substitute 2 for x, in the first factor, we hav© 

©X (cc-3) X (a?-4) X (.a?-.5)=0. 
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So if we Substitute 3 for a?, in (he second factor, or 4 ibr 
the third, or 5 in the fourth, the whole product will st31 be 0^ 
This will also be the case, when the product is formed hv 
an actual multiplication of &e tereiui hctats isto eilcur 
other. 

Thu9,'a^a?»-9x*+20a?-.24=a:0^ (Art. 464.) 
So2«-9x2«+26x2-24*0i 
And 3* -9x3^ +26x3-24=0, tc. 
Either ^f these values of Xj therefore, will satisfy the con-^ 
ditions of the equation. 

A9d. The number of root% then. Which belong to any 
equation, is equal to the jdegree of the equation, 
ThuS) a <}tmdratic equation has Hoo roots; 
a cubic equation, t^ee/ 
a biquadratic^ fcvr^ &c. . 
Some of these rooto^ however, nmjr be imt^nary* For 
^ ima^nary expremon may be one of the factors &cm 
which the equation is derived. 

499. The resdntion of equations, which consists in find- 
ing their roots, cannot be weB und^CETtood, witbovt bringing 
into view a number of principles, derived from the nMinner 
in which the equations are compounded. The lews by 
which the co-efficients are goremedy ibay be se^ £p(Mbi the 
following view of the multiplication of the faetovs 

each of which & supposed equal to 0. 
, The several co-eflScients of the same power of of, are^pla^ 
eed under each other. 

Thus, --ax^bx is written ^^f > <r ; and the other eon^fi*^ 

eients, in the same manner. 



The product^ then 



Of (x— tt)j=0 



Is ^*^A<^ + ff6 =^> a quadratic equation.. 
This into. «—ci=0 

— «i +ab > 
Is x^ —byx^+ac > x— aJc=sO, a cubic equattonu 

This into t— rf=D 




^bcd j 

400. By 'attending to these equations, it trill bfe se^n that/ 

In the Jirst term of each, the coHbffici^nt ^f cr is 1 : 

In the second term, the co-efficient is the stim of all the 

foots of the equation, #ith contraty signs. Tbm &e roota 

of tho quadratic equation are a and o^ aiid the co=*eScientS| iir 

file second term, are —a* and — b'. 

In the third term, the co-effi6ient of a? is the sab of all the 
j^rodticts whiclr can be made, by multiplying together any 
two of the roots. Thus^^in the cubic equation, a3 the root^^ 
are a, by and c, thie co-efEcients', in tne third term, aj* e 
oh, ac, 5c. 

In the fourth terra, the co-efficient of x is thd sum of all 
(he products which can be made, by multiplying togethier 
any three of the roots, after their agns are changed. Thua 
the roots 6f the Biquadratic eqOatioa are a, 6, c, and df, and; 
the co-efficients in the fourth terxp, are -^ahc^ ^^abd^ vocdi 
-^bcd. 

The last ierm'n t'be pjroi^uct formed fix)m eiU the roots of 
the eq^atioxi, after the sigm are changed. 

In the cubic equation, it is —fl X —ft x -^4Jes= '^nhc. 
. In the biquadratic^ ^a X — 6 x -^c X — c/= + oftcrf, ixxii 

501. In the preceding ei^amples, the roots are all posi- 
tive. Tte signs are changed by ti-ansposition, and when the' 
several factors are multiplied together, the terms in the pro- 
duct, as in the power ol a i^esidual quantity, (Art. 4t6.) are 
alternately positive and negative. But il the roots are ^11 
negative^ they become pot^itive by transposition^ and all the 
terms iti tlie product must be positive. Thus> if tbe several^ 
values of a? are ^a, —6, -^Cj — ^, then . 

a?+a=0, a?-f-6=Q, »t4-c=0, «+i?st=0; 

and by multiplying these together, we sl)a0 obtain the safiie 
equations as before, except that the dgJDs of all the terms 
Will be positive. In other causes, some of the ihoots may be 
positive^ and some of them negative. - 

li 
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502. x\s equations are raised, from a lower degree td £ 
hiiher, by multiplicfittion, so they may be depressed, from a 
higber degree to a Hower, by division. The product of 
{x-^a) info (a?— fr) is a quadratic ec^atio'n ; this mto (a?— c) 
is a cubic equation; and this into (x-^cT) is a biquadratic. 
(Art 494.) If we reverse this process, arid divide the biquad- 
ratic by (x—d)^ the quotient, it is evident, will be a cubic 
equation ; and if we divide this by (x—c), the quotient will 
be quadratic, &c. The divisor is one of the n^rtors frdm 
T^fhich the* equafibn fe produced, that is, it is a binomia} con- 
sisting of d? and one of the roots with its sign changed. 
Wheflf, th'(6refore, we have found either of the foots, We may 
divide by thisy connected with Ae lirikftowri quantity, whielk 
>Vill reduce the equation- to the next inferioUr degree.- 

503. Various methods hive b'eeil devised for the resolution 
of the higher equations; but many of them are intricate aind 
tedious, and others are applicable to particular (^ases ottly.r 
iThe roots may be found, however, with sufficient exactness^ 
by sutces^ive approximAtions. From the lAws of tlie. co-effi- 
ciei^s, as stated m art 500, a general estimate may be form* 
ed of the valiies of the roots. They must be such, that, 
when thieir signs are changed, their produ^ shall be equal to 
the last t6fm of the'^quation, and their sMm equal to the co- 
efficient of th* second term. A trial may then be made, by^ 
substituting, in the plaee of the' uriknown letter, its supposed 
value. If this proves to be too small or too large, it may be 
increased or diminished, and the trfals repesitea, till one ist 
found which will nearly satisfy the conditions of the equa- 
tion. After we have discovered or assumed two iQiproxitn- 
ate values, and calculated the errours which result from thmn, 
we may obtain a more exact correction of the root, by the 
following 
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PaoroRTioN. 

. %>ls the difference of the erroiirsy to the difference of the as- 
sumed nvmbers : 

So is the least erroUry to the correction required in the cor- 
responding assumed number.^ 
This is founded on the supposition, that the errours in the 

results are proportioned to the errours in the assumed numbers. 

■ - ■ . •> 

^ See HuttoQ's Mathematicsb 
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Xiet J\r and n be the assumed numbers ; 
A S and Sf the errours of theee numbers; 

R and r, the errours in, the results. 

Then by the supposition R:r:: S:s 

And subt. the consequents (Art.389.) /I — r : S— * : : r : 5. 

But the difference of the assumed numbers is the same, 
as the difference of their errours. If, for instance, the true, 
number is 10, and the assumed numbers 12 and 15, the er- 
rours are 2 and 6 ; and the difference between 2 and 5 is the 
same, as betwemi 12 and 15. Substituting, then, JV — n for 
S-^», we have ii— r : JV— n : : r : 5,/ which is the proportion 
stated above. 

The term difference is to be understood here, as it is com- 
monly used in algebra, to express the result of subtraction 
according to the generaJ rule. (Art. 82.) In this sense, the 
.difference of two numbers one of which is positive and the 
other negative, is the same, as their sim would be, if their 
signs were alike. (Art. 85.) 

The supposition which is made the foundation of the. rule 
for Ending the true value of the root of an equation, is not 
strictly correct. The errours in the results are not exa^thf 
proportioned to the errours in the assumed numbers. But 
as a greater errour in-the assumed number, will generaQy lead 
to a greater errour in the result, than a less one, the rule wiu 
answer the purpose of approximation. If the .value whdch 
is first found, is not sufficiently oorrect, this may be taken as 
one of the numbers for a second, trial; .and the proeess may 
,be repeated, till the errour is diminished as much as is re- 
quired. There will generally be an advantage in assuming 
„iwo numbers whose difference is 1, or .01, or.OQl, &c. 

JBk. 1. JFlnd the value of ^, in the^cubic equation. 

«^»-8a5* + 17a?-10=p. 

Here, as the digns of the terms are alternately positive and 
negative, the roots must be all positive; (Art. 501.) their 
product must be 10, and their sum 8. 

Let it be supposed that one of Aem is 5*1 or 5-2. Then, 
substituting these numbers for'o:, in the given equation, we 
have, 



see ALGEBRA. 

By the Istsnppos'n, (5-1) »-8 x (5-1) * + 17 x (5-lW0= 1 ?271. 
By the second, (5-2)?-8 x (5-2)« + 17 X (5-3)-10=^-688. 

fThat is, By the first supposition. By the second suppositiq^,. 

The 1st term, A:/»=r 132-651 140608 

The 2d, -8a;» at -20808 r-2l6-32 
The 3d, j17a: « 86-7 88*4 

'TheAth^ -10 «- 10- -lO* 



TTtT 



Sums or errours, + 1 -27 1 jr 2-668 

Subtracting one from the 6.tber, 1 '271 
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Theix difference is 1-417 

* 

ThQD, stating the prpportion, 

I '4 : 0-1 : : 1 -27 : 0*09, the correction to he subr 
^<trju^ted from the first assumed number ^'1 : The remainder- 
's 5'01, which is a near^Falue of x. 

To correcst this farther, assume ^=5'01, or 5^2 

By the first supposition. By (he second suppq§ition^ 

The 1st term «»« 125-75jl 126'506 

The 2d -8;c« = -200-8 -201-6 

-The 3d 17je = 85-17 85*34 

'The 4th --10 * -10- -10- 

f £jit>ii^ +0-121 + 0-246 

0121 



Difference Q-125 

r Thep «-126:0-Of>i:0-121:0-01, the correction. Thi? 
mibtracted from 5-01, leaves 5 for the yaJue of x; which wiH 
^be found, on trial, to satiffy the conditions .(>f the eijuation. 

For 5«-.8x5»^-17x5-10~0. 

We have thus obtained one of the three roots. To find 
the other two, let the equation be divided by a^— 5, accor- 
ding to art, 462, and it will be' Repressed to the next inferir 
X)ur degree. (Art. 502.) 

^ x-'5)x»'-'Sx^ + nx--10{x*Sx+2:=iO. 

JP^egrey the equation becondi^ quadratic. 



jiQpATicare. 
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By trani^sition, a? • — 3xm: —2 

Completing the squar;e,(Art.305.) x* — 3af +|=t— 51=i 
Extract, and transp. (Art. 303.) Ar=|±^i=|±|. 

The first of these yalues of at is 2 and the othier 1. 

We have now found the three roots of flie. proposed equa- 
-tion. When their signs are changed, tteir sum is —8, the 
<^o-eiBicient of the second term, and their product <— 10 the 
last term. 

2. What Kc^ thero^ts of the equation 

;c*— 8;v«+4v+4S=0? Ans. — 2,+4y+6. 

;3. What are the roots of the equation 
» gee ^ote i^ 



SECTION XXI*. 



APPLICATION OF ALGEBRA to GEOMETRY. 
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fi04 T'''^ ^^ ®^®^ expedient to make use of tbe alge- 
■*• braic notation, for expressing the relations of 
jgeometrical quantities, and to throw the several steps in a 
demonstration into tbe form of equations. 3j this, the na- 
ture of the reasoning is not altered. It is only translated in* 
to a Aifkrent language. Signs ace substituted for word$^ but 
they are intended to convey the same meaning. A great 
part of the demonstrations in Euclid, really consist of a se- 
ries of equations, though they may -not be presented to u« 
under the algebrii-ic forms. Thus the proposition, that the 
sum of the three angles of a triangle is equal to two right an-- 
gles, (Euc. 32. 1.) may be demonstrated, either in commo9 
language, or by means of the signs used in algebra. 

Let the side AB^ of the triangle ABC^ (Fig. 1.) be conr 
- tinued to D; let tbe line BE be parallel to MC} jand left 
£rHtbe 9^ J^gbt angle. 

Tbe demonstration, in words, is as follows. 

1. The angle EBDis equal to the angle BAC. (Euc. 29.1.) 

2. The angle CBE is equal to the angle A CB. 

3. Therefore, the angle EBD added io CBE^ that is, the an- 
de CBDy is equal to BA C added to A CB. 

4. If tothe^se equals, we add the angle .^JI^C, the angle 
CBD added to ABC, is equal to BAC added to ACB 
itnd ABC. 

5. But CBD added to ABC, is equal to twice GHI, that is, 
to two right angles. Euc. 13. 1. 

6. Therefore, the angles BAC, and ACB, and ABC, are 
together equal to twice GHI, or two right angles. 

* This and the following section are to be read after tbe Elexnents 
of Geometry. 
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Now, by substituting the sign +9 for the word added or aiady 
tad the character =:, for the word tquol^ we shall have the 
tame demonstifisktion, in Uie following form^ 

1. By Euclid 29.1. EBD=zBAC 

2. And CBE^ACB 

3. Add. the two equa's, jEJB2)4- CBE=^BA C+ A CB 

4. MJlBC%Qh(^ih4(rsCBD+ABC=BAC+ACB+JlBC 

5. But, by Euc. i3.1, CBD+ABC=i2GHI 

6. MaLthe4di&£5thequ.J94C+4CB+waJBC=2GHJ. 

By c6mparin^ one by one, the steps of these' two demon* 
Mrations, it will be seen, that they are precisely the sai^e, 
except that they sure differently expressed. The algebraic 
mode has often the advantage, not only in being more concise 
than the other, but in exhibiting the order of the quantities 
more distinctly to the eye. Thus, in the fourth and fifth 
steps of the preceding example, as the parts to be compar- 
ed are placed one unqer the other, it is seen, at once, what 
must be the n^w equation derived from these twa. This 
regular arrangement is very important, when the demonstra- 
tion of a theoremf, or the resolution of a problem^ is unu^u*^ 
ally complicated. In ordinary languajge, the numerous rela- 
tions of the quantities require a senes of explanations to 
make them understood; while, by the algebraic notation,, 
the whole may be placed distinctly before us, at a. single 
view. The disposition of the men on a chess-board, or me 
situation of the objects in a landscape, may be better con>- 
prehended,-by a glance of the eye^ than by the most labour- 
ed description in words. 

50i. It will be observed, that the notatk)n in the example 
just given differs, in one respect^ from that which is generally 
used in algebra. Each quantity is represented, not by a 
nng/e letter j but by severoL la common algebra, when one 
letter stands immediately before another, as aif without any 
character between them, they are to be considered as mtJll* 
plied together. 

But, m geometry, AB is an expression for a^n^Je KhCj arid 
not for the product of A into B, Multiplication is denoted, 
either by a point, or by the character x . The product of 
AB into CD, is ABCD, or ABx CD. 

506. There is no impropriety, however, m representing 1^ 
geometrical quantity by a sin^e letter. We may make i 
stand for a line or an angle, as well as for a number. 
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If, in the example above, we put the achgle* 

EBD=^ai ACB^d, jiBC^Jii 

BAC^h, CBD=^g, GHI^l; 

CBE=c, 

the demonstratioQ vnll stand thus, 

1. By Eac. 29. 1. <i=ii' 

2. And ^=d 

3. Addirig the two ^qilationJsV a+c^g^=ih+4 

4. Adding A to both sides, ^4-A=6+ci+& 

5. By Euc. 13. 1. £'+A=2i 

6/ MaJong the 4th and Sth equal, o+d-^h^Sl. 

This notation is, apparently, more simple thin the othef ; 
tut it deprives us of what is of creat importance in geoniet- 
rical demonstrations, a continual and easy reference to the 
figure. To distinguish the two methods, capitals are gene- 
ihally used, for that which is peculiar to geometey ; and smaU 
letters^ for that which fe properly algebraic. The lattef has 
the advantage, in long and complicated pr6cesses, but the 
other is often to be preferred, on accpuht of the facility with 
which the figures are consulted. 

507. If a line, whose length is measured from a given point 
or line, be considered positive ; a line proceeding in the oj?- 
fonte direction is to be considered negative. If AB^ (Fig-^^) 
reckoned from DE on the right ^ is positive ; .^C on the left 
is negative. 

A line may be conceived to be produced by the moli^M^ 
a point. Suppose a point to move in the direction of AHj 
and to describe a line varying in" length with the distance of 
the point from A. While the point is moving towards fi, its 
distance frbm A will increase. But if it move from B to- 
wards C, its distance from A will diminish^ till it is reduced 
to nothing, and will then increase on the opposite side. As 
that which increases the distance on the right, diirfinishes it 
oti the left, the one is considered positive, and the other neg- 
ative. See arts. 59, 60. 

Hence, if in the course of a calculation, the algebraic val- 
ue of aline is^'found to be negative; it must be measured in 
a direction to opposite that which, in the same process, has 
been considered positive. (Art, 197.) 
"" 508. In algebraic calculations, there is frequent occasion 
for mvltiplicationy division^ involution, &c. But how, it mar 
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be asked, can geometrical quantities be multiplied^ into each 
6ther. One of the factors, In multiplication, is always to be 
considered as a nianier. (Art. 91.) The operation Consists 
In repeating the multiplicand, as many times as there are 
units in the multiplier. How then caH a line, K surface, or af 
toKd, become a multiplier.^ 

To explain this, it will be necessary to observe, that when- 
ever one ^eometdcal quantify is multiplied into aootherj 
some pnariiadar extent is to be considered ihe uniu It 
is immateriafwhat this extent is, provided it remain the 
same, in different parts of the same calculation. It may be 
ftn inch, a foot, a rod, or a mile. If an inch is taken for the 
unit, each of the lines to be multiplied^ is to be considered as 
made Up of so many parts, as it contains inched. The mul- 
tiplicand will then be repeated, as many times, as there are 
tmits in the multiplier. If, for instance, one of the Imes be 
a foot long, and the other, half a foot ; the factors will be» 
one 12 iiTcfaes, and the other 6, and the product will be 72 
fecties. Though it would be absurd, to say that one line is 
io be repeated, as often as another is long ; yet there is no 
impropriety in saying, tliat one is to be repeated as many 
^esj as there are feet or rods ih the other. This, the na-^ 
ture of a calculation often requires. 

509. If the line which is to be the multiplier, is only a 
fart of the length taken for the uuit ; the product is a like 

I^art of the n^ultiplieand. fArt. 90.) Thus, if one of the 
actord is 6 ineh^, and the other hialf a:n inch, the product is 
3 inches. 

510* Instead of referring to die measures in common use, 
as inches, feet, &c. it is oiteh convenient to fix upon one of 
tiie lines in a figure, as the unit with which to compare all the 
others. When there are a number of lines drawn within 
and about a circle^ the radius is commonly taken for the unit. 
This is particularly the case in trigonofhetrical calculations. 

511. The observations which have been made concerning 
lines, may be applied to surfaces and solids. There may be 
occasion to multiply the area of a figure, by the number of^ 
inchesins6me given line. 

But here, another difficulty presents itself. The product 
df two lines is often spoken ot, as being equal to a surface / 
and the product of a line and a surfaco, as equal to a solid. 
Thus the area of a parallelogram is said to be equal to the 
j^roduct of its base and height \ and the solid contents of a 
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eylinder, is said to be equal to the product of its length, intot 
the area of one of its ends. But if a line has no breadth^ 
how can the multiplication, that is, the rq^etition, of a line- 
produce a surface ? And if a surface has no thickness^ how 
can a repetition of it produce a solid ? 

If a parallelogram, represented an a reduced scale by 
ABCD^ (Fig. Si) be fiy-e inches long, and three inches wide ; 
tlie area- or surface is said to be equal to the product of 5 in-» 
to 3, that is, to the number of incTics in AB^ multiplied by 
the number in EC, But the inches in the lines AB and BC 
are liriear inches, that is, inches in Imgih only ; while those- 
which compose the surface A C are superficial or square in- 
ches, a different species of magnitude. How can one of 
these be converted into the other by multiplication, a process 
which consists in repeating quantities,, without changing their 
nature ? 

512. In answering these inquiricfs, it must be admitted^- 
that measures of leegth do not belong, to the same class of 
magnitudes with superficial or solid measures ; and that none 
of the steps of a calculation can, properly speaiking, trans- 
form the one into the other. But, though a line can not be- 
come a surface or a solid, yet the several measuring units in 
common use are so adapted to each other, that squares,^ 
cubes, &X5. are bounded by lines of the same name. Thus 
the side of a squai*e inch, is a linear inch ; that of a square 
i-od, a linear rod, &;c. The length of a linear inch is there- 
fore, the same, as the length or breadth of a square inch. 

If then, several square inches are placed together, as from. 
O to R^ (Fig. 3.) the nwniber of tliem in the parallelogram 
ORv& the same, as the number of linear inches in the side* 
Qil: and, if we know the length of this, we have of course 
the area of the paraDelograra, which is here supposed to be 
one inch wide. 

But, if the breadth is several inches, the larger parallelo- 
gram contains as many smaller ones, each an inch wide, as 
tnere are inches in the whole breadth. Thus, if the paral- 
Telogram AC (Fig. 3.) is 5 inches long, and 3 inches broad, 
it maybe dividedinto three such parallelograms as OR. To 
obtain then the number of squares in the krge parallelogram, 
we have only to multiply the number of squares in one of 
the small parallelograms, into the number of such parallelo- 
grams contained in tlie whole figure. But the number of 
square inches in one of the small parallelos-rams, is equal to 
the number of linear inches in the lens:th AB. And the 
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number of small parallelograms, is equal to the number of 
linear inches in the breadth BC. It is therefore said con- 
cisely, that the area of the parallelogram is equal to the length 
imdtiplied into the breadth. 

513. We hence obtain a convenient algebrswc expression 
ibr the area of a right angled parallelogram. If two of the 
;»des perpendicular to each other are AB and JBC, the ex- 
pression for the area is ABxBC; that is, putting a for the 
area, 

a::z^AB>:BC. 

It must be understood, however, that when AB stands for 
•a Ziwe, it contains only linear measuring units; but when it 
enters into the expression for the area, it is supposed to con- 
tain superficial units of the same name. Yet as, in a given 
length, the number of one is equal to that of the other, they 
may be represented by the same letters, >\ithout leading to 
^rrour in calculation. "^ * 

514. The expression for the area may be derived, by a 
method more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning varia- 
ble quantities^ in the 13th section. Leit a (Fig. 4.) represent ii 
square inch, foot, rod, or other measuring unit ; and let h 
and I be two of its sides. Also, let A be the area of any 
•right angled parallelogram, jB its breadth, and L its length. 
Then it is evident, that, if the breadth of each were the 
^me, the areas would be as the lengths,; and,4f the length 
of each were the same, the areas would be as the breadths. 

That i$, .A:a::L : 7, wUen the.breadth is given, 
And AiaiiBib, when the length is given ; 

Therefore, (Art. 420.) A:a::BxL:bl, wh^n both vary. 

That is, the area is .as the product 4}{ the length and 
ifeadth. 

515. Hence, in quoting the Elements of Euclid, the term 
produ4:t.is frecjuently substituted iov restart sle. And w^hatev- 
er is there proved concerning the equabty of certain rec- 

4angles, may be applied to :the products of the lines which 
contain the rectangles,* 

516. The area of an oblique parallelogram is also obtain- 
^ed, by multiplying the base into the perpendicular height. 
iTlius the expression for the area of the parallelogram 

* See Note H. 



pt6 ALGEBRA. 

ABNM (Fig. 5.) is MJSTx AH, or ABxBC. For, by art 
513^ ABxBC is the area of the right angled paralielogran^ 
ABCD; and by Euclid 36.1, parallelograms upon equal bases; 
and between the san^e parallels, are equal; that is, ABCI) 
is equal to ABNM. ' ■ - 

{ 517. The area of k square is obtained, by naultiplying one 
o/ the sides into itself. Thus the expression for the area 

of the square AC, (Fig. 6.) is AB ,that is, 

a:^^AB^. 
For the area is ^qual to ABxBC, (Art. 513.) 
But AB=J3C, therehre,ABxBC=zABxAB=^ABl 

518. The area of a triangle is equal to half the product 
of the base and height. Thus the area of the tria,ngle ABG, 
(Fig. 7.) is <equd to half .4^9 into GH orbits equal BC, 
that is, ■• 

fi=^\ABxBC. 

For the area of the parallelogram ABCD is ABxBC. 
(Art. 513.) And, by Euc. 41. 1, if * parallelogram and a 
.triangle are upon the same baseband between the same par*- 
allels, the triangjle is half the parallelogram. 

519. Hence, an algebraic expression may be obtained, fojr 
the area of any figure whatever which is bounded by right 
Jines. For eveiy such figure may be divided into triangles. 
ThuJs the right-hned figure 

ABCDE (Pig 8th.) is composed of the triangles 
ABC,ACE,Hndi:CD. 

The area of the triangle AB C—\AG x BL, 

That of th€ triangle A CE^\A C x EH, 

That of the triangle ECDz^^^ECx DO. 

The jtrea of the whole figure is, therefore, equal to 

{^ACxBL) + {lACxEH) + {iECxJ)G). 

Ti^e explaBa|;iQns, in the preceding articles, contain the 
first principles of the mensuration of superficies. The objec* 
of introducing die subject in this place, however, is not to 
make a practical appliea;tion of it, at present; but merely to 
show the grounds of the method of representing geometrical 
quantities in algebraic language. 
* 520. The expression for the superficies has here been de? 
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^ved &om Aat of a iin^ or Uned. It is frequently neeessaiy 

to revere iim 4>rder ; to find a s^de of a figure, from knowing 

its area. 

If the Qumber of square inches in die parallelogram 

ABCD (Fig. 3.) whose breadth ^C is 3 inches, be divided 

hf 3; the qiiotient will be a paraUelograni ABEF^ one inch 

\vkie, aDd of ^e same length with the larger one. But the 

length of the small parallelogram, is the length of its side 

AB, The number of square inches in one is the same, as 

the number of linear inches in the other. (Art. 512.) If 

therefore, the area of the large parallelogram be represented 

a 
by a, the side AjS^-nTT^ that is, the length of a paraUdo^ 

gram is founds by dividing the area by the breadth, 

521. If a be put for the area oi ^square whose side is 
AB 

.2 



Then by art. 517. a=::AB 

And extracting both sides, ;/a =AB 

Tb^ is, the nde of a square is found, ly extracting ^ 
square root of the number of measuring units in its area. 

52^ If AB be the base of a trmngh, an/i BC iia perpen^ 
dicular height } 

then, l?y ajrt. 518, c==ij&C x AB 

a 
And dividing by |J?C', rgjn='^^> 



That is, the base of a triangle is foundy by dividing the area 
hy half the height, 

523. As a surface is expressed, by the product of its len^h 
and breadth ; the contents of a solid may be expressed^ by thc^ 
product of its length, breadth, and depth. It is necessary to 
bear in mind, that the measuring unit of solids is a cvd)e; and 
that the side of a cubic inch^ is a square inch, the side of a 
,€ubic foot, a square foot, &cc. 

Let ABCD (Fig. 3.) represent the base of a parallelopi- 
ped, 5 inches long, 3 inches broad, and one inch deep. It is 
evident there must be as many cubic inches in the solid, as 
there are square inches in its base. And, as the product of the 
lines AB and JBC gives the area of this base, it gives, of 
eourse, the contents of the solid. But suppose mat the 
^eptb of the parallelepiped, instead of being one inch, it 
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four inches. Its contents mist be four times as ^eat. U^ 
Ihen, the length be ./IB, the breadth iSC, ancUtbe depth CO^ 
the expression for the solid contents will be, 

ABxBCxCO. 

524. By means of the algebrmc notation, a geometrical 
demonstration may often be rendered much more simple and 
concise, than in ordinary language. The proposition, (Euc. 
4. 2.)] that when a straight line is divided into two parts, the 
square of the whole line is equal to the squares oi the two 
parts, together with twice the product of the parts, is demon^ 
strated, by involving a binomisd. 

Let the side of a square be represented by * ; 
And let it be divided into two parts^ a and b. 

By the supposition, s=a+b ' 

And, squaring both sides, 5 ^ = a ^ + 2«6 + 6 ^ . 

Or, changing the order of the terms, s^=a^+b^ +2ab. 

That is, s^ the square of the whole line, is equal to «* ^nd 
6*, the squares of the two-paSrts, together with 2a6, twice' the 
product of the parts. 

525. The algebraic notation may also be applied, with 
great advantage, to the solution of geometrical problems. In 
4loing this, it will be necessary, in the first place, to raise an 
algebraic equation, from the geometrical relations of the 
quantities ^ven and required ; and then, by the usual reduc- 
tions, to fijid the value of the unknown quantity in this equa* 
lion. See art. 192. 

Prob. 1. Given the base^ and the sum of the hypothec- 
nse and perpendicular, of the right angled triangle, ABC^ 
(Fig. 9.) to find the perpendicular. 

Let the base AB^h 

The perpendicular • BC^x 

The sum of hyp. and perp. x+AC^a 
Then transposing (T, ACsza-^-x 

1 . By Euclid 47. 1 , B C^ + 'AB* ^^AC 

2. That is, by the notation, a?* + J* =(a-vc)* =:a*-2cr«+ar*.. 

• 

Here we have a common algebraic equation, containing 
pnly one unknown quantity. The reduction of this equa-^ 
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lion, in the usual manner, will give the value of a?, the side 
required. 

3- Trancp. and uni&ig fen&s^ 2aa?=o*— 6* 

4. Dividing by 2a,. a?= — -^ — =-ffC. 

The sofution, in letters, will be the same, for any right ani* 
gled triangle whatever, and may be expressed in a general 
theorem, thus; *In a right angled triangle, the perpendicu- 
lar is equal to the square of the sum of the hypothenuse and 
perpendicular, diminished by the square of the base, and di- 
vided by twice the sum of the hypothenuse and perpendic- 
ular.' 

It is applied to particular cases, by substituting numbers^ for 
the letters a and h. Thus, if the base is 8 feet, and the 
sum of the hypothenuse and perpendicular 16, the expres- 

sion — 2^ — becomes -^TTTg" =6, the perpendicular f and 

this subtracted from 16, the sum of the hypothenuse and 
perpendicular, leaves 10, the length of the hjpothenuse. 

To prove that the answer is correct, we have only to ob- 
serve, thatm conformity with Euclid 47. 1,8^+6*=«10*. 

Prob. 2. Given the iase^ and the difference of the hy- 
pothenuse and perpendicular, of a right angled triangle, to 
find the perpendicular. 

Let the base Ji?(Fig. 10.) =5 =20 

The perpendicular, BCz=iOs^ 

The given difference, = df = 1 

Then will the hypothenuse AC=x+d. J For the 

greater of two quantities, is equal to the less added to their 

difference. Then 

• 

1 . By Euclid 47. 1, "^ C^ z=:1B^ + 'bC* 

2. That is, by the notation, {x+dY =6* +x^ 

3. Expanding {x+dY, (Art.217.) cc*+2da?+rf* =6*+x* 

4. Transp. and uniting terms, 2cte=6* — d» 

h^-d* 

5. ^Dividing by 2rf, x=— Hj — = 15. 
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Prab» 3; K tb^ Uypotheniiae of a i^i^ aqg^ed t^t^n^e £^ 
90 feet, and the difference of the aiher two sides 6 feet^' 
what is the Ici^h of the bsse ? Ans. 24 feet. 

Prob* 4. If th^ h}rp0themise of a mAt angM triangle is' 
$0 reds, and* die base is to the perpenoicular as >s^ to 3, what 
is the length of the perjpendicular r Ans. 30 

Prob. 5. Having the nerimeter and the' diagonal of a; 
paraUelograjm ABC J), (Fig. U.) to ind Ae side& . 
Let the diagonal JC^h =i 1 

The side J[5*=4? 

Half the perimetj^r SC+4£=zBC+x:=^br=U 
Then, by fe-ansposing a?, BC^b'^<e 

1. By Euclid 4r. i, 'AB +'BC^ -^AC^ 

2L That is, a?» + (6-a?)«=;:A» 

3. Expanding (6 -a?) », , a:*+6»-26.r:-f a:»=A2 

4^ Tran^. unit, and divid. by 2,.ir* — 6jr=|A^— |i* 

5. Completing the square, a? «-6a?+:J& ' = i* * +|A *-|i * 

6. Extract and traosp. ^ ^ 35^61^16 «+|A 2-^62=^. 

Here tbe side AB is fouipd ; and the side BC is equal i& 
i— a?=t:14— 8=6. 

Prob. 6. The area of a right angled triangle ASC (Fig., 
12.) being given, and the sides of a parallelogram inscribecf 
in it,' to find the^side BC, 

Let the given area =cf, BE^BP^b, 

EB==DF=zd, BC^x. 

"th^n by the figure, CF==:BCr-BF=zx^b. 

1 •• By similar trian^es, CF : DF : : BC : AB 
% That is, dt'-hi^wxxAB 

3. ' Mult. ext. and means, tit = (^ — &) x AB 

4. By art; 518, a^ABy.\BC:=±ABy:\x 

. . , 2a 

5. Dividing by Jcr, . ' — =-45 

. 2a . ^ 2a 2ab' 

6. Subs.inthe3d, — wxAB. cfe=:(a?— &)x — =2a— — 

7. Mult, by a?, and trans, dr*— 2'aa?=— 2aJ 

8. Dividmg by a, a? ^ — -^ = — —r- 

^ 2ax a^ a* 2aS 

^. Complet, the squaffe '^*""'^+^~^"^"T" 

^ ^ , a 1 /a* 2a6 

10. Extract, and transp. ^="J V ^--~j~'=^C', 
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^J^b. 7. The feree sides of a right angled trhm^e JIBC^ 
(Fig. 13.) being giiren, to find tfaf^ segments made oy a per^ 
^endicidar, drawn from the ri^ht an^e to the hypotbenuse* 
Tl)e pei^ndicular ^11 divide the origmftt tniiii^e, intb 
two right sm^ed triangles, BCD and AED. (£uc. Qi 6.) 

1. By Euc. 47. 1/ ^'+Cl5=a:FC 
Z Bythe^figwre, Cp=j4C-AD 

8. Squar. both ffldcs^ Cb.=(^C-AP)« . 

4. Therefore, BD+(,aC-AD)«=5C* 

5. Expanding;^ \ BD+ZC-J2^C.AD + AD=FC 
6; TnmspoffliM^ BDrrFC- JC+SLflC.AD - AD 
1 By Euc. 47. i, BD-AB-aS 

6. Mak.6thrand7theq;^-ZC+2^C.ADaJiB 
ft. Transposing^ 2i«C.AD±=3B-|-jJC-ffd 

10. Dividing by 2AC, A0«^^^^J^5^ 

The tto£»<>iim lines, to distirieoish them from those which 
are kpoivn, are here expressed by Roman letters^ 

» 

Prob. S. Havme the 9r?a of a parallelogram DEFO 
(Fig. 14.) inseribed in a giren triangfe, dBiul to -find th^ 
sides of the parallelogram. * 

DraWC/perpehdicnlat t6«^. By sopposition, DOi0 
|>araHel to .4B. Therefore^, 

The triangle CHO, is simiblr to CIS} 
And CDG, U QAb\ 



Kk 



^rr 



AB=b, 



The given area so. > 



CB.CG:iAB..B& 
CB : CG u CI: CH 



h By^BKtriacu . 

2. Ai>d _ . 

3. By eq. ratios, (Art. 384.) AB : DG :: CI: CU 

DQxCI 



4. Mult. ext. and meaas, 
6. By the figure, 

6. Siibstitui, for CBr 
% That is, 

8. By art. 513i 

9. That is, 

]^ Transp. and mid't by hf 

f 1. Dividing by dr 

12. Comol^ting the square^ 



DGx CI 
CI- ^s-^DE 



AB 



dx 



* * 



oft 
as*-i-oafas— -J-- 

6» 6» <* 



1^3. Extract, and transp. 

The ade D!E is found, by dividbg the area hyDO^ 

Prob. 9i Throwh a giv^ point, in. a sivexi circle, sa t» 
draw a right line, that its parts, between ue j^oint and -the* 
periphery, shaH have a given difference. 

' In the circlie AQBRr (Fig. 15.) let P be a gviren point, in; 
tfie diameter AB. 



Let .^rPsstfi 

BP^by 



PR^siXf' 

The given difference =srf,. 
Then will P^^^-^rd. 
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STSf 



1. By Euc. 35. $ 

2. That is, 
S. Or, 

4. Coiapletuig the square, 

5. Extract, and transp. ' 



a}X{x+d)=axb 



With aikde practice, the learner may very much abridge 
.these solutions, and othess of jSl similar nature, by reducing 
Mvenl steps to one.* 
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Art 526 T^ *® preceding section, algebra has been a|N 
* . X pjjgj ^^ geometrical figu«a, hiuitfided by ng** 

/me;. Jts aid is reqiiired also, in inveirticating the natiure and 
relsdons of cwtvu. The advances whrch, in modem times, 
bare been inade in this depaitn^ent of geometry, are, in % 
great meijisure, owing to the naethod of expressing ^e dk- 
tinguisliing properties of the different kinds of lines, in ihi 
fi>Tm of equations. To understand the pr]i:^iple9 on which 
inquines of this sort are conducted, it is necessary to bepome 
familiar with thjs plan. of notation which h^.been generally 
agreed upon. 

527. Thtpontion$ of the sevmri points in a turve drawn iti 
a plane^ ar-i d€termimd,% iy uAing the distance of ea£h from 
two right lines perpendicular $o each other. 

Let the lines jlF and AG (Fig. 16.) be perpendicular tp 
each other. Alteo, let the lines DjS, D'B', Jj"u'' be perpehr 
dicular to AFy ^d the lines CD^ C'D\ C"D'\ perpendicT 
ular to 4(?« Then the position of the point D i? 
known, by the length of the lilies BD and CD. In the 
^arne manner, the point U is known, by the lines B'jy and 
f'D' ; and the point D", by the Snes B'D' mdC'D". The 
two lines which ar^ thus drawn, from any point in the curve, 
jare, together, called the co-ordinettes belonging to that point. 

But, ^A there is frequent occajsipn to speak of each of the 
lines separately, one of them for distinction sake, is called 
fiXi ordinate^ and the o&er, an eAsdssa, Thus BJ) is the orr 
dinate ef the point Z), and CD, or its eqval ABy the ab- 
scissa of the same point. It is, generally, most convenient 
to take the abscissas on the line AF, as AB is equal to CD. 
AB' to CDf, and AB" to CD". Euc. 33. J. The lines Al^ 
and AG, to winch the co-ordinates are drawn, €ire ca^ed the 
poies of the co-ordinates. 

.528. If co-ordiijates could be drawn tp every point in ^ 
^UHT, and, if the relations of the several abscissas to tlfeir 



EQUATIONS OF CURVES. an 

leorrespoilding omdinates could be expressed by an equation } 
the portion of each point, and consequently, the nature of 
the curve would be de^rfiiuled* . Many important proper- 
ties of the fi^re might also be discovered, merely by throw- 
ing the equation into different forms, by transposing, dividing, 
involving, &c. But the number of points in a line is unlim-' 
ited. ' It is inipossible, therefore,. actually to draw co-or^i- 
nales to^ every >one of them. ' Still there is a way in which 
«u equation may b^ obtained, that shall be* applicable to all 
the parts. of a curve. This is effected, by making the equa- 
tkm depend o;i soihe pro|iCTty, which is common to eatery pair 
of co-ordinates. Irr explaihinj^ this, it will be proper t« begia 
^th a itruigja line, instead of a curve« 

Let AH (Fig. 17.) be a line from which co-ordinates are 
)draw1n, oti the axes i<JPand Jl6 pei^endicuhr to each other. 
And i^tbe angle FAHhe such, that the abscissa CD orilfi 
flhall be equal to ttoke the ordinate BD. 

The triaBh^es ABD, ABD\ AB"I>", .&c. arc all simaar." 
(EuG. 20; 1.) Therefore, 

AB I BD II AB'\B'D''>.AB" I B'D''\ ' .■ . . 
Jkmd,i£ ABs^^D, then J£'«35'J3', and 4B"^2B"D'%kc. 

That is, each abscissa is equal tot twice the corresponding 
ordinate. But, instead of a separate equation for each pair 
of co-ordinates, one will be sufficient for the whole. Let a? 
represent any one of the ?ibscissas, and^, the ordinate be- 
longing to the si^me point. Then, 

a?=?:2y, or y=^«. 

This is a general equation, expressipg the ratio of the co- 
ordinates o? the line -^flT to each other: It differs from a 
common equation, itt this, that a? and y, have no determinate 
magnitude. The only condition which limits them is, that 
they shall be the abscissa and ordinate of the same points 

If x^AB, then y=r J?Z) 
If x^Aff, y^B'D' 

From this it is evident, that, if ohe of the co-ordinates 
be t^ken of any particular length, the other will be givea by 
the equation. If, for instance, the abscissa x be two inches 
long, the ordinate y, which is half Xy imistbeo^c indi. 
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If Af=8, then y=4, If a:=x30, Aen yj=!5, . 

^ If*=slO, y=5, If ^=100, y=50, &c. 

Od the other hsnd, if jr^3^ then x:st4i Iec. 

589. If the aogle H4F he of any different magnitude, as 
ih Fig. 18, the general equation will be the same, except the 
co-efficient of at. Let the ratio of y to x be expresiedby 
Mf that is, let y : A^ :: a^ h Then by conYiei^ting this into , an 
«^uation, we have ^ ^ .. . . 

.&xs=y. - • 

The €o-efficient a will be a whole namber or a frac-, 
.tion, according as yis greater or less than x* 

.530. To ai>ply these explanations to curves, let it be ipe- 
quired to fmd a^neral equation (of the cbnunon paraholcu 
4^'^ 19.) B is the distinguisbinjg property .of this figure, as 
will be shown under Conic Sections, that the abscissas ar« 
proportioned to the s^fuares-oi their ordjoates. Let the ra- 
tio of the square of any one ordinate to Its abscissa^ be ex- 
pressed by a. As the ratio is the same, between the square 
of any other or<£nate (^ the parabola and its abscissa, we 
ijftve utiivexssJly y * ^ a: ;: a; 1 ; «iid by ccmveitbg thisiiitd «tf 
equation, 

4»a?s»y*. 

This IS called the equation of the curve. The important 
advantages gained by this genml expression, are owing to 
this, that the equation is equally applicable to £verif point of 
the curve. Any value whatever tnay be assigned to the ab- 
scissa Xy provided ijbe^ ordinate y is considered as belonging^o^ 
the same poil^t. But, while x and y vaiy together, the 
quantity a is supposed to remain constant. 

By the equation of the parabola axs^y^f and, extractinj;' 
Hie x0ot of both sides, (Art. 297.) 

y^y/ax. If fl^=2, then y«v^2«. And 

If a?« 4.5«^g (Figj9.)theii y='/2x4.5s=v^9=t=3«.Bi? ' 
Ifa?= 8. ^AB y=V2x8_=!^16=s4=jB'Z)' 

If ap= 12.5 =>1B" yg: V2x 1 2.5 =:y25 :=^J5 ^W^IT 

Ifx«rl8. ^AR** y=:V2|J|=:v^36=63=:J?"D'". 

£31. When ^Nrdiiiilesare drawn on hoik sides of the axis 
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t^ whicb they are sf^fiedj tkose on one side will hepowtive^ 
wbSe those on the other side will be negative* Thus, itt 
Fig. i9f if the ontiaiit^ on the t^^er Me of AF be ^nsid* 
t^A potnlive, those on the wvier nde «411' be neg&trre (Ait* 
£07^ The sJbscissaa^ also arc ei&er posfltre* or negative, ao-^ 
torffing, as ^ey are on one ^iTe or thir other of the ^ixA 
frdfn which th^y are ii^easured. ' ThiB, hi Fig» 20, if tii^ 
abscissas on the rights AB^ AB\ &;c. be considieted poritire^ 
those on the left, AC, AC^^ &c. will be negative. And, m 
the solution of a problem, if an abscissa or an ordinate i$ 
found to be negative, it must be set off, on the- inde of &e 
kxis opposite to ti&at on which ti^e values aa« posMte. 

$32« In the preceding ins^^Mces, the straight line or zvsnm 
to which the orainates and abscfesas are .^Mited, crosses die 
luds, in thift poini where itis inleistected b^rthe btherax8s» 
Thus the curve (Fig. 19.) and the strai^t line ED' (Mgt 
SO.) cross the axis i£F, in the point r^, where it is out by the 
axis A€h, But this is not always the case. The abacinsas <m 
the axis QF (Fig. 21.) may be reckoned from the line QNi 

Let X represent 9x\y one of the abdoissas, MB^ MB\ ^ztt^ 
and y the covresponding ordinate. 

Ijetz^AB, i^MA!^ 

And asthe ratio 4»f BD to AB^ as before^ 

ThearossB^jfi (Art. 529.) that is, 3r=— 

But, by the figure, AB^MB-^MA^ L e* ar»a?— J^ 

Xikking, Ae two equations equals x-^bv^-- 

And transposing — fr . 4?ar---+J^ 

533c In investigating th^ properties of cunnes, it is imporr' 
fiant to be able to distmguisn readily, the cases in which the 
abscissas or ordinates-ArepomtW, from those in^wfaich tliiey acif 
negative; and to determine, under what circumstances, either 
oAhe co-ordinate»,vpinshes. An -abscUsa vanuhes at the points 
^mhere Ae cvrve meek the (acts from which the tisdssai are 



mred* And anr ordinate jfl|ttshes, at the point where tb# 
curve meets the axis fron^^pch the ordinates are measured. 



e jMi 
erolna 



Thus, in Fig. 19^ the eramates arc ^le98^red 6o«i tisto liov 
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4F., The length of eauli ordmate is, the duianei of a ^f^ 
ttculax' point in the curve from the line. As the curve 2,^ 
proacbes the Mis, the ordinate diniiniahe% tilt it beoomear 
notUng, at the pe^ ot intersection^ For, here^ there is nd 
distance between the curve and the astisj 

^he dbsciaHis are measured from the line AG. These] 
must diminish also, as the curve approaches this line^ and 
become nothinj; at A. ' 

534. Front this it is evident, that^ whcJn the two asses meet 
the curve at ,the same j>o(nf, th^ two co-ordinates tanMto^ 
gether. lb Fig. 19, the two axes meet the curve at A, the 
one cutting, and the other touching }t* But, in Fig. 21, the 
axis JWF crosses the line JVZ) at J; while Cf A* crosses it at 
JV. The ordinate^ being the distance from MF^ vanidies al 
uf , where this distance is nothing. But the abscissa, being the 
distance from 6JV, vanishes at JV Or M* 

535. An abscissa or an ordinate changes from positive to 
negative, hj passing through the point where it is eqtial to 0. 
jThus the oidmate y ^Fig. 20.) dimiilishes, as it a]>proache3 
the point A ; .her% it is nothing, and, on the other side of A^ 
it becoiiies negative, because it is below the axis CF. (Ar), 
507.) In the same manner, the abscissa, on the right of AGj 
diminishes, as it approaches this line, becomes at il, and 
then negative, on the left. \ 

In this case, the two co-ordinafes chafigie from positive to 
negative, at the same point. But, in Fig. 21, the ordinates 
change from positive to negative at A\ while flie abscissas 
contiliue positive to £rJV, being still on the right of that line. 
On the right from A, the co-ordinates are both positive : be- 
tween A and the line GJST^ the abscissas are positive, and the 
ordinates negative : and, on the left of G«Ar, both are nega- 
tive. 

536. The most important applications of the principles 
stated in this section, will come under consideration, in suc^ 
deeding branches of the mathematics, particularly in Pfux- 
ions. A few examples will be here eiven, to ilmstrate the 
observations which have now been made, 

Prob. 1. To find the eqtration of the circle. 

In the circle FGM;^(F\g. 22.) let the twocliamefers &V 
and FM be perpendicular to each other. From any point' 
in the curve, draw the ordinate JCfB perpendicular to AFf 
aad AB wift be the corresponding abscissa. 
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Lei \lik' rftdius w2I>s^, AB =*d?9 BD sty. 

Jhcn, by Eiter. 47. 1, BD^AD^^h . 

Tbatfe, y'*^*I!?l_ 

And by erolutioti, 3/'=- Vr* —a?* 

In thf S9w6 manm^, apafct vr^—y* 

Thait is, tbe «bsciis» k eqiipl to die j^qusone ?ooi of the dif- 
ference between tbe squase of the radij^s and the ^qwe of 
the ordinate. 

If the radios of the circle be takeik for £ unit^ (Ait. 510.) 
it9 sqpwre n^ aka be 1, and tbfi two last equatioi^ wiU bf « 
ttamt 

y«±Vl-.aj% and ;^«ii/r^ 

Thes6 equations if^iD b6 the same, in whatever part of 
tlie arc GDF the point H is taken. For the c6-^rdinatey 
ivifl be the legs of tf right angled triangle, the hyp'othenuse 
of which wjT be equal to SD^ becfai£e it is the radius of 
fte circle'. ' 

52rl. To? understand tbe applieatioil to' the dther quarters' 
of the cirde, it hiust be observed, that, in each of the equa- 
tions, the root fe ambiguoiis. The values of y and of x rtitj 
be either positive Or negative. Tfiis results from the nature 
of a quadratic equation. (Art. 297.) It carrespol^ also 
with the situation of the different parts of the circle, with 
respect to the two diameter FM and CrJVi In the first 
quarter (xF^ the eo-ordinates are supposed to' be Ifoth posi- 
^ve., In the second, GM^ the^ ordihates are still positive, 
but the abscissas become negative. (Art. ^1.) In the third,^ 
JlfJV, both are neigative : ^d in t&e fourth, JVT*, t6e ordi^ 
nates aire Derive, but the abscissas positive. That is, 

fP6i X i* +, zsA ^+, 

fe the ,««*«. J «^;: .:; Jl; 

SaSv ia g^ontettj, Imcs are' tajif9B»d to be proidiiced hf 
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the motion of a point Jf the point moves uniformly in oner 
direction, it produces a straight line. If it continually varies 
its direction, it produces a curve. The particular nature of the 
curve depends an certain conditions by which the motion is 
regulated.- If, for instance, one point moves in such a man- 
ner, as to keep constantly at the same distance ifom another 
point which- is fixed*, the figure described is a circle^ of which 
the fixed point is the centre. It is evident from the preceding 
problem, that th^ elation of this curve depends on the man- 
ner of description. For it is derived* wm Ae property, 
that difierent parts of, the periphery are equally distant from* 
tbe centre. In a similar manner, the equations of other 
curves may be derived from the law by which they are de- 
scribed ; as will be seen in the following examples. 

» 

Prob. 2. To find the equation of the curve called thc^ 
Cissoid of Dipcles. (Fig. 23.) 

. The description, which may be' considered as the defini^ 
tion of the figure, is as follows. 

In the Wameter JiJS, of the semi-cirelcf •flJV'B, let the 
point 71 be at the same distance from B, as P is from A, 
Draw /JJV peipendicular to AB^ to cut the cirde in JV. 
From A\ through JNT, draw a straight line, extending if ne- 
cessary beyond tne circle* AnJfrom P, raise a perpendicular, 
to cut this line m M^ The curve passes fliroi^n thct point M. 

By taking P at different' distances from ^ as in Fig. 24, 
any number of points in the curve may be determined. As 
tlie lirie P.M^moves towards B, it becomes longer and longer;' 
so as to extend the Cissoid beyond the semicircle. 

To find the eqMtion of the curve, let AH and AB be the 
sixes of the co-ordinates.. 

* - ♦ • 

Also, let each of the abscissas AT] AP'j AT*\ &c; =Ar, 
each of the ordinates PM^;M\P"M'\ iic.::*^^, 
and the diameter AB =6, 

Then, by the construction, PSssAB—AP^b--:)^^ 

As PJJf and JfUV are each perpendicular to ABy the tri- 
angles APM and ABN are similar. (Eoc. 27 and 29. 1.) 

Therefore, 
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1. Bjr sim. triangles, AP : PMi : All : BA" 

2. Or, by putting PB for its equal AR^ 

AP.PMiXPBiRJSr 

JP^^xPB * _ 
.3.I Mult. *ext. and means, ^ — -^p — =il/5r 



PM xPB 



4. Squaring both ades, — ZII~" — ss/tAT 

if. By Euc. 35. 3, and 3. 3, ^ X RB=R^ 

*€r. Or, putting PB for its equal AR, and AP for Its equal /?jB, 

• PBxAP:x:rRJ^ 



~P3ix PB 

7. Mak. 4tb and 6th equal, PB x ifP= izi 

AP 

8. Mult.byJP,anddivid.byP5,IP=:Fjtf*xFS 

9. Or, x^=y^x{}—x) 

That is, tibe cube of the abscissa is equal to the square of 
the ordinate, multiplied by the ^ii/Terence between the diam- 
eter of die circle, and the abscisssu The equation is the 
same for eveej pair .of co-ordinate?* 

Prob. 3« To &ad the equation of Qie dmthdid of Nico- 
medes. 

To describe the curve, let AB Fi^. 25. be a line ^iven 7n 
position, and C a point without the lue. About this point, 
let the line Cft revolve. From its intersections with ABy 
Boake the distances EM, E'M\ E"M'\ %o. each equal to 
AD. The curve .will jifuss through the points jO, jif,JH\ 
Jtf ", kc. 

To find its eqtiation^ let CD and AB be the axes of the 
*co-ordinates. Draw P^Wjarallel to APyWd PM parallel 
to CF. From the construction, AD is equal to EM. 

liet the abscissa AP ^FM^x, 

the ordinate - PM=^AF:=zyy 

. the given line CA^a, 

and AD^EM^b, 

Tlien will *GF^CA + 4F=fl +y. 



Asdtf eabtke Bttaltek CD uadPMy and abo dwpunlr 
|eb .^ and FM, the tnaagtee CFJIT eod J£P^ are siniir 
lar. Thfen 

i. Br ain,«riaDdeL CF.FMi : j*^: PJ^ 

« . . «« FMxPM 

2. Mult «rt. sad me^i^, f'x«= — gm — 

;3. Squaring bo A sidci^ PJS = ■zzi 

CF 

4. By Ettc. 47. 1, P^=£J&-P.W» 

— — t — s ■ 

IB. M^k. 9j| tiid 4th e^ual^ EM^PM^ M^PM 

CF 



.9«S 



A That u^ i»-y^=^. 

7. Mult by (fl+y)* (a+yY X (A? -y>)^*^ V- 

539. la these esaniiles, the eqmttoii is derired firem the 
4e8cripti<Hi of the ciurve* But ^lis order nwy be jreversedt 
if the eguatioii is gffea^ the curve may be described. For itie 
^equation exjMresses the r^lMion of eveiy abseissa to the cof- 
respooditig ordioate. The curve is described, iberefoce, bff 
taking abscUsoi of different lengths^ and applying ordinaies to 
paeh. The linie required, will pass thri^ugh the extremiUos 
/t^ these ordinates/ 

» 

Prob. 4« To describe the curve whose equatipn is 
SapBtyS or y^yf^pc. 

On the line ^F, (fig. 19.) take abscissas of differeajk 

lengths « 

jPor instate, .^B « 4*.5,the9theordinateBDss:3,(Axt.530.) 

AB = 8- J5D' s=4, 

4JB''=:i8- P"D^y,% 

Apply these several ovdhiates to dieir abscissas, and cods^ 
sect the extremities by the line ADiyD'\ &c. which will 
jbf the curve /equire^ The description wi& be more or less 
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ibeeanle, aceordiog to tli^ lauoil^er «iff poiiils £» )iiMeb: oidi-' 
joates stfe found* 

540. If a point is conceived to move in such a manner, fts 
to pass through the extremities of all the ordinates assi^ed 
by an equation ; the liije which it describes is called the locus 
of the point, that is, the path in which it moves, and in which 
it may always be found. The line is also caUed the locus of 
the equation by which the successive positions of the point 
are aeteripined. Thus the common parabola (Fi^. 19?) is 
calljed the locus of the points Z), 2)', D'\ &». or. of the equa- 
tion o;c=y*. (Art. 530.) The arp of a circle is the locus 

of the equation »=iVr*-;c*. (Art. 536.) To find the 
locus 6f an equation, therefore, is.tbe same thing, as to fmd 
the straight line or cur v^ to which the equation belongs. 

Prob^ If. To &h1 the loctis of the equation 

V 
• yss--, ^ or CM?^y, 

in wfaich^ x and y 24^ variftbie co-ordiaa^, wlifle a is a de- 
lemHH ale quantity* 

If the «bsci»sa x be taben of d^erent loigths, the ordi- 
jiate y must vary in such a m^tnner as to preserve axts^y ; or, 
^ccmveiftin^ the equatioR into afuroportion, yix::a : U Tfaeva- 
forej as It IS a detemiinate quaiitity, the ratio of a: to y ?iiU 
be invariable; that is, any m^e abscissa w3l be to its ordinate, 
jgis any other abscissa to its ordinate. Let tutso of tbe abscis- 
sas be A]B and dB\ (Fig. 17.) and their ordin^tesi BD and 
JID'; th«j, 

JlBiBD::AB':S'D\ 

The line ADD' is, therefore, a sttm^t line : (Euc. 32.6.) 
and this is the locus of the equation. 

If the proposed equation is a?=a--+i, the additional term 

hy makes no difference in the nature of the locus. For the 
only effiaot of 5, is to lengthen the abscissas, so that they 
must not be measured from A^ but from some other point, as 
Jtf, (Fig. 21.) The ratio of AB, AB\ &c. to BD\ BD^bxi. 
' sliU remains tbe same. See art. 532, Tim locus o£ the 
equation is, therc^fore, a straight line. . , 

541* Froai^ this it will be easy to |Nrove, tfa^ the locu^ ef 
tpery equation in which the co-ordinates z and y are in sepa* 
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:rafe terms, and do not rise above the Jirst power is a straight 

iifle. For every such equation may be brought to the form 

y 
^= -— iJ. All the teions may be reduced to three, one 

containing «r, another y, and a third, the aggregate of thf 
constant quantities which are not oo-efficients of x and y ; a& 
will be seen, in the fdlowing problem- 

Prob, 6. To find the locvs of l!he equation 

ca: — df + fcr — y + «* = w. 

By transposition, ca?+A<r=y4-«i— wJ+rf 

y »— w+rf 
Dividing by c+ft <'=7+h+'~^+h~ 

Here, the constant, quantities, in each term, may be repre- 
sented by a single letter. (Art.321.) If, then, we make c+A==a, 

and — — r-=J; the equation will become a:?;=—4 J, whose 

iocas, by tbe bst article, is a fltrai^ fine. 

£42. But if the ordinates are as the souares, ^ubes, or 
higher powers of the ^scissas, ^he loeus -or the equation in- 
stead of being a straight line, is « curve. For the ordinate 
applied to a strai^t hne, have the same ratio to each other 
which their abscissas have. But -quantities have not the 
«ame ratio to each other, which dieir squares, cubes, or high- 
er powers have. (Art. 354.) Thus, if a:® acy, the ordinates 
•will increase more rapidly than the abscisfas. If the abscislSas 
he taken, 1, 2, 3, 4, &c. the ordinates will be equal to their 
squares, 1, 4, 9, 16^ &e. 

543. As an unlimited variety of equations may be produ- 
ced, by diffisrent combinations and powers of me co-ordi- 
nates, and as each of these has its appropriate joct^; it is ev- 
ident that the forms i)f c^urves must be innumerable. They 
may, however, be reduced to classes. The modem mode of 
classing them, is from the degree of their equations. The 
different orders of Imes are disthiguishedj by .Ae greatest index, 
^r turn o§ Ae indices of the og-'Ordinates^ in any term of the 
equation.. 

Thus the equation axs^y belongs to a line of the first or- 
der^ because the index of each of the co-ordinates is I. But 
this order includes no curves. For, by art. 541, thts heus of 
every such equation is a straight line. 
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- iTie equation cx^-^axy^y^^ belongs to the secofii ordcir 
of lines, or the first kind of curves, l^ecause the greatest in^ 
dex is 2. The equation ay-^xy^hx also belong to the sec- 
ond order. For, although there is here no mdex greater 
thaa I, y^t the sum of the indices of x afid y,lii the seeond* 
term, is 2. 

: The equation^ ^ —SooTycsia?' belong to die ihWd order of 
lines, or the seeofid kind of curves^ because the greatest in- 
dex of y is3. . 

544. In eurves of tlie hi^er orders, tfie ofdinatfe belong- 
ing to any given abscissa may have different vduesj and may 
therefore meet the curve in several points. For the liengtb 
©f the ordinate is determined by the equation of the curve, 
luid if the eqi^ation is* above the first degree, ft may have 
^wo or more roots, (Art. 498.) and may, therefore, give de- 
ferent values to the ordinate; 

An equation of the first degree Has b«t <m«"r6ot; and u 
line of the first order, can be mtersected by an ordinate, in- 
one point only. Thus the equation of the line AH {Fig. 17.)' 
IB (ia?=y, in which it is evident y has but one value, wwie a? 
remains the same. If the abscissa x be ^ken ^qa&l to AB^ 
the ordinate y will be BD^ v^ic& can meet th« line AH im 
D only. 

But the equation of the pftrabola, y^±=a3gy (Art 530.) has- 
two toots. For, by extracting both sides, y^iy/ctx. (Art. 
297.) It is true that, in this case, the tvre values of y tx% 
^quuL But one is positive, and the otbel" nt^^tttive. This*^ 
snows liiat the ordinate may extend beth tffuys from the end^ 
of the abscissa, and may meet the opposite branches of the 
curve. Thiis the ordinate of the abscissa AB (Fig. 19.)r 
may be either BD above tibe abscissa, or Bd bdow it. 

A chMc equation has three roots; axid an ordmatie of the 
curve belonging to this equaticm, may have three different 
values, and may meet the curve in three different points* 
ThuB the ordinate of the abscissa AB (Fig. 26.) may be BD^ 
or BD\ or Bd. 

645. When the curve meets the axis on which tte ab- 
scissas are measured, the ordinate, after becoming less and 
less, is reduced to nothing. (Art 533.) But, in some cases^ 
a carve may continually approach a line, without ever meet- 
ing it. Let the distances AB, BR, B'B', he. on the line 
AF, (Fig. 27.) be equal; and let the curve DD'D', &c. be 
•f such a nature, that, of the several ordJnates at the pomts 
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B, JS'y S'\ fit. each dbcceeding oi;iie skafl be half the prece- 
ding, that i^, B'D' half BD, Jb"p half BD', &c. It is evi- 
dent, that, however far the straight line be earried, the 6urve 
will be coming nearer and nearer to it, and yet wiB never 
quite reach it. A line tohich thus ccrUinuaUy approaehts a 
eurvej toithout' eoer meeting it, is called an assymptote of the 
The axis AF is here the assymptote of the curve 



curve. 



DD'D'\ be. As the abscissa increases, the ordinate dimin- 
ishes, so that, when the abscissa is mathematically infinite, 
(Art 447.) the ordinate becomes 8u;i infinitesimal, and vn^ 
be expressed by 0. (Art. 455*)* 



* Sec Note T*. 
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T¥ IS eouiiUbii to define multipiication, by saying thfitt Hi is 
-^ finding a product which h^ the same ratio to the mtiiti'- 
{)licand, toat the multiplier has to auriit/ This is sttictly and 
unitersally true. Bat the objection to it, <tj a definitianj is, 
that the idea of ratio, as ihd term is tmde^rstood in aritimietic 
and algebra, seems to imply a previous knowledge of multi- 
plication, as well ad of ^vision. In thi^ work, at least, geo- 
metrical raticf is Uia4e to depend on divbion, and diTlsion, on 
multiplication. Ratio, therefore, could not be properly in-^ 
troduced into the definition of multiplication. 

It is ftougbt, by som^, to be ab^rd to spel^ of k unit as 
coiGtsisting of p4ai94 JStaft, wbatever may be tihste with respect 
t^ number in the ^ttr&tt^ th«t6 is Certailily lUS absurdity in 
eonsi^erilig an ir^eger^ of toe denol&uisftion, as foade up of 
parts of a difTerent denomination. One toA m^ tefninki 
several feet ; one foot, sereral inches^ &d. And in multipli«> 
cation, we may be required to repeat the whole, or & part 
of the multiphcand, ad miyiiy tilnes, as there are inches in 
a foot, or part of a foot^ 

As the iiteci pothers of fm tUt^hi ifimiSlty iili^e pi^siiite 
indices, while tne rectprocoZ powers have negaiwe indices^ 
it is common to call tne former positive powefSj tad the lat- 
ter negative powers i But this langt»ge is ambiguous, and 
may lead to mistake. For the! same terms are applied to 
powers with positir^ ^^ titegiative st^s prefixed. TIkus 
+8a* is called ^ po^tive pOffer j while -^Sa* is issJkd n 
tiegaliTe one. It may occasion perplexity, to spetk of the 
latter ts beifig both positive a^d negative at the sa^e tim« ; 
{fcositSv^, because k h^s a positive 'tWe(», ih^ lieglfktiVe, beetfue^ 

Mm 
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it has a negative co-e|icieDt. This ambiguity may be avoic^ 
ed, by using the terms direct and reciprocal ^ meaning, by 
the former, powers with positive eJq[K>nents, aad, by th« lat- 
ter, powers with negative exponents. 

Note C. p. 151. 

* • » 

Every affected quadratic equation may be reduted to oae 
of the three foBowHig forms. 

. 1*. x^+ax^- i ) 

3. a?*— aa?==— 6) 
. These, when they are resolved become 

1. x==;-iai/|af+A 

, Inthetwo first of. these fprios^ the ropts are never iida- 
l^inary.^ For the terms under the r^idical ^m ^ve both posi-; 
tive. But, in the third form, whenever 6 is. greater th?a;^ 
i^^, the expression ^o* — 6 is negative, and therefore its 
root is impossible. , . 

Note D! p. l'78. 

This definition 6f compound ratio is more comprehen- 
sive than the one which is given in Euclid. That is included 
in thi^, but is limited. to a^ particular case, which is stated in 
art. 353. It may answer tne purposes of geometry, but? is 
not sufficiently general for algebra.' , *. 

Note J^. p. is6. . 

- It is * not denied,, that very respectable writers us0 these 
terms incUBeriminately. But it appears to be without any 
peeeBsity. The ratio of 6 to' 2 is 3. There is certainly a 
di^fence between imce thiir ratio, and ih^ square of it| that 
is, between twice three, and the square of three.; ; AU.ajre 
agreed to cairthe latter a dupUcate'v^ixo. . What occasion is 
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cAere, then, to apply to it the term double also? Hiis is 
iinunted, to <)Mu)gvush the, other ratio. And if it is confined 
to that, it is used according tp the cjomipon acceptation of 
' the wqrd, in familiar language. 

• • • 

Note -F. p. ife. 

"The definition here riven is meant to he applicable to 
quantities of every descnption. The subject of proportion, 
as it is treated of in Euclid, is enirbarrassed by the means 
which are tajken to provide for the case of incommensurable 
quantities. -But this difficulty is avoided by the algebraic no- 
tation, \4ikh may represent the ratio even of incommensu- 
>ables. 



■*I!l|us the ratio of 1 to ^2 is tts"'- 

It is impossible indeed, to express, in rational number^ 
the squat*e root of 2,. or the ratio which it bears to I. But 
this is not necessaiy, for the purpose of showing its equality 
with another ratio. v 

The product 4 x2=fl.J 
Jindy aaequal quantities have equal roots, 

2 xy2=v/8, therefore, ^ : v^8 : : 1 : V2. 

Here tbe ratio of 2 to ^Sy is proved to be the same, as 
4hat of 1 to \/2 ; although we are ujaable to -find the exact 
value either of V8 or •/2. 

It is impossible to determine, with perfect accuracy, the 
ratio which the side of a square has to its «Bagonal. Vet it 
is easy to prove, that the side of one square has the same ra- 
tio to its diagonal, which the side of any other sqiliare has to 
its diagonal. 'When incommensurable ; quantities are once 
rlsduced to a proportion, they are subject to the same laws as 
other proportionals. Throughout tbe section on pro- 
portion, the demonstrations do not imply that we know the 
value of the terras, or their ratios^ but only that one of the 
,<j^tios is equal to the other. 



Now Q. p. im 

The iBTersiim of tlie mean? can be aa^de, wilb strict proi* 
prietj, in those cases onlj in which* all the tepiss are qimo^ 
ties of the same kind. For, if the two last be diifereiift 
Imm the two first, die anteeedent of each couplet, after the 
inversion, will be different from the consequent, aiid there* 
fore, there can be no ratio between them. (Art. 355.) 

This distinction, however, is of UtAe. impcHrtance in pukC* 
tice. For, when the several quantities are expressed in 
'^imbersy there will 9lwap be a ratio between the. numbers* 
And when two <rf them aa^ t^ be multiplied together, it la 
Immaterial which is the multiplier, and which the midtipli*'^ 
cand. Thus, in the Rule of Three in ai^thmetio, a change 
in the order of the tw^ middle terms will make no differenee 
m tfep result 



JfoTE a p. 197, 

The terms composition and division ^re derived from ge- 
funetry, and are introchiced here, because they are generally 
used by writers on proportion. But they are calculated rath- 
er to perpl^t, than to assist, die learner. The objection to 
the word cowposiHon is, that its nteaning is liable to be mis-* 
taken for idle composilio* or eonq)oim&ig of ra$mi^ ^Art. 
390.) The two cases ai» entirely diif<»rent, and euf^t to be 
/careluUy distinguished. In one, the terms are added, in the 
at^er, they are mult^Mr togelhei^ The word compound 
has a ^ml^ aiobiguiity^ in <mer pacta of the madismalacs^ 
The expression a+b, in which « is^iuJtkd'to &, iSioaiM 9 
eomponnd quajstity. Tlie fraction ^ of I, or | x |, m which 
I is multiplied mi^ |, is'cidfed.a eomponnd fractimi. 

The term division, as it is used here, is also exce{]glioiaMe» 
The alteration to which it is applied, is efibcted by subtracr 
iion^ and h^s nothing of the nature of what is called divifflon 
Hi, arithmetic and algebra. But there is another case, (Art. 
S92,) totally distinct from this, in which the change in the 
j^tmai of the propoistion is actually produced by division. 



Note !• p. 203. 
Tbc princq>les stated in this section, are not only expres* 



m £iidia» but ave, m several uistaners, mote general. Thus 
the fii«t {xroi^tiQii in the fifth hook ef; thnr li&me&ts, is eon* 
fiasd Ip fl|iiMiK2lijylei. Bui tiie tilicle rdWred to, as coi^ 
^dyungl^ prapoikiony k applicable to all cases of efual 
imtimf wfae&er tlMi anloseirnks are nndtii^ of the constf-* 
fMems OTfUOl. 

Noa-E K. p. 217. 

The s^tiea of odio of the raises is omitted m the text, 
• bemmo it is neifeiiiicMl by h^itgitbm, with which the leam-* 

er is snpposea not to be aequatntedy so this pari of the eour»&. 

Wbea the fast teem, the la^ term, and the ratio, are ^ven, 
~ tb^ number of terms wmsf be found bjF the formula 

rz 
log. r 



Note L. p*.221. 

When it is said thai a.nuilieinaliasi quantity may be suf)- 
posed to be increased beyond any deterainaate limits, it is 
moi xBtttidbA thfulacpiaBtitgr <9Habe speeded so gteat, that 
i» linails greater than this can be assigned*.' The quanlitj 
a«d tbs Imtts may be> idiemaiely extended one beyond the 
o^six^ U atineltt cMoeHEed ta reuch to due istost distaafe 
pooit in the i^siUe beaivBSt,. a Hmit may be mentioned be*^ 
jmsd tibis* The Ime may thsHibe supposed to be extended 
fiustbm! than this limit. Another point ma^ be qieeifiod still 
iarthef oe, «id yet the liae.eny bt oonfieived to be carried 
heyvmd it* 



Norm M. pw223. 

^The apparent eoniradkiimui respecftsng in&iity, are owing 
to the ambiguity of the term. It is often thought that the 
proposition, that quantity is infinitely divisible, involves an 
absurdity. If it can be proi^ed that a line an inch long can 
be divided into an infinite number of parts, it can, by the 
^eme- laodr e£ xeascmnigi be pco?ed, thi^ a line, two indies 
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im^ ALmsMA. 

\(mg may be first drrided in Ae mUEdle, and ^en eocA of tW 
sections be divided into an infimte nun^r jof paits. In tfais^ 
way, we sball obtab one infinite tmee argremt as another. » 
If by infinity, bere, is meant that wbiefa is beymri any affi>"* 
9ignabIeliniits,«0Be of these infinites may be simiosed great-* 
er than the other, without as^^ absuidity. Bttt ifit be me^iA- 
that the number of dirisions is so great that it oaoi not j»e 
increased, we do not prove this, eonei^ming either of the 
lines. We make out,^th6re^re, no contradiction. The ap-, 
parent absurdity arises from shifting the meaning of the 
temis. We demonstrate :tbat a quantity Is, in one s^ise, infi- 
nite; and then 'inf€;r tbat it is infinite^ in ja sense i^dely dif-^ 
ferent •> 

Strictly speaking, the inquiry to be made is, how often the 
whole divisor is contained m as many terms of the dividend* 
But it is easier to divide by a pari only of the divisor; an^ 
this will lead to no errour in the result, as the whole divisor 
is midtiplied» in obtaining the seveii^d subtrahends. 



I'he demonstraticHi «f rtlus proposM^n^ partiibAakiiy< in Ite 
jrpplication to fractional indices, could not b^ introduced^ 
with advantage, in this part of ihe course* It does not ap- 
pear that Newton kimseif demonslnBled his theorem, except ' 
by induction. And thou^ vaiions dettonsCratiom ha^e a^nee 
been given ; yet diey are geneiaily founded upon principles 
and methods of . investigation not- contained in thisintrodac9^ 
tion, such as the lavsxif x^ombinationa, Aj^iont, and figu- 
rate numbers. 

Those who wish to examine &e mquiries on lM& subject, 
may co^wk l^ampson's Algebra, Section 15, Euler's Algebra, 
Section tu Chap. 11,- Vinee's ilusions. Art. 99, La<»x>ix'$ 
Algebra, Art 138j &c. Do. Comp. Art. 71, Rees' Cydope*- 
^ia, MaimiogV Algebra, and the. XfOfidon Phil, ll^atis. Ir-ot. 
XXXV. p. 298. 

. • Note P, p. 253. 

, ' ' *■ 

The very iiBiited .exttet of : this wo#k w«Mld^«tdnBit' of d^ * 



lltfi^ more^ than dihare sptdmm of tbe'Sommatioii of Series^ 
For iaforaiatioii (hi this suigoGt, ^the learner is referred to 
Emeiscm's Method of Increments, Sterling's Summation of 
Smes, Wai^ng's Fluxions^ Madaurin's Fluxions, Art. 828,. 
&c. Wood's Algebra, Art. 410, Lacroix's Comp. Alg. Art. 
81, be. Euler's Anal. Infin. C. xiii. SimpsonV Essays and 
Dusertations, De Moivre's Miss. Analyt. p. 72, ai}d the Lon-^ 
don Philotsophical Transactions^ 
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Note Q^ p. 2i61. 

To those who hare made anjr considerable progress in the' 
iQatbematics, this section will doubtless appear very defec-» 
tive. But it was impossible to do juctice to the subject, 
without occupying more room, than could be allotted to it 
here. In going through an elementary course of mathemat- 
ics, and natural philosophy, the student wiU i^rely hare occa-^ 
aoo' te solve an equation above the second degree. 

Those who wish to examine particularly the difieient meth- 
•ds of solution, wiU find them, in Newton's Universal Arith- 
metic, Madaurin's Alg. Part ii, Euler's Alg. Part 1. Sec, 4^ 
Waririg's Algebra, Do. Medit. Algeb. Wallis' A%ebra^ Simp- 
son's Alg. ^c. 12, Fenxi's Alg. Ch.^ and 4. Saunderson's 
Alg. Baok X, Simpson's Essays and Dissertations,. JoucnaUDe 
P%siqji)e, Mar^ 1307, and Phileisophical Transactions. ^ - 



NOTJB R. p- 261 

it will be tbo\^ht, f^rbaps, that it was unnecessary to jbe 
so particular, in obta^nrng the expression for the area of a 
-parallelogram^ for the use of those who read Playfair^s edi^^ 
tion of Euclid, in which ^^ ADJ)C is put forjhe reetangle 
contained by AD andDC»" It is to be observed, however, 
that he introduces this, merely as an article of mdaUon^ 
(Bodtii. Qef."!;) And . though a poiiit interposed between 
the letters, is, in algebra, a sign of muhiplication; y^i he 
^oes not her^ undertake to show how the sides of a parallel- 
egram may be multiplied toother. In the first book t^i the 
Svpplemmtj he has indeed demonstrated, thai "equiangular 
parallelograms are to one another, as the products of the 
aumbers proportional to their sides." But he has not giv-' 
en k> the expressions, the forms most convenient b^ tb« 




S96 ALiGBBRA« 

•ucceeding parts of this y^A. . In middng tibe triftskletf 
fipotn pure geometry to algebraic solutions and detnonstra^ 
tions, It is important to bare it cleariy setin, that the geomet' 
Ileal principles are not altered: but are only expressed in ^ 
diflferent language. 

Note 9. p. 27S. 

Hiis section Comprises very little of what is cdmnionly un-' 

derstood by the application of algebra to geometry. The 

principal ODJect has been, to prepare the niray for me other 

' parts of the course, by staling the gmiindd* of the akebraic 

notation of ireometrical quantities, and randeriM it familiar 

byafewexal,pl«.. 

On the construction and solution of problems, see New«>> 

ton's Arithmetic, Simpson's Ah. Sec. 18 and appendix, Lar« 

croix^s App. Alg. Geom. Saunderson's Alg. Book xiii, Ana<« 

Ivt. Instit. of Maria Agnesi, Book 1, Sec« % and l&nerson'g 

Alg. Book n. Sec. 6. 

Note T* p. 2884 

On the equations of curves, the geometrical donstructioft 
of equations, the finding of Icfci^ tec. see MacHurin's Alg< 
Part III, and appendix, Newtoti's Arith. Emerson's Alg. Book 
ti. Sec. 9, Do. Prop, of Curves, Euler's Anal. Infin. War- 
ing's Prop. Alg. ana Mansfield's Essajs* 

Among the subjects which, for want of room, are entirely 
omitted m this introduction, one of the most interesting 19^ 
the indeterminate analysis. No part of algebra, pethaps, is 
better calculated to exercise the powers o? imention. But 
other branches of the mathematics are so little dependent on 
^ this, that it is not absolutely necessary to give it a place in 
an elementarv course. 

See, on thfs subject, Euler^s Algebra, Vol. 11, with La- 
grange's additions, Saunderson's Alg. Book vi, and the Ed- 
inburgh Phil. Transactions, VoL 11. 
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